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Preface 


The enlarged third edition of Theory of Computer Science is the result of the 
enthusiastic reception given to earlier editions of this book and the feedback 
received from the students and teachers who used the second edition for 
several years. 

The new edition deals with all aspects of theoretical computer science, 
namely automata, formal languages, computability and complexity. Very 
few books combine all these theories and give adequate examples. This book 
provides numerous examples that illustrate the basic concepts. It is profusely 
illustrated with diagrams. While dealing with theorems and algorithms, the 
emphasis is on constructions. Each construction is immediately followed by an 
example and only then the formal proof is given so that the student can master 
the technique involved in the construction before taking up the formal proof. 

The key feature of the book that sets it apart from other books is the 
provision of detailed solutions (at the end of the book) to chapter-end 
exercises. 

The chapter on Propositions and Predicates (Chapter 10 of the second 
edition) is now the first chapter in the new edition. The changes in other 
chapters have been made without affecting the structure of the second edition. 
The chapter on Turing machines (Chapter 7 of the second edition) has 
undergone major changes. 

A novel feature of the third edition is the addition of objective type 
questions in each chapter under the heading Self-Test. This provides an 
opportunity to the student to test whether he has fully grasped the fundamental 
concepts. Besides, a total number of 83 additional solved examples have been 
added as Supplementary Examples which enhance the variety of problems 
dealt with in the book. 
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The sections on pigeonhole principle and the principle of induction (both 
in Chapter 2) have been expanded. In Chapter 5, a rigorous proof of Kleene’s 
theorem has been included. The chapter on LR(k) grammars remains the same 
Chapter 8 as in the second edition. 

Chapter 9 focuses on the treatment of Turing machines (TMs). A new 
section on high-level description of TM has been added and this is used in later 
examples and proofs. Some techniques for the construction of TMs have been 
added in Section 9.6. The multitape Turing machine and the nondeterministic 
Turing machine are discussed in Section 9.7. 

A new chapter (Chapter 10) on decidability and recursively enumerable 
languages is included in this third edition. In the previous edition only a 
sketchy introduction to these concepts was given. Some examples of 
recursively enumerable languages are given in Section 10.3 and undecidable 
languages are discussed in Section 10.4. The halting problem of TM is 
discussed in Section 10.5. Chapter 11 on computability is Chapter 9 of the 
previous edition without changes. 

Chapter 12 is a new chapter on complexity theory and NP-complete 
problems. Cook’s theorem is proved in detail. A section on Quantum 
Computation is added as the last section in this chapter. Although this topic 
does not fall under the purview of theoretical computer science, this section 
is added with a view to indicating how the success of Quantum Computers will 
lead to dramatic changes in complexity theory in the future. 

The book fulfils the curriculum needs of undergraduate and postgraduate 
students of computer science and engineering as well as those of MCA courses. 
Though designed for a one-year course, the book can be used as a one- 
semester text by a judicious choice of the topics presented. 

Special thanks go to all the teachers and students who patronized this book 
over the years and offered helpful suggestions that have led to this new 
edition. In particular, the critical comments of Prof. M. Umaparvathi, 
Professor of Mathematics, Seethalakshmi College, Tiruchirapalli are gratefully 
acknowledged. 

Finally, the receipt of suggestions, comments and error reports for further 
improvement of the book would be welcomed and duly acknowledged. 


K.L.P. Mishra 
N. Chandrasekran 
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Propositions and 
Predicates 


Mathematical logic is the foundation on which the proofs and arguments rest. 
Propositions are statements used in mathematical logic, which are either true 
or false but not both and we can definitely say whether a proposition is true 
or false. 

In this chapter we introduce propositions and logical connectives. Normal 
forms for well-formed formulas are given. Predicates are introduced. Finally, 
we discuss the rules of inference for propositional calculus and predicate calculus. 


1.1 PROPOSITIONS (OR STATEMENTS) 


A proposition (or a statement) is classified as a declarative sentence to which 
only one of the truth values. i.e. true or false. can be assigned. When a 
proposition is true, we say that its truth value is 7. When it is false, we say 
that its truth value is F. 

Consider. for example. the following sentences in English: 


1. New Delhi is the capital of India. 

2. The square of 4 is 16. 

3. The square of 5 is 27. 

4. Every college will have a computer by 2010 A.D. 

5. Mathematical logic is a difficult subject. 

6. Chennai is a beautiful city. 

7. Bring me coffee. 

8. No, thank you. 

9. This statement is false. 
The sentences 1—3 are propositions. The sentences 1 and 2 have the truth value 
T. The sentence 3 has the truth value F. Although we cannot know the truth 


value of 4 at present. we definitely know that it is true or false, but not both. 
i 
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So the sentence 4 is a proposition. For the same reason, the sentences 5 and 
6 are propositions. To sentences 7 and 8. we cannot assign truth values as they 
are not declarative sentences. The sentence 9 looks like a proposition. 
However, if we assign the truth value 7 to sentence 9, then the sentence asserts 
that it is false. If we assign the truth value F to sentence 9, then the sentence 
asserts that it is true. Thus the sentence 9 has either both the truth values (or 
none of the two truth values). Therefore, the sentence 9 is not a proposition. 


We use capital letters to denote propositions. 


1.1.1 CONNECTIVES (PROPOSITIONAL CONNECTIVES 
OR LOGICAL CONNECTIVES) 


Just as we form new sentences from the given sentences using words like 
‘and’, ‘but’. ‘if’, we can get new propositions from the given propositions 
using ‘connectives’. But a new sentence obtained from the given propositions 
using connectives will be a proposition only when the new sentence has a truth 
value either T or F (but not both). The truth value of the new sentence 
depends on the (logical) connectives used and the truth value of the given 
propositions. 

We now define the following connectives. There are five basic 
connectives. 


G) Negation (NOT) 

(ii) Conjunction (AND) 

(iii) Disjunction (OR) 

(iv) Implication (IF ... THEN +} 
(v) If and Only If. 


Negation (NOT) 


If P is a proposition then the negation P or NOT P (read as ‘not P’) is a 
proposition (denoted by — P) whose truth value is T if P has the truth value 
F, and whose truth value is F if P has the truth value 7. Usually, the truth 
values of a proposition defined using a connective are listed in a table called 
the truth table for that connective (Table 1.1). 


TABLE 14.1 Truth Table for Negation 


P +P 
T F 
F if 


Conjunction (AND) 


If P and Q are two propositions, then the conjunction of P and Q (read as ‘P 
and Q’) is a proposition (denoted by P A Q) whose truth values are as given 
in Table 1.2. 
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TABLE 1.2 Truth Table for Conjunction 


P Q PaQ 
T T T 
T F F 
F T F 
F F F 


Disjunction (OR) 


If P and Q are two propositions, then the disjunction of P and Q (read as ‘P 
or Q’) is a proposition (denoted by P v Q) whose truth values are as given 
in Table 1.3. 


TABLE 1.3 Truth Table for Disjunction 


Q Pv Q 


maa] d 
aA TH 
444 


It should be noted that P v Q is true if P is true or Q is true or both are 
true. This OR is known as inclusive OR, i.e. either P is true or Q is true or 
both are true. Here we have defined OR in the inclusive sense. We will define 
another connective called exclusive OR (either P is true or Q is true, but not 
both, i.e. where OR is used in the exclusive sense) in the Exercises at the end 
of this chapter. 


EXAMPLE 1.1 


If P represents “This book is good’ and Q represents ‘This book is cheap’, 
write the following sentences in symbolic form: 


(a) This book is good and cheap. 

(b) This book is not good but cheap. 

(c) This book is costly but good. 

(d) This book is neither good nor cheap. 
(e) This book is either good or cheap. 


Solution 
(a) PAQ 
b) nP AQ 
(c) ~Q aP 
e) Pv Q 
Note: The truth tables for P a Q and Q a P coincide. So P a Q and 


Q ^a P are equivalent (for the definition, see Section 1.1.4). But in 
natural languages this need not happen. For example. the two sentences, 
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namely “I went to the railway station and boarded the train’, and ‘I boarded 
the train and went to the railway station’, have different meanings. Obviously, 
we cannot write the second sentence in place of the first sentence. 


implication (IF ... THEN ...) 


If P and Q are two propositions, then “IF P THEN Q’ is a proposition 
(denoted by P = Q) whose truth values are given Table 1.4. We also read 
P = Q as ‘P implies Q`. 


TABLE 1.4 Truth Table for Implication 


P Q P>Q 
T T T 
T F F 
F T T 
F F T 


We can note that P => Q assumes the truth value F only if P has the truth 
value T and Q has the truth value F. In all the other cases, P => Q assumes 
the truth value T. In the case of natural languages, we are concerned about the 
truth values of the sentence ‘IF P THEN Q’ only when P is true. When P 
is false. we are not concerned about the truth value of ‘IF P THEN Q’. But 
in the case of mathematical logic, we have to definitely specify the truth value 
of P = Q in all cases. So the truth value of P = Q is defined as T when 
P has the truth value F (irrespective of the truth value of Q). 


EXAMPLE 1.2- 


Find the truth values of the following propositions: 


(a) If 2 is not an integer. then 1/2 is an integer. 
(b) If 2 is an integer, then 1/2 is an integer. 


Solution 


Let P and Q be ‘2 is an integer’. ‘1/2 is an integer’. respectively. Then the 
proposition (a) is true (as P is false and Q is false) and the proposition (b) 
is false (as P is true and Q is false). 


The above example illustrates the following: ‘We can prove anything if 
we start with a false assumption.’ We use P = Q whenever we want to 
‘translate’ any one of the following: ‘P only if Q`, ‘P is a sufficient condition 
for Q`, `Q is a necessary condition for P’, ‘Q follows from P’, ‘Q whenever 
P`. ‘Q provided P’. 


:f and Only If 


If P and Q are two statements. then ‘P if and only if Q’ is a statement 
(denoted by P <= Q) whose truth value is T when the truth values of P and 
Q are the same and whose truth value is F when the statements differ. The 
truth values of P <= Q are given in Table 1.5. 
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TABLE 1.5 Truth Table for lf and Only If 


P Q P&Q 

oT Ñ is 
T F F 
F T F 
F F T 


Table 1.6 summarizes the representation and meaning of the five logical 
connectives discussed above. 


TABLE 1.6 Five Basic Logical Connectives 


Connective Resulting proposition Read as 
Negation — ~P Not P 
Conjunction ^ PAQ P and Q 
Disjunction v PvQ Por®Q@ 
(or both) 

Implication = PQ if P then Q 

(P implies Q) 
If and only if = P2=Q P if and only if Q 


EXAMPLE 1.3 


Translate the following sentences into propositional forms: 


(a) If it is not raining and I have the time. then I will go to a movie. 
(b) It is raining and I will not go to a movie. 

(c) It is not raining. á 

(d) I will not go to a movie. 

(e) I will go to a movie only if it 1s not raining. 


Solution 


Let P be the proposition ‘It is raining’. 

Let Q be the proposition ‘I have the time’. 

Let R be the proposition “I will go to a movie’. 
Then 

(a) (APAQ)>R 

(b) PAAR 

(c) =P 

(d) — R 

(e) R=>-=P 


EXAMPLE 1.4 


It P, Q, R are the propositions as given in Example 1.3, write the sentences 
in English corresponding to the following propositional forms: 
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(a2) GPAQ SR 

(b) (Q => R) ^a (R => Q) 
(c) ~ (Q v R) 

(d) R=> AP AQ 


Solution 


(a) I will go to a movie if and only if it is not raining and I have the 
time. 

(b) I will go to a movie if and only if I have the time. 

(c) It is not the case that I have the time or I will go to a movie. 

(d) I will go to a movie, only if it is not raining or I have the time. 


1.1.2 WELL-FORMED FORMULAS 


Consider the propositions P ~ Q and Q ^ P. The truth tables of these two 
propositions are identical irrespective of any proposition in place of P and any 
proposition in place of Q. So we can develop the concept of a propositional 
variable (corresponding to propositions) and well-formed formulas 
(corresponding to propositions involving connectives). 


Definition 1.1 A propositional variable is a symbol representing any 
proposition. We note that usually a real variable is represented by the symbol 
x. This means that x is not a real number but can take a real value. Similarly, 
a propositional variable is not a proposition but can be replaced by a 
proposition. 


Usually a mathematical object can be defined a ters of the property/ 
condition satisfied by the mathematical object. Another way of defining a 
mathematical object is by recursion. Initially some objects are declared to 
follow the definition. The process by which more objects can be constructed 
is specified. This way of defining a mathematical object is called a recursive 
definition. This corresponds to a function calling itself in a programming 
language. 

The factorial n! can be defined as n(n — 1) ... 2.1. The recursive 
definition of n! is as follows: 


0! = 1, n! = n(n — 1)! 


Definition 1.2 A well-formed formula (wff) is defined recursively as 
follows: 


(i) If P is a propositional variable, then it is a wff. 
Gi) If œ is a wff, then 4 @ is a wff. 
Gii) If @ and f are well-formed formulas, then (œ v P), (œ A P), (a => P), 
and (œ & p) are well-formed formulas. 
(iv) A string of symbols is a wff if and only if it is obtained by a finite 
number of applications of (i)—(i1). 
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Notes: (1) A wff is not a proposition, but if we substitute a. proposition in 
place of a propositional variable, we get a proposition. For example: 


G@APRPVOAGOAAR) = OQ isa wf. 

(ii) (AP AQ) & Q is a wf. 
(2) We can drop parentheses when there is no ambiguity. For example, in 
propositions we can remove the outermost parentheses. We can also specify the 


hierarchy of connectives and avoid parentheses. 
For the sake of convenience, we can refer to a wff as a formula. 


1.1.3 TRUTH TABLE FOR A WELL-FORMED FORMULA 


If we replace the propositional variables in a formula œ by propositions, we 
get a proposition involving connectives. The table giving the truth values of 
such a proposition obtained by replacing the propositional variables by 
arbitrary propositions is called the truth table of a. 

If @ involves n propositional constants, then we have 2” possible 
combinations of truth values of propositions replacing the variables. 


EXAMPLE 1.5 


Obtain the truth table for œ = (Pv Q a (P >= Q aQ = P). 


Solution ; 
The truth values of the given wff are shown in Table 1.7. 


TABLE 1.7 Truth Table of Example 1.5 


Pv Q P3Q (Pv Qa (P = Q) (Q = P) 


nanyi 
nnlo 
Bai i ia 
44714 
nHn 
AWA 
mAmamals 


EXAMPLE 1.6 


Construct the truth table for œ = (P v Q) > (Pv R) > (Rv Q). 


Solution 


The truth values of the given formula are shown in Table 1.8. 
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TABLE 1.8 Truth Table of Example 1.6 


Pv R Rv@Q (Pv R) = (Rv Q) (P v Q) 


TDUNDNAAA A! V 
TIAN TNNAA|O 
TAATDANAN] D 
NANNAN 
THAANTNAAN 
SNNN 
NNNHNNN NH 
4ANAATNAAA!R 


Some formulas have the truth value T for all possible assignments of truth 
values to the propositional variables. For example. P v — P has the truth value 
T irrespective of the truth value of P. Such formulas are called tautologies. 


Definition 1.3 A tautology or a universally true formula is a well-formed 
formula whose truth value is T for all possible assignments of truth values to 
the propositional variables. 

For example, P v =P, (P a Q) > P, and (P = Q) ^a (Q = R) => 
(P = R) are tautologies. 


Note: When it is not clear whether a given formula is a tautology, we can 
construct the truth table and verify that the truth value is T for all combinations 
of truth values of the propositional variables appearing in the given formula. 


EXAMPLE 1.7 


Show that œ = (P > (Q = R)) = (P > Q) = (P-=-R)) is a tautology. 


Solution 


We give the truth values of œ in Table 1.9. 


TABLE 1.9 Truth Table of Example 1.7 


P Q R QSR P>(Q>R) PQ PR (PSQ>(P3R) a 
T To T T T T T T 
T-T E F F T F F T 
PRT T T F T T T 
TFF T T F F T T 
Pan p Te T T T T T 
FTF F T T T T T 
FFT T T T T T T 
FFF T T T T T T 


Definition 1.4 A contradiction (or absurdity) is a wff whose truth value is 
F for all possible assignments of truth values to the propositional variables. 
For example. 

PaaP and PAQA 
are contradictions. 


Note: œ is a contradiction if and only if = œ is a tautology. 
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1.1.4 EQUIVALENCE OF WELL-FORMED FORMULAS 


Definition 1.5 Two wffs o and f in propositional variables P|, Po, ..., P, 
are equivalent (or logically equivalent) if the formula œ & £ is a tautology. 
When & and ß are equivalent, we write a = B. 


Notes: (1) The wffs œ and B are equivalent if the truth tables for a and f are 
the same. For example. 


PrAQ=QaP and PaAP=P 


(2) It is important to note the difference between @ & p and a = B. 
g < Bis a formula. whereas œ = ĝis not a formula but it denotes the relation 
between c and $. 


EXAMPLE 1.8 


Show that (P > (Q v R)) = (P => Q) v (P = R)). 


Solution 


Let œ = (P = (Q v R)) and B = (P => Q) v (P = R)). We construct the 
truth values of œ and $ for all assignments of truth values to the variables P, 
Q and R. The truth values of œ and B are given in Table 1.10. 


TABLE 1.10 Truth Table of Example 1.8 


v 
D 
D 


QvR P> (Qv7R PSQ P>R (P = Q) v (P = R) 


a a aa a Man B a Baa) 
nnan 
NHANH 
TAAATNAAA 
ANNT 
4444 aa S a B) 
C o i B Ba a Bn ia) 
S E i Saa ia a Ban Ban! 


As the columns corresponding to œ and f coincide. œ = $. 


As the truth value of a tautology is T, irrespective of the truth values of 
the propositional variables. we denote any tautology by T. Similarly, we 
denote any contradiction by F. 


1.1.5 LOGICAL IDENTITIES 


Some equivalences are useful for deducing other equivalences. We call them 
identities and give a list of such identities in Table 1.11. 

The identities J;-/,. can be used to simplify formulas. If a formula £ is 
part of another formula œ, and f is equivalent to 8’, then we can replace f 
by p’ in a and the resulting wif is equivalent to a 
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TABLE 1.11 Logica! Identities 


I,  \dempotent laws: 
Pv P&P, PaP=P 
lh Commutative laws: 
Pv Q@=QvVP, PAaQ=QAaAP 
i, Associative laws: 
Pv(QvRF(PVQVR Pa(Qa R)z=(PAQAR 
I, Distributive laws: 
Pv (Qa R) = (Pv Q) a (Pv R), Pa (Qv R2=(PAQ)v (Pa R) 
co a ee A Neste ae sre Ne Re A 
Pv (Pa Q=eP Pa (Pv Q)=P 
Ig DeMorgan’s laws: 
A(Pv QEP, a(P a Q =APvaAQ 
Iz Double negation: l 
Pz=-(-P) 
l PvaPe#T, PaaAP=F 
L PvTeT, PAT=P, Pv F=P PrA FHF 
ho (P = Q) a (P = AQ) = AP 
lı Contrapositive: — 
P=>Q=AQ=5-P 
Ig P> Q=(aPv Q) 


EXAMPLE 1.9 


Show that (P A QO) v (PA AQ) =P. 


Solution De 
L.H.S.= (P a Q) v (Pa -=Q) 
=Pa(Q@Qv -7Q) by using the distributive law (i.e. 14) 
=PAT by using Ig 
= P by using Jy 
= RAS. 


EXAMPLE 1.10 


Show that (P > QV A (RS O=(PVARI>O 
Solution 
LHS.=(P>Q)a (R= Q) 
= (~P v QA CHR v Q) by using h2 
=(Qv AP) (Q v aR) by using the commutative law (i.e. 1) 


=QOv (AP a —-R) by using the distributive law (i.e. 14) 
=Qv ACP yv R) by using the DeMorgan’s law (i.e. Ig) 
=(A(PvR))va@ by using the commutative law (i.e. D) 
=(PvR)>Q -by using Ai 

= RHS. 
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1.2 NORMAL FORMS OF WELL-FORMED FORMULAS 


We have seen various well-formed formulas in terms of two propositional 
variables, say, P and Q. We also know that two such formulas are equivalent 
if and only if they have the same truth table. The number of distinct truth 
tables for formulas in P and Q is 2*. (As the possible combinations of truth 
values of P and Q are TT, TF, FT, FF, the truth table of any formula in P 
and Q has four rows. So the number of distinct truth tables is 2*.) Thus there 
are only 16 distinct (nonequivalent) formulas. and any formula in P and Q is 
equivalent to one of these 16 formulas. 

In this section we give a method of reducing a given formula to an 
equivalent form called the ‘normal form’. We also use ‘sum’ for disjunction, 
‘product’ for conjunction, and ‘literal’ either for P or for ~ P, where P is any 
propositional variable. 


Definition 1.6 An elementary product is a product of literals. An elementary 
sum is a sum of literals. For example, PA ~Q, nPA=Q,P AQ, AP AQ 
are elementary products. And P v ~Q, P v —R are elementary sums. 


Definition 1.7 A formula is in disjunctive normal form if it is a sum of 
elementary products. For example. P v (Q ^ R) and P v {~Q ^ R) are in 
disjunctive normal form. P ^ (Q v R) is not in disjunctive normal form. 


1.2.1 CONSTRUCTION TO OBTAIN A DISJUNCTIVE NORMAL 
FORM OF A GIVEN FORMULA = 


Step 1 Eliminate = and © using logical identities. (We can use Jj. ie. 
P=>Q=CQ Pv Q.) 


Step 2 Use DeMorgan’s laws (lę) to eliminate — before sums or products. 
The resulting formula has — only before the propositional variables, i.e. it 
involves sum, product and literals. 


Step 3 Apply distributive laws (Z4) repeatedly to eliminate the product of 
sums. The resulting formula will be a sum of products of literals, i.e. sum of 
elementary products. 


| EXAMPLE 1.11 


Obtain a disjunctive normal form of 


Pv {aP > Qv Q > -R))) 


Solution 
P v ~P =» (Q v (Q = =R))) 
PV (AP S>(@V (Ov -R)) (step 1 using 112) 
Pv (Pv (Ov Qy -=R))) (step 1 using J,> and 1) 
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=PvPvQvaAQvraR by using J, 
=PvQvxAaQvoAR by using J, 


Thus, Pv QV — Q v ~R is a disjunctive normal form of the given formula. 


EXAMPLE 1.12 


Obtain the disjunctive normal form of 


(PA A(QAR)v (PQ) 


Solution 
(PAA(Q AR) v P = Q) 
=(Pa7a(QAR)v (AP vy Q) (step 1 using J2) 
=(Pan(AQv-aAR))v GAPy Q) (step 2 using /7) 


It 


(PA AQV (PAAR) VAPVQ (step 3 using 14 and /3) 


Therefore, (P A ~Q) v (PAAR) v AP v Q is a disjunctive normal form 
of the given formula. 


For the same formula, we may get different disjunctive normal forms. For 
example, (Pa Q A R) v (PA Qa AR) and P ^Q are disjunctive normal 
forms of P A Q. So. we introduce one more normal form, called the principal 
disjunctive normal form or the sum-of-products canonical form in the next 
definition. The advantages of constructing the principal disjunctive. normal 


form are: 


(i) For a given formula, its principal disjunctive normal form is unique. 
(ii) Two formulas are equivalent if and only if their principal disjunctive 
normal forms coincide. 


Definition 1.8 A minterm in n propositional variables P} ..., P, is 
Q ^A Q»... A Q,, where each Q; is either P; or ~ P; 

For example. the minterms in P} and Pa are P) a Pa AP, A Po, 
Pi A =P. aP, A +P. The number of minterms in n variables is 2”. 


Definition 1.9 A formula @ is in principal disjunctive normal form if @ is 
a sum of minterms. 


1.2.2 CONSTRUCTION TO OBTAIN THE PRINCIPAL 
DISJUNCTIVE NORMAL FORM OF A GIVEN FORMULA 
Step 1 Obtain a disjunctive normal form. 


Step 2 Drop the elementary products which are contradictions (such as 
PA — P). 


Step 3 If P; and — P; are missing in an elementary product œ, replace œ by 
(aA P) v (& A AP). i 
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Step 4 Repeat step 3 until all the elementary products are reduced to sum 
of minterms. Use the idempotent laws to avoid repetition of minterms. 


EXAMPLE. 1.13 


Obtain the canonical sum-of-products form (i.e. the principal disjunctive 
normal form) of 

a@=Pv(APAAQC AR) 
Solution 


Here œ is already in disjunctive normal form. There are no contradictions. So 
we have to introduce the missing variables (step 3). ~P A AQ A R in gis 
already a minterm. Now, 


P=(PaQ)v (Pa 7Q) 
BE(PAQAR)V(PAQARR)V(PATRQARV (PARQAAR) 
E((PAQAR)V(PAQATR))V(PATRQGQAR)V (PARQ AAR)) 

Therefore. the canonical sum-of-products form of @ is 

(PAQARV(PAQATRV(PATRQAR) 
V(PARQAARVAPAAQA R) 


EXAMPLE 1.14 


Obtain the principal disjunctive normal form of 
@=(APV AQ) > (AP aR) 
Solution 
a= (APV AQ) > OP AR) 
= (GP v AQ) v (AP A R) by using J2 
=(PAQ)V (AP AR) by using DeMorgan’s law 
B(PAQAR)V(PAQATR)V(CAPARAQVGAPARA=7AQ)) 
E(PAQARV(PAQATRVAPAQGARV APATOQAR) 
So, the principal disjunctive normal form of œŒ is 
(PAQAR V(PAQARRVAPAQARVAPATRQAR) 


A minterm of the form Q; A Qa A... A Q, can be represented by 
ail... a, where a; = 0 if Q; = 4 P; and a; = 1 if Q; = P;. So the principal 
disjunctive normal form can be represented by a ‘sum’ of binary strings. For 
csaample, (PA QAR) V(PAQAAR)V (APAAQAR) can be represented 
by 111 v 110 v 001. 

The minterms in the two variables P and Q are 00, 01, 10, and 11. Each 
wff is equivalent to its principal disjunctive normal form. Every principal 
disjunctive normal form corresponds to the minterms in it, and hence to a 
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subset of {00, 01, 10, 11}. As the number of subsets is 24, the number of 
distinct formulas is 16. (Refer to the remarks made at the beginning of this 
section.) 

The truth table and the principal disjunctive normal form of œ are closely 
related. Each minterm corresponds to a particular assignment of truth values 
to the variables yielding the truth value T to œ. For example, PA QA AR 
corresponds to the assignment of T, T, F to P, Q and R, respectively. So, if 
the truth table of œ is given, then the minterms are those which correspond 
to the assignments yielding the truth value T to a. 


EXAMPLE 1.15 


For a given formula œ, the truth values are given in Table 1.12. Find the 
principal disjunctive normal form. 


TABLE 1.12 Truth Table of Example 1.15 


P Q R a 
T T T T 
T a F F 
T F T F 
T F F T 
F T T T 
F T F F 
F F T F 
F F F T 


Solution 


We have T in the œ-column corresponding to the rows 1, 4, 5 and 8. The 
minterm corresponding to the first row is P A Q A R. 

Similarly, the minterms corresponding to rows 4, 5 and 8 are respectively 
PARQATR APAQARandAPAA=QA-R. Therefore, the principal 
disjunctive normal form of œ is 


CROKE KMS ORSR VCP KOK DY GPAROKSD 


We can form the ‘dual’ of the disjunctive normal form which is termed the 
conjunctive normal form. 


Definition 1.10 A formula is in conjunctive normal form if it is a product 
of elementary sums. 

If @ is in disjunctive normal form, then ~ œ is in conjunctive normal 
form. (This can be seen by applying the DeMorgan’s laws.) So to obtain the 
conjunctive normal form of o we construct the disjunctive normal form of 
~ Q&Q and use negation. 


Definition 1.11 A maxterm in n propositional variables P,, Pa, ---, Ph is 
Q; V Qov- Vv Qe, where each Q; is either P; or — P; 
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Definition 1.12 A formula g is in principal conjunctive normal form if @ 
is a product of maxterms. For obtaining the principal conjunctive normal form 
of œ, we can construct the principal disjunctive normal form of — @ and apply 
negation. 


EXAMPLE 1.16 


Find the principal conjunctive normal form of æ = P v (Q > R). 
Solution 
~= (P v (Q = R) 
=z~a(Pv (AQ v R)) by using J2 
a3P Aa (A (AQ v R) by using DeMorgan’s law 


Ut 


~P aA (QAR) by using DeMorgan’s law and J, 


=P a Q ^aR is the principal disjunctive normal form of ~ œ. Hence, 
the principal conjunctive normal form of @ is 


aA(aPAQAAR)=PVAQVR 


The logical identities given in Table 1.11 and the normal forms of well-formed 
formulas bear a close resemblance to identities in Boolean algebras and normal 
forms of Boolean functions. Actually, the propositions under v, A and ~ form 
a Boolean algebra if the equivalent propositions are identified. T and F act as 
bounds (i.e. 0 and 1 of a Boolean algebra). Also, the statement formulas form 
a Boolean algebra under v, a and ~ if the equivalent formulas are identified. 

The normal forms of well-formed formulas correspond to normal forms 
of Boolean functions and we can ‘minimize’ a formula in a similar manner. 


1.3 RULES OF INFERENCE FOR PROPOSITIONAL 
CALCULUS (STATEMENT CALCULUS) 


In logical reasoning. a certain number of propositions are assumed to be true, 
and based on that assumption some other propositions are derived (deduced or 
inferred). In this section we give some important rules of logical reasoning or 
rules of inference. The propositions that are assumed to be true are called 
hypotheses or premises. The proposition derived by using the rules of inference 
is called a conclusion. The process of deriving conclusions based on the 
assumption of premises is called a valid argument. So in a valid argument we ~ 
are concerned with the process of arriving at the conclusion rather than 
obtaining the conclusion. 

The rules of inference are simply tautologies in the form of implication 
(i.e. P = Q). For example. P = (P v Q) is such a tautology, and it is-a rule 


of inference. We write this in the form ~~ P . Here P denotes a premise. 
s V 


The proposition below the line, i.e. P v Q is the conclusion. 
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We give in Table 1.13 some of the important rules of inference. Of course, 
we can derive more rules of inference and use them in valid arguments. 

For valid arguments, we can use the rules of inference given in 
Table 1.13. As the logical identities given in Table 1.11 are two-way 
implications. we can also use them as rules of inference. 


TABLE 1.13 Rules of Inference 


Rule of inference 


Implication form 


RI: Addition 


gale 
Pv 


Rh: Conjunction 


Ris: Simplification 
PAQ 
P 


Rig. Modus ponens 


P 
P>Q 
Q 


Ris: Modus tollens 
~Q 


(AQ a (P > Q)) > =Q 


Re: Disjunctive ‘syllogism 
AP 


Pv@Q 
nQ 


(AP a (Pv QAQ =Q 


RI Hypothetical syllogism 


P>Q 


Q>R 
PSR 


(P = Qa (Q> R) > (P = R) 


Ris: Constructive dilemma 
(P= Q) a (R= 5) 


PvR 
QveS 


(P = Qa (R= S) a (Pv R) = Qv S) 


Riz. Destructive dilemma f 
PS OLAR SS) 


AQv-—S 
PVR 


(P = Q) a (R= S) a GQv AS) = AP v AR) 
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EXAMPLE 1.17 


Can we conclude S from the following premises? 


OP >Q 
(ii) P >R 
(iii) —(Q ^ R) 
(iv) Sv P 


Solution 


The valid argument for deducing $ from the given four premises is given as 
a sequence. On the left, the well-formed formulas are given. On the right, we 
indicate whether the proposition is a premise (hypothesis) or a conclusion. If 
it is a conclusion, we indicate the premises and the rules of inference or logical 
identities used for deriving the conclusion. 


1.P>0O Premise (1) 

DPS R Premise (ii) 

3. (P > QO) a (P > R) Lines 1. 2 and RI, 

4. =(0 A R) Premise (iii) 

5. AQv=aAR Line 4 and DeMorgan’s law (I6) 

6. APv-AP Lines 3. 5 and destructive dilemma (RI) 
7. aP Idempotent law 7; 

8. SvP Premise (iv) 

9 


aa Lines 7, 8 and disjunctive syllogism Ri 


Thus, we can conclude S$ from the given premises. 


EXAMPLE 1.18 


Derive S$ from the following premises using a valid argument: 


a) P=@Q 
ii) Q > ~R 
Gii) Pv § 
(iv) R 
Solution 
1P>@Q Premise (1) 
2,.Q0>- -R Premise (ii) 
3. P= aR Lines 1, 2 and hypothetical syllogism RI- 
4. R Premise (iv) 
5. A(R) Line 4 and double negation /; 
6. =P Lines 3. 5 and modus tollens RI; 
Ta PVS Premise (iii) 
8. 5 Lines 6, 7 and disjunctive syllogism Rig 


Thus, we have derived § from the given premises. 
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EXAMPLE 1.19 


Check the validity of the following argument: 

If Ram has completed B.E. (Computer Science) or MBA, then he is 
assured of a good job. If Ram is assured of a good job, he is happy. Ram is 
not happy. So Ram has not completed MBA. 


Solution 
We can name the propositions in the following way: 


P denotes ‘Ram has completed B.E. (Computer Science)’. 
Q denotes ‘Ram has completed MBA’. 

R denotes ‘Ram is assured of a good job’. 

S denotes ‘Ram is happy’. 


The given premises are: 
(i) (PV O>R 
Gi) R>S 
Gii) A$ 
The conclusion is ~ Q. 
1.(PvQ>R Premise (i) 


2R>S8 Premise (i1) 

3.(PVQ>S8 Lines 1, 2 and hypothetical syllogism Rl, 
4. S$ Premise (iii) 

5. a(P v Q) Lines 3, 4 and modus tollens RI; 

6. AP anQ DeMorgan’s law Ig 

7. AQ Line 6 and simplification Ri, 


Thus the argument is valid. 


EXAMPLE 1.20 


Test the validity of the following argument: 

If milk is black then every cow is white. If every cow is white then it has 
four legs. If every cow has four legs then every buffalo is white and brisk. 
The milk is black. 

Therefore, the buffalo is white. 


Solution 


We name the propositions in the following way: 
P denotes ‘The milk is black’. 
Q denotes ‘Every cow is white’. 
R denotes “Every cow has four legs’. 
S denotes ‘Every buffalo is white’. 
T denotes “Every buffalo is brisk’. 
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The given premises are: 


(i) P= Q 

Gi) Q >R 

GD R= SAT 

(iv) P 

The conclusion is S. 

1. P Premise (iv) 
2: P= O Premise (i) 
3. Q Modus ponens RI, 
4. Q =>R Premise (il) 
5. R Modus ponens Ry 
6 RS>SSAaAT Premise (iii) 
TSA E Modus ponens RI; 
8. S Simplification Rl, 


Thus the argument is valid. 


1.4 PREDICATE CALCULUS 


Consider two propositions ‘Ram is a student’, and ‘Sam is a student’. As 
propositions, there is no relation between them, but we know they have 
something in common. Both Ram and Sam share the property of being a 
student. We can replace the two propositions by a single statement ‘x is a 
student’. By replacing x by Ram or Sam (or any other name), we get many 
propositions. The common feature expressed by ‘is a student’ is called a 
predicate. In predicate calculus we deal with sentences involving predicates. 
Statements involving predicates occur in mathematics and programming 
languages. For example. ‘2x + 3y = 42°, ‘IF (D. GE. 0.0) GO TO 20° are 
statements in mathematics and FORTRAN. respectively. involving predicates. 
Some logical deductions are possible only by ‘separating’ the predicates. 


1.4.1 PREDICATES 


A part of a declarative sentence describing the properties of an object or 
relation among objects is called a predicate. For example, ‘is a student’ is a 
predicate. 7 

Sentences involving predicatés describing the property of objects are 
denoted by P(x), where P denotes the predicate and x is a variable denoting 
any object. For example. P(x) can denote ‘x is a student’. In this sentence, x 
is a variable and P denotes the predicate ‘is a student’. 

The sentence ‘x is the father of y’ also involves a predicate ‘is the father 
of. Here the predicate describes the relation between two persons. We can 
write this sentence as F(x, y), Similarly, 2x + 3y = 4z can be described by 
SG, ¥, 5). ; 
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Note: Although P(x) involving a predicate looks like a proposition, it is not 
a proposition. As P(x) involves a variable x, we cannot assign a truth value 
to P(x). However, if we replace x by an individual object, we get a 
proposition. For example, if we replace x by Ram in P(x), we get the 
proposition ‘Ram is a student’. (We can denote this proposition by P(Ram).) 
If we replace x by ‘A cat’, then also we get a proposition (whose truth value is 
F). Similarly, S(2, 0, 1) is the proposition 2-2+3-02=4- 1 (whose truth 
value is T). Also, S(1, 1, 1) is the proposition 2-1+3-1=4- 1 (whose 
truth value is F). 

The following definition is regarding the possible ‘values’ which can be 
assigned to variables. 


Definition 1.13 For a declarative sentence involving a predicate, the 
universe of discourse, or simply the universe, is the set of all possible values 
which can be assigned to variables. 

For example, the universe of discourse for P(x): ‘x is a student’, can be 
taken as the set of all human names; the universe of discourse for E(n): ‘n is 
an even integer’, can be taken as the set of all integers (or the set of all real 
numbers). 


Note: In most examples. the universe of discourse is not specified but can be 
easily given. 


Remark We have seen that by giving values to variables, we can get 
propositions from declarative sentences involving predicates. Some sentences 
involving variables can also be assigned truth values. For example, consider 
‘There exists x such that < = 5’, and ‘For all x, x = (~). Both these 
sentences can be assigned truth values (T in both cases). ‘There exists’ and 
‘For all’ quantify the variables. 


Universal and Existential Quantifiers 


The phrase ‘for all’ (denoted by V) is called the universal quantifier. Using 
this symbol, we can write ‘For all x, x7 = (~x)? as Vx Q(x), where Q(x) is 
62 = (ox), 

The phrase ‘there exists’ (denoted by 3) is called the existential quantifier. 

The sentence ‘There exists x such that x? = 5’ can be written as Ix R(x), 
where R(x) is “x = 5’. 

P(x) in Vx P(x) or in 3x P(x) is called the scope of the quantifier V or 3. 
Note: The symbol V can be read as ‘for every’, ‘for any’. ‘for each’, 
‘for arbitrary’. The symbol 3 can be read as ‘for some’, for ‘at least one’. 

When we use quantifiers, we should specify the universe of discourse. If 
we change the universe of discourse, the.truth value may change. For example, 
consider 4x R(x), where R(x) is x = 5. If the universe of discourse is the set 
of all integers, then 3x R(x) is false. If the universe of discourse is the set of 
all real numbers. then 3x R(x) is true (when x = +/5 .x = 5). 
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The logical connectives involving predicates can be used for declarative 
sentences involving predicates. The following example illustrates the use of 
connectives. 


EXAMPLE 1.21 


Express the following sentences involving predicates in symbolic form: 


1. All students are clever. 

. Some students are not successful. 

. Every clever student is successful. 

. There are some successful students who are not clever. 
. Some students are clever and successful. 


On BW bY 


Solution 


As quantifiers are involved. we have to specify the universe of discourse. We 
can take the universe of discourse as the set of all students. 


Let C(x) denote ‘x is clever’. 
Let S(x) denote ‘x is successful’. 


Then the sentence 1 can be written as Vx C(x). The sentences 2-5 can be 
written as 


Ax (A S(x)), Vx (C(x) => S(x)), 
ax (S(xy) A a C(x), = ax (COQ) 7 S(x)) 


1.4.2 WELL-FORMED FORMULAS OF PREDICATE CALCULUS 


A well-formed formula (wff) of predicate calculus is a string of variables such 
as Xj, Xa, ..., Xp, connectives. parentheses and quantifiers defined recursively 
by the following rules: 


G) P(x, ..., x) is a wif. where P is a predicate involving n variables 
Xa Xr een Xyp 
(ii) If œ is a wff, then = @ is a wff. 
Gii) If æ and fp are wffs, then av B an B œ => Bae p are also 
wffs. 
(iv) If œ is a wff and x is any variable. then Vx (0), dx (0) are wffs. 
(v) A string is a wff if and only if it is obtained by a finite number of 
applications of rules (i)-(iv). 
Note: A proposition can be viewed as a sentence involving a predicate with 0 


variables. So the propositions are wffs of predicate calculus by rule (4). 


We call wffs of predicate calculus as predicate formulas for convenience. 
The well-formed formulas introduced in Section 1.1 can be called proposition 
formulas (or statement formulas) to distinguish them from predicate formulas. 
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Definition 1.14 Let œ and B be two predicate formulas in variables xp ..., 
x,, and let U be a universe of discourse for œ and f. Then œ and ß are 
equivalent to each other over U if for every possible assignment of values to 
each variable in @ and £ the resulting statements have the same truth values. 
We can write œ = ß over U. 


We say that œ and f are equivalent to each other (œ = p) if a = B over 
U for every universe of discourse U. 


Remark In predicate formulas the predicate variables may or may not be 
quantified. We can classify the predicate variables in a predicate formula, 
depending on whether they are quantified or not. This leads to the following 
definitions. 


Definition 1.15 If a formula of the form 3x P(x) or Vx P(x) occurs as part 
of a predicate formula œ, then such part is called an x-bound part of œ, and 
the occurrence of x is called a bound occurrence of x. An occurrence of x is 
free if it is not a bound occurrence. A predicate variable in œ is free if its 
occurrence is free in any part of @ 


In a = (Ax, Py. x2) A (Vx. Q(x ¥3)), for example, the occurrence of 
x, in dx, P(x), x2) is a bound occurrence and that of x, is free. In Vx Q(X, x3), 
the occurrence of x, is a bound occurrence. The occurrence of x3 in @& is 
free. 


Note: The quantified parts of a predicate formula such as Vx P(x) or 3x P(x) 
are propositions. We can assign values from the universe of discourse only 
to the free variables in a predicate formula ©. 


Definition 1.16 A predicate formula is valid if for all possible assignments 
of values from any universe of discourse to free variables, the resulting 
propositions have the truth value 7. 


Definition 1.17 A predicate formula is satisfiable if for some assignment of 
values to predicate variables the resulting proposition has the truth value T. 


Definition 1.18 A predicate formula is unsatisfiable if for all possible 
assignments of values from any universe of discourse to predicate variables the 
resulting propositions have the truth value F. 


We note that valid predicate formulas correspond to tautologies among 
proposition formulas and the unsatisfiable predicate formulas correspond to 
contradictions. 
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1.5 RULES OF INFERENCE FOR PREDICATE 
CALCULUS 


Before discussing the rules of inference, we note that: (i) the proposition 
formulas are also the predicate formulas: (ii) the predicate formulas (where all 
the variables are quantified) are the proposition formulas. Therefore, all the 
rules of inference for the proposition formulas are also applicable to predicate 
calculus wherever necessary. 

For predicate formulas not involving connectives such as A(x), P(x, y), we 
can get equivalences and rules of inference similar to those given in 
Tables 1.11 and 1.13. For Example, corresponding to J, in Table 1.11 we get 
(P(x) v O(x)) = A (PQ) A = (QQ)). Corresponding to Rh in Table 1.13 
P a Q =P, we get P(x) a O(x) => P(x). Thus we can replace propositional 
variables by predicate variables in Tables 1.11 and 1.13. 

Some necessary equivalences involving the two quantifiers and valid 
implications are given in Table 1.14. 


TABLE 1.14 Equivalences Involving Quantifiers 


lig Distributivity of 3 over v: 
Sx (P(x) v Q(x)) = Sv Pa) v Ix QQ) 
Sx (P v Q(x)) = P v (ax Qi) 

Ing Distributivity of Y over a: 
Vx (P(x) a Q(x) = Vx Ply) a Vx Q(x) 
Vx(P a QU) = P a (Vx Q(x) 


ls = (3x P(x)) = Yxa (P(x)) 
“Te ”t—i«< (PQ) = al PEO 
, 3x (P a Q(X) = P a (2x QQ) 
F a as, ae : a =a are oar an 
Rhig Vx P(x) = ax Ph) 7 i 
Rh; Vx Pl v Vx QQ) > Vr (Plx) v Q) 
Rh2 Ix (Pa) a Q(x)) > Sx P(x) a 3x Q(x) 


Sometimes when we wish to derive some conclusion from a given set of 
premises involving quantifiers. we may have to eliminate the quantifiers 
before applying the rules of inference for proposition formulas. Also, when 
the conclusion involves quantifiers, we may have to introduce quantifiers. The 
necessary rules of inference for addition and deletion of quantifiers are given 
in Table 1.15. 
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TABLE 1.15 Rules of Inference for Addition and 
Deletion of Quantifiers 


Rh3: Universal instantiation 


Yx P(x) 
P(e) 


c is some element of the universe. . 


Rha: Existential instantiation 


ax P(x) 
z. P(e) 


c is some element for which P(c) is true. 


Rls: Universal generalization 


P(x) 


Vx P(x) 


x should not be free in any of the given premises. 


Ri,g. Existential generalization 


P(c) 
z: 3x P(x) 


c is some element of the universe. 


EXAMPLE 1.22 


Discuss the validity of the following argument: 


All graduates are educated. 
Ram is a graduate. 
Therefore, Ram is educated. 


Solution 
Let G(x) denote ‘x is a graduate’. 
Let E(x) denote ‘x is educated’. 
Let R denote ‘Ram’. 


So the premises are (1) Vx (GŒ) = EQ)) and Gi) G(R). The conclusion is E(R). 


Vx (G(x) = Eœ) Premise (i) 

G(R) = E(R) Universal instantiation R/,3 
G(R) Premise (ii) 

ECR) Modus ponens RI, 


Thus the conclusion is valid. 
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EXAMPLE. 1.23 


Discuss the validity of the following argument: 


All graduates can read and write. 
Ram can read and write. 
Therefore, Ram is a graduate. 


Solution 


Let G(x) denote ‘x is a graduate’. 

Let L(x) denote “x can read and write’. 

Let R denote ‘Ram’. 

The premises are: Vx (G(x) = L(x)) and L(R). 

The conclusion is G(R). 

((G(R) = L(R)) a L(R)) = G(R) is not a tautology. 

So we cannot derive G(R). For example, a school boy can read and write 
and he is not a graduate. 


EXAMPLE 1.24 


Discuss the validity of the following argument: 
All educated persons are well behaved. 
Ram is educated. 

No well-behaved person is quarrelsome. 
Therefore. Ram is not quarrelsome. 


Solution 


Let the universe of discourse be the set of all educated persons. 
Let P(x) denote ‘x is well-behaved’. 
Let y denote ‘Ram’. 
Let Q(x) denote `x is quarrelsome’. ap ara 
So the premises are: 


(i) Vx P(x). 
(ii) y is a particular element of the universe of discourse. 


(iii) Vx (Pœ = 3 Qe). 


To obtain the conclusion. we have the following arguments: 


1. Vx P(x) Premise (i) 

2. P(x) Universal instantiation R/,3 
3. Vx (P(x) = = Q(x)) Premise (iii) 

4. Pv) => ~n Q0) Universal instantiation R3 
5. PQ) Line 2 

6. = Q6) Modus ponens RI; 


— Q() means that ‘Ram is not quarrelsome’. Thus the argument is valid. 
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1.6 SUPPLEMENTARY EXAMPLES 


EXAMPLE 1.25 


Write the following sentences in symbolic form: 

(a) This book is interesting but the exercises are difficult. 

(b) This book is interesting but the subject is difficult. 

(c) This book is not interesting, the exercises are difficult but the subject 
is not difficult. 

(d) If this book is interesting and the exercises are not difficult then the 
subject is not difficult. 

(e) This book is interesting means that the subject is not difficult, and 
conversely. 

(f) The subject is not difficult but this book is interesting and the 
exercises are difficult. 

(g) The subject is not difficult but the exercises are difficult. 

(h) Either the book is interesting or the subject is difficult. 


Solution 


Let P denote ‘This book is interesting’. 

Let Q denote ‘The exercises are difficult’. 

Let R denote ‘The subject is difficult’. 
Then: 

(a) PAQ 

(b) PAR 

(c) APA QAx-R 

(d (PA AQ) > AR 

(ec) POS AR 

(f) (AR) a (PA Q) 

(g) AR AQ 

(h) 3 PvR 


EXAMPLE 1.26 


Construct the truth table for @ = (AP @=aAQ) SOR 


Solution 


The truth table is constructed as shown in Table 1.16. 
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TABLE 1.16 Truth Table of Example 1.26 


P Q R QSR aP -Q AP#-Q a 
T T T T F F T T 
T T F F F F T F 
T F T F F T F T 
T F F T F T F F 
F T T T T F F F 
F T F F T F F T 
F F T F T T T F 
F F F T T T T T 


EXAMPLE 1.27 


Prove that: œ = (P => (Q v R) a | 0)) => (P => R) is a tautology. 


Solution 


Let B = (P > (Q v RNa GQ) 
The truth table is constructed as shown in Table 1.17. From the truth 
table, we conclude that o is a tautology. 


TABLE 1.17 Truth Table of Example 1.27 


P Q R ~Q QvR P= (Qv R) B P>R Z 
T T T F T T F T T 
T T F F F T F F T 
T F T T T T T F T 
T F F T F F F F. T 
F T T F T Ts F T T 
F T F F T T F T T 
F F T T T T T T T 
F F F T Ẹ T T T F 


EXAMPLE 1.28 


State the converse, opposite and contrapositive to the following statements: 
(a) If a triangle is isoceles, then two of its sides are equal. 
(b) If there is no unemployment in India, then the Indians won't go to 
the USA for employment. 
Solution 


If P = Q is a statement, then its converse, opposite and contrapositive 
statements are, Q = P, ~P = ~Q and ~Q => —P. respectively. 


(a) Converse—If two of the sides of a triangle are equal, then the triangle 
is isoceles. 
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Opposite—If the triangle is not isoceles, then two of its sides are not 
equai. 
Contrapositive—If two of the sides of a triangle are not equal, then 
the triangle is not isoceles. 

(b) Converse—If the Indians won’t go to the USA for employment, then 
there is no unemployment in India. 
Opposite—If there is unemployment in India. then the Indians will go 
to the USA for employment. 

(c) Contrapositive—If the Indians go to the USA for employment, then 
there is unemployment in India. 


EXAMPLE 1.29 


Show that: 


(AP A(ROAR)V(QAR)V(PAR ER 
Solution 
(AP A(ROAR))V(OAR)V (PAR) 
& (AP anO) AR) V (OAR) v (P a R) by using the associative law 
S(A(Pv OAR) V (AAR) Vv (PAR) by using the DeMorgan’s law 


> nP O)AR)V (OV PYAR) by using the distributive law 

S(in(PVvOAvV(PVOQAAR © by using the commutative 
and distributive laws 

STAR by using 7g 

> R by using Jo 


EXAMPLE 1.30 


Using identities, prove that: 


Ov (Paa v (AP aA AQ) is a tautology 


Solution 


Ov (PAARO)VAPA=Q) 
2 (Ov Palva) yv AP a aQ) by using the distributive law 


S> (OvP)ATIV(APARAQ) by using fg 

2 (Ov P)v a(Pv Q) by using the DeMorgan’s law 
and J 

e (Pv Q)via(PvQ) by using the commutative 
law 

= T by using Ig 


Hence the given formula is a tautology. 
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EXAMPLE 1.31 


Test the validity of the following argument: 


If I get the notes and study well, then I will get first class. 
I didn’t get first class. 
So either I didn’t get the notes or I didn’t study well. 


Solution 


Let P denote ‘I get the notes’. 

Let Q denote ‘I study well’. 

Let R denote ‘I will get first class.’ 
Let $ denote ‘I didn’t get first class.’ 


The given premises are: 


(i) PAQ=>R 
(i) —R 
The conclusion is ~P v AQ. 
1PAQSR Premise (i) 
2. AR Premise (ii) 
3. =(P A Q) Lines 1, 2 and modus tollens. 
4. AP v AQ DeMorgan’s law 


Thus the argument is valid. 


EXAMPLE 1.32 


Explain (a) the conditional proof rule and (b) the indirect proof. 


Solution 


(a) If we want to prove A = B. then we take A as a premise and construct 
a proof of B. This is called the conditional proof rule. It is denoted 
by CP. 

(b) To prove a formula œ we construct a proof of na => F. In 
particular, to prove A = B, we construct a proof of A a =B > F. 


EXAMPLE 1.33 


Test the validity of the following argument: 


Babies are illogical. 

Nobody is despised who can manage a crocodile. 
Illogical persons are despised. 

Therefore babies cannot manage crocodiles. 
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Solution 

Let B(x) denote ‘x is a baby’. 

Let I(x) denote ‘x is illogical’. 

Let D(x) denote ‘x is despised’. ` 

Let C(x) denote ‘x can manage crocodiles’. 
Then the premises are: 

(i) Vx (BQ) = K) 

(it) Vx (Cœ) = =D) 

(iii) Vx Ua) = Dx) 
The conclusion is Vx (B(x) = = C(x). 


1. Vx (BQ) = w) Premise (i) 

2. Vx (C(x) = AD(x)) Premise (ii) 

3. Vx da) = DG) Premise (iil) 

4. Bx) => Ix) 1, Universal instantiation 
5. C(x) => 3 Dx) 2, Universal instantiation 
6. Kx) = D(x) 3, Universal instantiation 
7. B(x) Premise of conclusion 

8. I(x) 4,7 Modus pollens 

9. D(x) 6,8 Modus pollens 

10. = C(x) 5,9 Modus tollens 

ll. Ba) => A C(x) 7,10 Conditional proof 


12. Vx (B&®) = =C@)) 11, Universal generalization. 
Hence the conclusion is valid. 


EXAMPLE 1.34 


Give an indirect proof of 


40,P30,PVS95S8 


Solution 


We have to prove S. So we include (iv) —S as a premise. 


1PvS Premise (iti) 

2. ~S Premise (iv) 

3. 0P 1,2, Disjunctive syllogism 
4 PQ Premise (ii) 

5. Q 3,4, Modus ponens 

6. AQ Premise (i) 

7. O0A-0 5.6, Conjuction 

8. F Íg 


We get a contradiction. Hence (~ Q, P > Q. Py $ >85. 
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EXAMPLE 1.35 


Test the validity of the following argument: 


All integers are irrational numbers. 
Some integers are powers of 2. 
Therefore, some irrational number is a power of 2. 


Solution 
Let Z(x) denote ‘x is an integer’. 
Let /(x) denote ‘x is an irrational number’. 
Let P(x) denote ‘x is a power of 2’. 
The premises are: 
(i) Vx (Z(x) = w) 
(ii) Sx (Zæ) A Pœ) 
The conclusion is 3x U(x) A P(x)). 


1. dx (ZX) A P(x)) Premise (ii) 

2. Z(b) a P(b) 1, Existential instantiation 
3. Z(b) 2, Simplification 

4. P(b) 2. Simplification 

5. Vx (Z => Œ) Premise (i) 

6. Z(b) = Kb) 5. Universal instantiation 

7. Kb) 3,6, Modus ponens 

8. Kb) a P(b) 7,4 Conjunction 

9. Ax U(x) a P(x)) 8, Existential instantiation. 


Hence the argument is valid. 


SELF-TEST 


Choose the correct answer to Questions 1-5: 


1. The following sentence is not a proposition. 
(a) George Bush is the President of India. 
(b) 1 is a real number. 

(c) Mathematics is a difficult subject. 
(d) I wish you all the best. 


Ww 


. The following is a well-formed formula. 
(a) (PA Q) = (P v Q) 
(b) (PA Q) => (PV QAR) 
(c) (PA (QA R)) = (P ^ Q)) 
(d) = (Q a~n (P v AQ) 
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3. 


10. 


Li 


EAS is called: 
(a) Addition 

(b) Conjunction 
(c) Simplification 
(d) Modus tollens 


. Modus ponens is 


(a) ~g 
P>Q 
“oP 

(b) =P 
PVQ 
0° 

(c) P 
P>Q 
Eg 


(d) none of the above 


. ~P A[ngQ ^ R is a minterm of: 


(a) PV Q 

b naPAAQAR 

CO PAQARAS 

A PAR 

Find the truth value of P = Q if the truth values of P and Q are F and 
T respectively. 


. For what truth values of P. Q and R, the truth value of (P > Q) => R 


is F? 
(P. Q, R have the truth values F, T, F or F, T, T) 


. If P, Q. R have the truth values F, T, F, respectively, find the truth 


value of (P => Q) v (P > R). 


. State universal generalization. 


State existential instantiation. 


EXERCISES 
Which of the following sentences are propositions? 


(a) A triangle has three sides. 
(b) 11111 is a prime number. 
(c) Every dog is an animal. 
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(d) Ram ran home. 
(e) An even number is a prime number. 
(f) 10 is a root of the equation x — 1002x + 10000 = 0 
(g) Go home and take rest. 
1.2 Express the following sentence in symbolic form: For any two numbers 
a and b, only one of the following holds: a < b, a = b, and a > b. 
1.3 The truth table of a connective called Exclusive OR (denoted by V) is 
shown in Table 1.18. 


TABLE 1.18 Truth Table for Exclusive OR 


P Q PJQ 
T T F 
T F T 
F T T 
F F F 


Give an example of a sentence in English (i) in which Exclusive OR 
is used, (ii) in which OR is used. Show that V is associative, 
commutative and distributive over A. 

1.4 Find two connectives, using which any other connective can be 
described. 

1.5 The connective NAND denoted by 7 (also called the Sheffer stroke) is 
defined as follows: P T Q =~ (P ^a Q). Show that every connective 
can be expressed in terms of NAND. 

1.6 The connective NOR denoted by 4 (also called the Peirce arrow) is 
defined as follows: P 4 Q = 4(P v Q). Show that every connective 
can be expressed in terms of NOR. 

1.7 Construct the truth table for the following: 

(a) (Pv Q) = (Pv R) = Rv Q)) 
(b) (P v (Q = R) e (Pv AR) => Q) 


1.8 Prove the following equivalences: 


(b) PSP YOA (Py sQ) 


1.9 Prove the logical identities given in Table 1.11 using truth tables. 
1.10 Show that P > (Q > (R = (~P => (~ Q = —R))) is a tautology. 


1.11 Is (P = — P) = ~P (i) a tautology. (ii) a contradiction. (111) neither 
a tautology nor a contradiction? 
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1.12 Is the implication (P a (P => = Q)) v (Q = = Q) > — Q a tautology? 
1.13 Obtain the principal disjunctive normal form of the following: 

(a) PS (PS>QA COQ vaP) 

b) (QAARRA AAS) Vv (RAS). 


1.14 Simplify the formula whose principal disjunctive normal form is 
110 v 100 v 010 v 000. 


1.15 Test the validity of the following arguments: 
(ay P= Q 
R>-7@Q 
P=>Q 
n P>S 
(c) P 
Q 
Q => AR 
WR 
(d PSQAR 
QvS>T 
SVP 
AT 


1.16 Test the validity of the following argument: 
If Ram is clever then Prem is well-behaved. 
If Joe is good then Sam is bad and Prem is not well-behaved. 
If Lal is educated then Joe is good or Ram is clever. 
Hence if Lal is educated and Prem is not well-behaved then Sam is bad. 


1.17 A company called for applications from candidates, and stipulated the 
following conditions: 
(a) The applicant should be a graduate. 
(b) If he knows Java he should know C++. 
(c) If he knows Visual Basic he should know Java. 
(d) The applicant should know Visual Basic. 
Can you simplify the above conditions? 


1.18 For what universe of discourse the proposition Vx (x 2 5) is true? 
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1.19 By constructing a suitable universe of discourse, show that 
dx (P@®) = OG) e GxP@ => Ix ew) 
is not valid. 
1.20 Show that the following argument is valid: 
All men are mortal. 


Socrates is a man. 
So Socrates is mortal. 


1.21 Is the following sentence true? If philosophers are not money-minded 
and some money-minded persons are not clever, then there are some 
persons who are neither philosphers nor clever. 


1.22 Test the validity of the following argument: 


No person except the uneducated are proud of their wealth. 
Some persons who are proud of their wealth do not help others. 
Therefore, some uneducated persons cannot help others. 
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Mathematical 
Preliminaries 


In this chapter we introduce the concepts of set theory and graph theory. Also, 
we define strings and discuss the properties of strings and operations on strings. 
In the final section we deal with the principle of induction, which will be used 
for proving many theorems throughout the book. 


2.1 SETS, RELATIONS AND FUNCTIONS 


2.1.1 SETS AND SUBSETS 


A set is a well-defined collection of objects, for example, the set of all students 
in a college. Similarly. the collection of all books in a college library is also a 
set. The individual objects are called members or elements of the set. 

We use the capital letters A, B, C. ... for denoting sets. The small letters 
a, b, c. ... are used to denote the elements of any set. When a is an element 
of the set A. we write a e A. When a is not an element of A, we write a ¢ A. 


Various Ways of Describing a Set 


(1) By listing its elements. We write all the elements of the set (without 
repetition) and enclose them within braces. We can write the elements 
in any order. For example, the set of all positive integers divisible by 
15 and less than 100 can be written as {15. 30, 45. 60, 75, 90}. 

(ii) By describing the properties of the elements of the set. For example, the 
set {15, 30. 45. 60. 75. 90} can be described as: {n | n is a positive 
integer divisible by 15 and less than 100}. (The description of the 
property is called predicate. In this case the set is said to be implicitly 
specified.) f 


36 
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Gii) By recursion. We define the elements of the set by a computational 
rule for calculating the elements. For example. the set of all natural 
numbers leaving a remainder | when divided by 3 can be described as 


{a,,| a, = 1, Grey = Ap + 3} 


When the computational rule is clear from the context, we simply specify 
the set by some initial elements. The previous set can be written as {1. 4. 7, 
10, ...}. The four elements given suggest that the computational rule is: 
Annet = Ay + 3. 


Subsets and Operations on Sets 


A set A is said to be a subset of B (written as A C B) if every element of 
A is also an element of B. 

Two sets A and B are equal (we write A = B) if their members are the same. 
In practice. to prove that A = B, we prove AC B and BCA. 

A set with no element is called an empty set, also called a null set or a void 
set, and is denoted by @. 

We define some operations on sets. 


AU B= {x|x € A or x € B}, called the union of A and B. 
A B= {x|x € A and x € B}, called the intersection of A and B. 
A - B= {x|x € A and x € B}. called the complement of B in A. 


A® denotes U — A, where U is the universal set, the set of all elements 
under consideration. 

The set of all subsets of a set A is called the power ser of A. It is denoted 
by 24. 

Let A and B be two sets. Then A x B is defined as {(a, b)|a € A and 
b € B}. ((a, b) is called an ordered pair and is different from (b, a).) 


Definition 2.1 Let S be a set. A collection (A. Aa, .. . A ) of subsets of S is 


called a partition if A; ^ A; = ØG #7) and S= U A; ie. A4 U ALU... 
i=l 
U Á) 


For example. if S = {12 3 ..., 10}, then {{1. 3, 5, 7, 9}, {2, 4, 6, 
8. 10}} is a partition of S. 


2.1.2 SETS WITH ONE BINARY OPERATION 


A binary operation = on a set S is a rule which assigns. to every ordered pair 
(a, b) of elements from S. a unique element denoted by a » b. 

Addition, for example, is a binary operation on the set Z of all integers. 
(ihroughout this book. Z denotes the set of all integers.) 

Union is a binary operation on 2°. where A is any nonempty set. We give 
below five postulates on binary operations. 


Postulate 1: Closure. If a and b are in S, then a = b is in S. 
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Postulate 2: Associativiry. If a, b, c are in S, then (a + b)» c =a * (b*o). 

Postulate 3: Identity element. There exists a unique element (called the 
identity element) e in S such that for any element x in S, 

X*e=e*XN=xX 

Postulate 4: Inverse. For every element x in S there exists a unique element x’ 
in S such that x « x’ = x « x = e. The element x’ is called the 
inverse of x w.r.t. ». l 

Postulate 5: Commutativity. If a, b € S, thena +b =b +a. 


It may be noted that a binary operation may satisfy none of the above five 
postulates. For example, let § = {1, 2, 3, 4, ...}, and let the binary operation 
be subtraction (i.e. a +» b = a — b). The closure postulate is not satisfied since 
2-3=-lé¢ S. Also, 2 —3)-4 #2 — (3 — 4), and so associativity is not 
satisfied. As we cannot find a positive integer such that x — e = e — x = x, the’ 
postulates 3 and 4 are not satisfied. Obviously, a — b # b — a. Therefore, 
commutativity is not satisfied. 

Our interest lies in sets with a binary operation satisfying the postulates. 


Definitions (i) A set S with a binary operation « is called a semigroup if the 
postulates 1 and 2 are satisfied. . 

Gi) A set S with a binary operation =+ is called a monoid if the postulates 
1-3 are satisfied. 

(iii) A set S with » is called a group if the postulates 1—4 are satisfied. 

(iv) A semigroup (monoid or group) is called a commutative or an abelian 
semigroup (monoid or group) if the postulate 5 is satisfied. 


Figure 2.1 gives the relationship between semigroups, monoids, groups, 
etc. where the numbers refer to the postulate number. 


Set No operation 


Postulates 1, 2 


3 


Abelian group 


Fig. 2.1 Sets with one binary operation. 


We interpret Fig. 2.1 as follows: A monoid satisfying postulate 4 is a group. 
A group satisfying postulate 5 is an abelian group, etc. 
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We give below a few examples of sets with one binary operation: 

(i) Z with addition is an abelian group. 

Gi) Z with multiplication is an abelian monoid. (It is not a group since it 
does not satisfy the postulate 4.) 

(iii) {1, 2, 3, ...} with addition is a commutative semigroup but not a 
monoid. (The identity element can be only 0, but 0 is not in the set.) 

(iv) The power set 2° of A(A # Ø) with union is a commutative monoid. 
(The identity element is 9.) 

(v) The set of all 2 x 2 matrices under multiplication is a monoid but not 
an abelian monoid. 


2.1.3 SETS WITH TWO BINARY OPERATIONS 


Sometimes we come across sets with two binary operations defined on them 
(for example, in the case of numbers we have addition and multiplication). Let 
S be a set with two binary operations = and o. We give below 11 postulates 
in the following way: 
(i) Postulates 1-5 refer to » postulates. 
Gi) Postulates 6. 7. 8. 10 are simply the postulates 1. 2. 3, 5 for the binary 
operation o. 
(iit) Postulate 9: If S under =» satisfies the postulates 1-5 then for every x 
in S. with x # e, there exists a unique element x’ in S such that x’ o x = 
xox =e’, where e’ is the identity element corresponding to o. 
(iv) Postulate 11: Distributiviry. For a. b, c. m S 


ao(b«#c)=(aob)* (aoc) 


A set with one or more binary operations is called an algebraic system. 
For example, groups. monoids, semigroups are algebraic systems with one 
binary operation. 

We now define some algebraic systems with two binary operations. 


Definitions (i) A set with two binary operations » and o is called a ring if 
(a) it is an abelian group w.r.t. *, and (b) o satisfies the closure, associativity 
and distributivity postulates (i.e. postulates 6, 7 and 11). 


(ii) A ring is called a commutative ring if the commutativity postulate is 
satisfied for o. 

(ii) A commutative ring with unity is a commutative ring that satisfies the 
identity postulate (i.e. postulate 8) for o. 

(iv) A field is a set with two binary operations + and o if it satisfies the 
postulates 1-11. 


We now give below a few examples of sets with two binary operations: 


(i) Z with addition and multiplication (in place of + and o) is a 
commutative ring with identity. (The identity element w.r.t. addition is 
O, and the identity element w.r.t. multiplication is 1.) 
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(11) The set of all rational numbers (i.e. fractions which are of the form 
a/b, where a is any integer and b is an integer different from zero) 
is a field. (The identity element w.r.t. multiplication is 1. The inverse 
of a/b, alb # O is b/a.) 

Gii) The set of all 2 x 2 matrices with matrix addition and matrix 
multiplication is a ring with identity, but not a field. 

(iv) The power set 24 (A # Ø) is also a set with two binary operations 
U and A. The postulates satisfied by U and ^ are 1, 2, 3, 5, 6, 7, 8, 
10 and 11. The power set 2# is not a group or a ring or a field. But 
it is an abelian monoid w.r.t. both the operations U and A. 


Figure 2.2 illustrates the relation between the various algebraic systems we 
have introduced. The interpretation is as given in Fig. 2.1. The numbers refer 
to postulates. For example, an abelian group satisfying the postulates 6, 7 and 
11 is a ring. 


Abelian group 


6, 7, 14 
Ring 


8 
ý 
Ring with identity 


Commutative ring 
8 


Commutative ring 
with identity 


Fig. 2.2 Sets with two binary operations. 


| 


2.1.4 RELATIONS 


The concept of a relation is a basic concept in computer science as well as in 
real life. This concept arises when we consider a pair of objects and compare 
one with the other. For example, ‘being the father of’ gives a relation between 
two persons. We can express the relation by ordered pairs (for instance, ‘a is 
the father of b’ can be represented by the ordered pair (a, b)). 

While executing a program, comparisons are made, and based on the result, 
different tasks are performed. Thus in computer science the concept of relation 
arises just as in the case of data structures. 


Definition 2.2 A relation R in a set S is a collection of ordered pairs of 
elements in § (i.e. a subset of S x $). When (x, y) is in R, we write xRy. When 
(x, y) is not in R. we write xR’y. - 
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EXAMPLE 2.1 
A relation R in Z can be defined by xRy if x > y. 


Properties of Relations 
(i) A relation R in S is reflexive if xRx for every x in S. 
Gi) A relation R in S is symmetric if for x, y in S. yRx whenever xRy. 
(iii) A relation R in S is transitive if for x, y and z in S. xRz whenever xRy 
and vRz. 
We note that the relation given in Example 2.1 is neither reflexive nor 
symmetric. but transitive. 


EXAMPLE 2.2 
A relation R in {1, 2. 3. 4. 5. 6} is given by 
d. 2). @. 3), B. 4), (4. 4). (4. 5)} 


This relation is not reflexive as 1R’1. it is not symmetric as 2R3 but 3R’2. It 
is also not transitive as 1R2 and 2R3 but 1R’3. 


EXAMPLE 2.3 


Let us define a relation R in {1. 2. .... 10} by aRb if a divides b. R is 
reflexive and transitive but not symmetric (3R6 but 6R’3). 


EXAMPLE 2.4 


If i, j, n are integers we say that 7 is congruent to j modulo n (written as 
i= j modulo n ori = j mod ») if i — j is divisible by n. The “congruence modulo 
n` is a relation which is reflexive and symmetric (if i — j is divisible by 7n, so 
isj- 1). fi =j7 mod n andj =k mod n, then we have i -j = an for some a 
and j — k = bn for some b. So. 

t-k=i-j+jy-k=an+bn 
which means that 7 = k mod n. Thus this relation is also transitive. 


Definition 2.3 A relation R in a set S is called an equivalence relation if it is 
reflexive. symmetric and transitive. 


Example 2.5 gives an equivalence relation in Z. 
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EXAMPLE 2.5 


We can define an equivalence relation R on any set S by defining aRb if 
a = b. (Obviously, a = a for every a. So, R is reflexive. If a = b then b = a. 
So R is symmetric. Also, if a = b and b = c, then a = c. So R is transitive.) 


EXAMPLE 2.6 


Define a relation R on the set of all persons in New Delhi by aRb if the persons 
a and b have the same date of birth. Then R is an equivalence relation. 

Let us study this example more carefully. Corresponding to any day of the 
year (say, 4th February), we can associate the set of all persons born on that 
day. In this way the set of all persons in New Delhi can be partitioned into 366 
subsets. In each of the 366 subsets, any two elements are related. This leads to 
one more property of equivalence relations. 


Definition 2.4 Let R be an equivalence relation on a set S. Let a € S. Then 
C, is defined as 

{b e S| aRb} . 
The C, is called an equivalence class containing a. In general, the C,’s are 
called equivalence classes. 


EXAMPLE 2.7 


For the congruence modulo 3 relation on {1, 2, .... 7}. 
C2 = {2, 5}, Cı = {1. 4, 7}, C3 = {3, 6} 


For the equivalence relation ‘having the same birth day’ (discussed in Example 
2.6), the set of persons born on 4th February is an equivalence class, and the 
number of equivalence classes is 366. Also, we may note that the union of all 
the 366 equivalence classes is the set of all persons in Delhi. This is true for 
any equivalence relation because of the following theorem. 


Theorem 2.1 Any equivalence relation R on a set S partitions S into disjoint 
equivalence classes. 


Proof Let U C, denote the union of distinct equivalence classes. We have to 
prove that: 45 


G) S = U Cas 


aeS 


(ii) C, A C, = @ if C, and C, are different, i.e. C, # Cp 
Let s € S. Then s € C, (since sRs, R being reflexive). But C, c U Ca 
aeS 
SoSc U C,. By definition of C,, C, S S for every ain S. So UC, cS. 


aes aes 
Thus we have proved (i). 


Before proving (ii), we may. note the following: 
Cir = Ey if aRb (2.1) 
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As aRb, we have bRa because R is symmetric. Let d € C, By definition of 
C, we have aRd. As bRa and aRd, by transitivity of R, we get bRd. This 
means d € C,. Thus we have proved C, c Cp. In a similar way we can show 
that C, S C,. Therefore. (2.1) is proved. 

Now we prove (ii) by the method of contradiction (refer to Section 2.5). 
We want to prove that C, © C, = @ if C, # C, Suppose C, © C, = Ø. Then 
there exists some element d in S such that d e C, and d €e Cp. As d € C,, 
we have aRd. Similarly. we have bRd. By symmetry of R, dRb. As aRd 
and dRb, by transitivity of R, we have aRb. Now we can use (2.1) to 
conclude that C, = C,. But this is a contradiction (as C, # Cp). Therefore, 
C, O C, = @. Thus (ii) is proved. I 

If we apply Theorem 2.1 to the equivalence relation congruence modulo 
3 on {1. 2. 3, 4, 5, 6. 7}, we get 


C,=C,= Cr = {1. 4, 7} 
C = Cs = {2, 5} 


C; = Cy = {3. 6} 


and therefore. 
{1.2.....7} =C,; UCi1U C; 


EXERCISE Let S$ denote the set of all students in a particular college. 
Define aRb if a and b study in the same class. What are the equivalence 
classes? In what way does R partition $? 


2.1.5 CLOSURE OF RELATIONS 


A given relation R may not be reflexive or transitive. By adding more ordered 
pairs to R we can make it reflexive or transitive. For example, consider a 
relation R = {(1, 2), (2, 3). (1. 1). (2. 2)} in {1, 2. 3}. R is not reflexive as 3R’3. 
But by adding (3, 3) to R, we get a reflexive relation. Also, R is not transitive 
as 1R2 and 2R3 but 1R’3. By adding the pair (1. 3). we get a relation 
T = {(1. 2), (2, 3), (d. 1), È, 2). (1. 3)} which is transitive. There are many 
transitive relations 7 containing R. But the smallest among them is interesting. 


Definition 2.5 Let R be a relation in a set S. Then the transitive closure of R 
(denoted by R*) is the smallest transitive relation containing R. 


Note: We can define reflexive closure and symmetric closure in a similar way. 


Definition 2.6 Let R be a relation in S. Then the reflexive-transitive 
closure of R (denoted by R*) is the smallest reflexive and transitive relation 
containing R. 

For constructing R* and R*, we define the composite of two relations. 
Let R; and R- be the two relations in S. Then, 

(i) R,oR, = {(a, c) €e Sx S| aR,b and bRoc for some b € S} 

Gi). Rt =R oR; 

Git) R =R o R for alln 22 
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Note: For getting the elements of R; o Ra, we combine (a, b) in R, and 
(b, c) in R, to get (a, c) in R o Ro. 


Theorem 2.2 Let S be a finite set and R be a relation in S. Then the 
transitive closure R* of R exists and Rt =RUR? UR .... 


EXAMPLE 2.8. 


Let R = {(1, 2). (2. 3), (2, 4)} be a relation in {1, 2, 3, 4}. Find R*. 


Solution 
R 


a 


R- 


{(1, 2), 2, 3), (2, 4} 
{(1, 2), (2, 3), (2, 4} o (0. 2), (2, 3), Q, 4} 
= {(1, 3), (1, 4)} 
(We combine (a, b) and (b, c) in R to get (a, c) in R) 
R=RoR={40, 3). 0, 4} o 0, 2), 2 3), 2, 4} = 6 
(Here no pair (a, b) in R? can be combined with any pair in R) 
Ri=R=..-=G Sy 
R= RU R = {(1, 2), (2. 3). (2. 4). CL, 3), d, 4} 


EXAMPLE 2.9 


Let R = {(a. b), (b, ©, (c, a}. Find R*. 


Solution 


= {(a. b), (b, c), (c, a)} 
R o R= {(a. b), (b, c), (c, a} o {(a, b), (b, ©, (c ar 

= {(a. c), (b, a), (c, b)} 
(This is obtained by combining the pairs: (a, b) and (b, c), (b, c) and (c, a), 
and (c, a) and (a, b).) 

R= R o R= {(a, c), (b, a), (c, b)} o {(a, b), (b, 0) (c a} 
= {(a, a), (b, b), (c, c)} 

R? o R = {(a, a), (b, b), (c, c)} o {(a, b), (b, ©, (c, a} 
{(a, b), (b, c), ( a} =R 


Rİ 


So, 
R =R oR=RoR=R, R=RŘoR=RŘRoR=R - 
R =R oR=RŘRoR=R'=R 
Then any R” is one of R, R? or R°. Hence, 
R=RUR UR 
= {(a, b), (b, c), (c, a), (a, c). (b, a), (c, b), (a, a), (b, b), (c, c)} 
Note: R* = R* OU {(a, ajla e S}. 
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EXAMPLE 2.10 


If R= {(a, b}, (b, ©, (c @} is a relation in {a, b, c}, find R*. 


Solution 
From Example 2.9, 
R*= Rt O {(a, a), (b, b), (c, œo} 
= {(a, b), (b, ©), Eea @ ©), (b a), (6 B), a  b) GO} 


EXAMPLE 2.11 


What is the symmetric closure of relation R in a set S? 


Solution 


Symmetric closure of R = R U {(b, a)| aRb}. 


2.1.6 FUNCTIONS oS 
The concept of a function arises when we want to associate a unique value (or 
result) with a given argument (or input). 


e 


Definition 2.7 A function or map f from a set X to a set Y is a rule which 
associates to every element x in X a unique element in Y, which is denoted by 
fx). The element f(x) is called the image of x under f. The function is denoted 
byf: X > Y. 


Functions can be defined either (i) by giving the images of all elements 
of X, or (ii) by a computational rule which computes f(x) once x is given. 


EXAMPLES (a) f: {1. 2. 3. 4} - {a, b, c} can be defined by f(1) = a, 
f(2) = 6 fO) =a, fid) = b. 

(b) f: R > R can be defined by f(x) = x + 2x + 1 for every x in R. 
(R denotes the set of all real numbers.) 


Definition 2.8 f: X — Y is said to be one-to-one (or injective) if different 
elements in X have different images, i.e. f(x,) # f(x.) when 1 # x. 


Note: To prove that f is one-to-one, we prove the following: Assume 
f(xy = fx) and show that x, = X. 
Definition 2.9 f: X — Y is onto (surjective) if every element y in Y is the 


image of some element x in X. 


Definition 2.10 f: X — Y is said to be a one-to-one correspondence or 
bijection if fis both one-to-one and onto. 
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EXAMPLE 2.12. 


f: Z — Z given by fn) = 2n is one-to-one but not onto. 


Solution 
Suppose fn) = fn»). Then 27, = 2m. So n; = na. Hence f is one-to-one. It 
is not onto since no odd integer can be the image of any element in Z (as any 
image is even). 

The following theorem distinguishes a finite set from an infinite set. 


Theorem 2.3 Let S be a finite set. Then f: S — S is one-to-one iff it is onto. 


Note: The above result is not true for infinite sets as Example 2.12 gives a 
one-to-one function f : Z => Z which is not onto. 


EXAMPLE 2.13 


Show that f : R > R — {1} given by fœ) = (x + IV/@ — 1) is onto. 


Solution 


Let v e R. Suppose v = f(x) = œ + Dx - 1). Then y(x - 1) = x + 1, 1e. 
yx —x=1l+y.So.x= (14+ yVO- D. As 1 +y- 1) € R for all y 4 1, 
y is the image of (1 + yy — 1) in R — {1}. Thus, fis onto. 


The Pigeonhole Principle? 


Suppose a postman distributes 51 letters in 50 mailboxes (pigeonholes). Then 
it is evident that some mailbox will contain at least two letters. This is 
enunciated as a mathematical principle called the pigeonhole principle. 

If n objects are distributed over m places and n > m, then some place 
receives at least two objects. 


EXAMPLE 2.14 


If we select 11 natural numbers between 1 to 380, show that there exist at least 
two among these 11 numbers whose difference is at most 38. 


Solution 
Arrange the numbers 1, 2, 3, ..., 380 in 10 boxes, the first box containing 
1, 2. 3, ..., 38, the second containing 39, 40, ..., 76, etc. There are 11 


numbers to be selected. Take these numbers from the boxes. By the pigeonhole 
principle, at least one box will contain two of these eleven numbers. These two 
numbers differ by 38 or less. 


“The pigeonhole principle is also called the Dirichlet drawer principle, named 
after the French mathematician G.: Lejeune Dirichlet (1805-1859). 
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2.2 GRAPHS AND TREES 


The theory of graphs is widely applied in many areas of computer science— 
formal languages, compiler writing, artificial intelligence (AD, to mention only 
a few. Also, the problems in computer science can be phrased as problems in 
graphs. Our interest lies mainly in trees (special types of graphs) and their 
properties. 


2.2.1 GRAPHS 


Definition 2.11 A graph (or undirected graph) consists of (i) a nonempty set 
V called the set of vertices. (ii) a set E called the set of edges, and (i11) a map 
@ which assigns to every edge a unique unordered pair of vertices. 


Representation of a Graph 

Usually a graph, namely the undirected graph. is represented by a diagram 
where the vertices are represented by points or small circles, and the edges by 
arcs joining the vertices of the associated pair (given by the map ®). 

Figure 2.3. for example. gives an undirected graph. Thus. the unordered 
pair {v}, v2} is associated with the edge e,: the pair (v2, v2) is associated with 
eg (eg is a self-loop. In general. an edge is called a self-loop if the vertices in 
its associated pair coincide.) 


Fig, 2.3 An undirected graph. 


Definition 2.12 A directed graph (or digraph) consists of (i) a nonempty set 
V called the set of vertices, (ii) a set E called the set of edges, and (iii) a map 
@ which assigns to every edge a unique ordered pair of vertices. 


Representation of a Digraph 


The representation is as in the case of undirected graphs except that the edges 
¿te represented by directed arcs. 

Figure 2.4. for example. gives a directed graph. The ordered pairs (v3, v3), 
(13, v4), (Yi, ¥3) are associated with the edges ea, e, es respectively. 
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Fig. 2.4 A directed graph. 


Definitions (i) If (v, v;) is associated with an edge e, then v; and v; are called 
the end vertices of e; v; is called a predecessor of v; which is a successor of v; 

In Fig. 2.3, və and vz are the end vertices of e} In Fig. 2.4, və is a 
predecessor of v, which is a successor of v» Also, v4 is a predecessor of v, and 
successor of v3. 

(ii) If G is a digraph, the undirected graph corresponding to G is the 
undirected graph obtained by considering the edges and vertices of G, but 
ignoring the ‘direction’ of the edges. For example. the undirected graph 
corresponding to the digraph given in Fig. 2.4 is shown in Fig. 2.5. 


Fig. 2.5 A graph. 


Definition 2.13 The degree of a vertex in a graph (directed or undirected) is 
the number of edges with v as an end vertex. (A self-loop is counted twice while 
calculating the degree.) In Fig. 2.3, deg(v,) = 2, deg(v3) = 3, deg(v.) = 5. In 
Fig. 2.4, deg(v.) = 3, deg(v4) = 2. 


We now mention the following theorem without proof. 


Theorem 2.4 The number of vertices of odd degree in any graph (directed or 
undirected) is even. 


Definition 2.14 A path in a graph (undirected or directed) is an alternating 
sequence of vertices and edges of the form vevez ... ¥,_1@,-1¥,, beginning 
and ending with vertices such that e; has v; and v;,; as its end vertices and 
no edge or vertex is repeated in the sequence. The path is said to be a path 
from vı to ve 

For example. v,e213e3¥> is a path in Fig. 2.3. It is a path from v, to vz. In 
Fig. 2.4. vieavsezv is a path from v; to v2. v,e;"2 is also a path from vı to vz 
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And v3eavyesv> is a path from v, to vo. We call vsegvyesy. a directed path since 
the edges e4 and e; have the forward direction. (But v,e2v3e3" is not a directed 
path as e» is in the forward direction and e, is in the backward direction.) 


Definition 2.15 A graph (directed or undirected) is connected if there is a 
path between every pair of vertices. 
The graphs given by Figs. 2.3 and 2.4, for example. are connected. 


Definition 2:16 A circuit in a graph is an alternating sequence vevez... 
€,-1¥, Of vertices and edges starting and ending in the same vertex such that 
e; has v; and vı as the end vertices and no edge or vertex other than v; is 
repeated. 

In Fig. 2.3. for example. vreqv2esvyegva, V1€E2Y3€4V4€5V261 V] are circuits. In 
Fig. 2.4, vje.vresney, and v1e3¥3e4)'yes¥> are circuits. 


2.2.2 TREES 


Definition 2.17 A graph (directed or undirected) is called a tree if it is 
connected and has no circuits. 

The graphs given in Figs. 2.6 and 2.7, for example, are trees. The graphs 
given in Figs. 2.3 and 2.4 are not trees. 


Note: A directed graph G is a tree iff the corresponding undirected graph 
is a tree. 


Fig. 2.6 A tree with four vertices. 


© 


Fig. 2.7 A tree with seven vertices. 


We now discuss some properties of trees (both directed and undirected) 
used in developing transition systems and studying grammar rules. 
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Property 1 A tree is a connected graph with no circuits or loops. 


Property 2 In a tree there is one and only one path between every pair of 
vertices. 


Property 3 If in a graph there is a unique (i.e. one and only one) path 
between every pair of vertices, then the graph is a tree. 


Property 4 A tree with n vertices has n — 1 edges. 


Property 5 If a connected graph with n vertices has n — 1 edges. then it is 
a tree. 

Property 6 If a graph with no circuits has n vertices and n — 1 edges, then 
it is a tree. ee 


p 


A leaf in a tree can be defined as a vertex of degree one. The vertices 
other than leaves are called internal vertices. 

In Fig. 2.6. for example, vı v3 v4 are leaves and v, is an internal vertex. 
In Fig. 2.7. v2, vs, Vg vy are leaves and 14, v3, v4 are internal vertices. 

The following definition of ordered trees will be used for representing 
derivations in context-free grammars. 


Definition 2.18 An ordered directed tree is a digraph satisfying the following 
conditions: 


Ti: There is one vertex called the root of the tree which is distinguished 
from all the other vertices and the root has no predecessors. 

Tx: There is a directed path from the root to every other vertex. 

T;: Every vertex except the root has exactly one predecessor. 

Ty: The successors of each vertex are ordered ‘from the left’. 


Note: The condition T, of the definition becomes evident once we have the 
diagram of the graph. 


Figure 2.7 is an ordered tree with v, as the root. Figure 2.8 also gives an 
ordered directed tree with v; as the root. In this figure the successors of v; are 
ordered as vav} The successors of v, are ordered as v5V¢. 


Q l N 


Fig. 2.8 An ordered directed tree. 
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By adopting the following convention, we can simplify Fig. 2.8. The root 
is at the top. The directed edges are represented by arrows pointing downwards. 
As all the arrows point downwards, the directed edges can be simply 
represented by lines sloping downwards, as illustrated in Fig. 2.9. 


v4 


y 
Q Q 


Fig. 2.9 Representation of an ordered directed tree. 


Note: An ordered directed tree is connected (which follows from T>). It has 
no circuits (because of 73). Hence an ordered directed tree is a tree (see 
Definition 2.17). 

As we use only the ordered directed trees in applications to grammars, we 
refer to ordered directed trees as simply trees. 


Definition 2.19 A binary tree is a tree in which the degree of the root is 2 and 
the remaining vertices are of degree 1 or 3. 


Note: Ina binary tree any vertex has at most two successors. For example, the 
trees given by Figs. 2.11 and 2.12 are binary trees. The tree given by Fig. 2.9 
is not a binary tree. 


Theorem 2.5 The number of vertices in a binary tree is odd. 


Proof Let n be the number of vertices. The root is of degree 2 and the 
remaining n~1 vertices are of odd degree (by Definition 2.19). By 
Theorem 2.4, n — 1 is even and hence n is odd. I 


We now introduce some more terminology regarding trees: 


(1) A son of a vertex v is a successor of 1. 

(ii) The father of v is the predecessor of v. 

Gii) If there is a directed path from v; to v2, v; is called an ancestor of v, 
and va is called a descendant of vı. (Convention: v, is an ancestor of 
itself and also a descendant of itself.) 

(iv) The number of edges in a path is called the length of the path. 

(v) The height of a tree is the length of a longest path from the root. For 
example, for the tree given by Fig. 2.9, the height is 2. (Actually there 
are three longest paths, v) — v2 > vp Yi > ¥3 > Vs, V > Vv > Ve 
Each is of length 2.) 

(vi) A vertex v in a tree is at level k if there is a path of length k from the 
root to the vertex v (the maximum possible level in a tree is the height 
of the tree). 
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Figure 2.10, for example. gives a tree where the levels of vertices are 
indicated. 


Root 
a Level 0 
Level 1 


Level 3 


Fig. 2.10 illustration of levels of vertices. 


EXAMPLE 2.15 


For a binary tree T with n vertices. show that the minimum possible height 
is flog- + 1) — 1, where! £7 is the smallest integer 2 k, and the maximum 
possible height is (n — 1)/2. 


Solution 


In a binary tree the root is at level 0. As every vertex can have at most two 
successors. we have at most two vertices at level 1. at most 4 vertices at level 


2. etc. So the maximum number of vertices in a binary tree of height k is 


(a2 Ope As T has n vertices, 1+2 Oe ee +2 2n, ie. 
(2! _ D2 -1) 2 n, so k = loga(n + 1) — 1. As k is an integer, the smallest 
possible value for k is T loga(a + 1) — 1. Thus the minimum possible height 
is f logn + 1) - 1. 

To get the maximum possible height. we proceed in a similar way. In 
a binary tree we have the root at zero level and at least two vertices at level 
1. 2,.... When T is of height k. we have at least 1 +2 +--- +2 (2 repeated 
k times) vertices. So, 1 + 2k < n, ie. k < (n — 1/2. But, n is odd by 
Theorem 2.4. So (nm — 1)/2 is an integer. Hence the maximum possible value 
for k is (n — 1)/2. 


EXAMPLE 2.16 


When n = 9. the trees with minimum and maximum height are shown 
in Figs. 2.11 and 2.12 respectively. The height of the tree in Fig. 2.11 is 
Mog~9 + 1) — 1] = 3. For the tree in Fig. 2.12. the height = (9 — 1)/2 = 4. 
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Fig. 2.11 Binary tree of minimum height with 9 vertices. 


S 


Fig. 2.12 Binary tree of maximum height with 9 vertices. 


EXAMPLE 2.17 


Prove that the number of leaves in a binary tree T is (n + 1)/2, where n is 
the number of vertices. 


Solution 


Let m be the number of leaves in a tree with n vertices. The root is of degree 
2 and the remaining n — m — 1 vertices are of degree 3. As T has n vertices, 
it has n — 1 edges (by Property 4). As each edge is counted twice while 
calculating the degrees of its end vertices. 2(n — 1) = the sum of degrees of all 
vertices = 2 + m + 3(n — m — 1). Solving for m, we get m = (n + 1)/2. 


EXAMPLE 2.18 


For the tree shown in Fig. 2.13, answer the following questions: 


(a) Which vertices are leaves and which internal vertices? 
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(b) Which vertices are the sons of 5? 

(c) Which vertex is the father of 5? 

(d) What is the length of the path from 1 to 9? 
(e) What is the left-right order of leaves? 

(f) What is the height of the tree? 


Fig. 2.43 The directed tree for Example 2.18. 


Solutions 


(a) 10, 4, 9, 8, 6 are leaves. 1, 2. 3. 5, 7 are internal vertices. 
(b) 7 and 8 are the sons of 5. 

(c) 3 is the father of 5. 

(d) Four (the path is 1 => 3 => 5 > 7 > 9). 

(e) 10-4-9-8-6. 

(f) Four (1 > 3 > 5 > 7 > 9 is the longest path). 


2.3. STRINGS AND THEIR PROPERTIES 


A string over an alphabet set E is a finite sequence of symbols from È. 


NOTATION: 2%* denotes the set of all strings (including A, the empty string) 
over the alphabet set £. That is, E* = L* — {A}. 


2.3.1 OPERATIONS ON STRINGS 


The basic operation for strings is the binary concatenation operation. We 
define this operation as follows: Let x and y be two strings in £*. Let us form 
a new string z by placing y after x, ie. z = xy. The string z is said to be 
obtained by concatenation of x and y. 


Chapter 2: Maihematical Preliminaries E 55 


EXAMPLE 2.19 


Find xy and yx, where 


(a) x = 010, y=l 
(b) x = aA, y = ALGOL 


Solution 


(a) xy = 0101, yx = 1010. 
(b) xy = aa ALGOL 
yx = ALGOL aA. 


We give below some basic properties of concatenation. 


Property 1 Concatenation on a set £* is associative since for each x, y, z in 
2%, xO?) = (yys. 


Property 2 Identity element. The set &* has an identity element A w.r.t. 
the binary operation of concatenation as 


XA = Ax =x for every x in X* 
Property 3 £* has left and right cancellations. For x, y, z in 2% 
zx = cy implies x = y (left cancellation) 
xz = yz implies x = y (right cancellation) 
Property 4 For x, y in £*, we have 
ly l= lal + [>l 
where |x|, |y]. |x| denote the lengths of the strings x, y, xy, respectively. 


We introduce below some more operations on strings. 


Transpose Operation 


We extend the concatenation operation to define the transpose operation as 
follows: 
For any x in &* and a in È, 
(xa)? = a(x)! 


For example, (aaabab)' is babaaa. 


Palindrome. A palindrome is a string which is the same whether written 
forward or backward, e.g. Malayalam. A palindrome of even length can be 
obtained by concatenation of a string and its transpose. 

Prefix and suffix of a string. A prefix of a string is a substring of leading 
symbols of that string. For example, w is a prefix of y if there exists y in X* 
such that y = wy’. Tuen we write w < y. For example, the string 123 has four 
prefixes, i.e. A, 1, 12, 123. 

Similarly, a suffix of a string is a substring of trailing symbols of that 
string, i.e. w is a suffix of y if there exists y €e L* such that y = yw. For 
example, the string 123 has four suffixes, i.e. A, 3, 23, 123. 
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Theorem 2.6 (Levi's theorem) Let v, w, x and y e &* and vw = xy. Then: 


(i) there exists a unique string z in £* such that v = xz and y = cw if 


l> leh . 
CD Ve ap a wae z= AT fe |x| N 
(iii) there exists a unique string z in È* such that x = vz, and w = zy if 
DESE 


Proof We shall give a very simple proof by representing the strings by a 
diagram (see Fig. 2.14). 1 


ff rt i nts YY 


pe 1 
e—— y r ea Ww 
— 

[teenaa A Sen ates Se y 


Case 1: |vj>|y) v=xz y=zw 


Case 2: [vj=|lx}) vex wry 


Case 3: jvi<|jxf x=vz weezy 


Fig. 2.14 Illustration of Levi's theorem. 


2.3.2 TERMINAL AND NONTERMINAL SYMBOLS 


The definitions in this section will be used in subsequent chapters. 

A terminal symbol is a unique indivisible object used in the generation of 
strings. 

A nonterminal symbol is a unique object but divisible, used in the 
generation of strings. A nonterminal symbol will be constructed from the 
terminal symbols: the number of terminal symbols in a nonterminal symbol 
may vary; it is also called a variable. In a natural language, e.g. English, the 
letters a, b, A, B, etc. are terminals and the words boy, cat, dog, go are 
nonterminal symbols. In programming languages, A, B, C, ..., Z, :, =, begin, 
and, if, then, etc. are terminal symbols. 

The following will be a variable in Pascal: 


< For statement > — for < control variable > : = 
< for list > do < statement > 
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2.4 PRINCIPLE OF INDUCTION 


The process of reasoning from general observations to specific truths is called 
induction. — 

The following properties apply to the set M of natural Hue ERE E 
principle of induction. X 
Property 1 Zero is a natural number. 


Property 2 The successor of any natural number is also a natural number. 


tn 


Property Zero is not the successor of any natural number. 
Property 4 No two natural numbers have the same successor. 


Property 5 Let a property P(n) be defined for every natural number n. If 
(i) P(O) is true. and (ii) P(successor of n) is true whenever P(n) is true, then 
P(n) is true for all n. 


A proof by complete enumeration of all possible combinations is called 
perfect induction. e.g. proof by truth table. 

The method of proof by induction can be used to prove a property P(n) for 
all n. 


2.4.1 METHOD OF PROOF BY INDUCTION 
This method consists of three basic steps: 
Step 1 Prove P(m) for n = 0/1. This is called the proof for the basis. 


Step 2 Assume the result/properties for P(n). This is called the induction 
hypothesis. 


Step 3 Prove P(n + 1) using the induction hypothesis. 


EXAMPLE 2.20 


Prove that 1+3 +5+. +r= r, for all n > 0., where r is an odd integer 
and n is the number of terms in the sum. (Note: r = 2n — 1.) 
Solution 


(a) Proof for the basis. For n =I. L.H.S. = 1 and R.HLS. = 17 = 1. Hence 
the result is true for n = 1. 
(b) By induction hypothesis. we have 1+ 345+4+---+r=n°.Asr=2n-1, 


LHS.=14+34+54-+-+(Qn-lD=r 
(c) We have to prove that 1+34+5 4---+r+r+42=(+ 1: 
LH.S.= (14345 4+:---4r4(r + 2)) 


=w¢ert+2=n74+2n-1+22(+ 1% =RHS. 
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EXAMPLE 2.21 


Prove the following theorem by induction: 


1424+3+4---+n=n(n + 1)/2 


Solution 


(a) Proof for the basis. For n = 1, L.H.S. = 1 and 
R.HS. = 1(1 + 1/2 = 1 

(b) Assume 1+24+34+---+n = n(n + 1/2. 
(c) We have to prove: 
14243 4---4m4+ 1) =(@ + Lm + 2)/2 
1+4+24+34+---+4¢n4+(n4+ 1) 

= n(n + 1)/2 + (n + 1) (by induction hypothesis) 

= (n + l)n + 23/2 (on simplification) 
The proof by induction can be modified as explained in the following 
section. 


2.4.2 MODIFIED METHOD OF INDUCTION 


Three steps are involved in the modified proof by induction. 
Step 1 Proof for the basis (n = 0/1). 
Step 2 Assume the result/properties for all positive integers < n + 1. 


Step 3 Prove the result/properties using the induction hypothesis (i.e. step 2), 
forn + 1. 


Example 2.22 below illustrates the modified method of induction. The 
method we shall apply will be clear once we mention the induction hypothesis. 


EXAMPLE 2.22 


Prove the following theorem by induction: A tree with n vertices has (n — 1) 
edges. 


Solution 


For n = 1, 2, the following trees can be drawn (see Fig. 2.15). So the theorem 
is true for n = 1, 2. Thus. there is basis for induction. 


O 


n=1 n=2 
Fig. 2.15 Trees with one or two vertices. 
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Consider a tree T with (n + 1) vertices as shown in Fig. 2.16. Let e be 
an edge connecting the vertices v; and v, There is a unique path between v; 
and v; through the edge e. (Property of a tree: There is a unique path between 
every pair of vertices in a tree.) Thus, the deletion of e from the graph will 
divide the graph into two subtrees. Let n; and n, be the number of vertices 
in the subtrees. As ny < n and m < n, by induction hypothesis, the total 
number of edges in the subtrees is n; — 1 + mə — 1, ie. n — 2. So, the number 
of edges in Tis n - 2+ 1 =n- 1 (by including the deleted edge e). By 
induction, the result is true for all trees. 


Fig. 2.16 Tree T with (n + 1) vertices. 


EXAMPLE 2.23 


Two definitions of palindromes are given below. Prove by induction that the 
two definitions are equivalent. 


Definition 1 A palindrome is a string that reads the same forward and 
backward. 


Definition 2 (i) A is a palindrome. 
(ii) If a is any symbol. the string a is a palindrome. 
(iii) If a is any symbol and x is a palindrome. then axa is a palindrome. 
(iv) Nothing is a palindrome unless it follows from (i)—(il1). 


Solution 


Let x be a string which satisfies the Definition 1, i.e. x reads the same forward 
and backward. By induction on the length of x we prove that x satisfies 
the Definition 2. 

If |x| < 1, then x = a or A. Since x is a palindrome by Definition 1. A 
and a are also palindromes (hence (1) and (ii)), i.e. there is basis for induction. 
If |x| > 1, then x = awa, where w. by Definition 1, is a palindrome: hence the 
rule (iii). Thus, if x satisfies the Definition 1. then it satisfies the Definition 2. 

Let x be a string which is constructed using the Definition 2. We 
show by induction on | x] that it satisfies the Definition 1. There is basis 
for induction by rule (ii). Assume the result for all strings with length < n. 
Let x be a string of length n. As x has to be constructed using the 
rule (iii), x = ava, where v is a palirdrome. As v is a palindrome by 
Definition 2 and |y] < n, it satisfies the Definition 1. So, x = aya also satisfies 
the Definition 1. 
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EXAMPLE 2.24 


Prove the pigeonhole principle. 


Proof We prove the theorem by induction on m. If m = 1 and n > 1, then 
all these n items must be placed in a single place. Hence the theorem is true 
form = 1, 

Assume the theorem for m. Consider the case of m + 1 places. We prove 
the theorem for n = m + 2. (If n > m + 2. already one of the m + 1 places will 
receive at least two objects from m + 2 objects. by what we are going to prove.) 
Consider a particular place, say, P. 

Three cases arise: 


(1) P contains at least two objects. 

GD P contains one object 

(iui) P contains no object. 

In case (i). the theorem is proved for n = m + 2. Consider case (ii). As P 
contains one object, the remaining m places should receive m + 1 objects. By 
induction hypothesis, at least one place (not the same as P) contains at least two 
objects. In case (iti), m + 2 objects are distributed among m places. Once again, 
by induction hypothesis, one place (other than P) receives at least two objects. 
Hence. in all the cases, the theorem is true for (m + 1) places. By the principle 
of induction, the theorem is true for all mm. 


2.4.3 SIMULTANEOUS INDUCTION 


Sometimes we may have a pair of related identities. To prove these, we may 
a i 


apply two induction proofs simultaneously. Example 2.25 illustrates this 
method. 


EXAMPLE 2.25 


A sequence Fo, Fy. Fa. ... called the sequence of Fibonacci numbers (named 
after the Italian mathematician Leonardo Fibonacci) is defined recursively as 
follows: 


Fon = Fy + Fro Fo = 0. Fi=1l 
Prove that: 
Pai Fy + Fra = Fay (2.2) 
Q, : Piha + FF yi = Fon (2.3) 


Proof We prove the two identities (2.2) and (2.3) simultaneously by 


simultaneous induction. P; and Q; are F? + Fy =F, and F2F, + FiFo = Fy 
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respectively. As Fy = 0, F; = 1, Fa =1, these are true. Hence there is basis 
for induction. Assume P, and Q,. So 


F; + Fj = Fon (2.2) 
FynFn + ee dee, = Fa, (2.3) 
Now, 


Ee iS Ee ee 
=F, + E7 +26 \F, + F, 
= (Fy + Ep) + FF, + Fy + Fak, 


= Fi +F? +(F.+F,)F, + FF, 


n-i 


= (Fo, + Fy) + FaF, + FF 


n+1* r 
= Poni + Fon (by (2.3)) 
= F> 


2n+] 
This proves P,,.). 
Also, 


F Fpa, + Fay Fy = (Fost + Fy)Foat + Fy + Frt)Fa 


wt)" 7 


a) 2 
= Pay +F, Fy + Fan- + Fa 


n+l* y 
= (Ffa + F?) + (Ef, + FE) 
=, Fy + Fon (By Pay and (2.3)) 


= Pona 
This proves Q,.1. 
So, by induction (2.2) and (2.3) are true for all n. 
We conclude this chapter with the method of proof by contradiction. 


2.5 PROOF BY CONTRADICTION 


Suppose we want to prove a property P under certain conditions. The method 
of proof by contradiction is as follows: 

Assume that property P is not true. By logical reasoning get a conclusion 
which is either absurd or contradicts the given conditions. 

The following example illustrates the use of proof by contradiction and 
proof by induction. 


EXAMPLE 2.26 


Prove that there is no string x in {a, b}* such that ax = xb. (For the definition 
of strings. refer to Section 2.3.) 
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Proof We prove the result by induction on the length of x. When |x| = 1. 
x =aorx = b. In both cases ax # xb. So there is basis for induction. Assume 
the result for any string whose length is less than n. Let x be any string of length 
n. We prove that ax + xb through proof by contradiction. Suppose ax = xb. As 
a is the first symbol on the L.H.S., the first symbol of x is a. As b is the last 
symbol on R.H.S., the last symbol of x is b. So, we can write x as ayb with 
|y] =n — 2. This means aayb = aybb which implies ay = yb. This contradicts 
the induction hypothesis. Thus, ax # xb. By induction the result is true for all 
strings. 


2.6 SUPPLEMENTARY EXAMPLES 


EXAMPLE 2.27 


In a survey of 600 people, it was found that: 
250 read the Week 
260 read the Reader’s Digest 
260 read the Frontline 
90 read both Week and Frontline 
110 read both Week and Reader’s Digest 
80 read both Reader’s Digest and Frontline 
30 read all the three magazines. 
(a) Find the number of people who read at least one of the three 
magazines. 
(b) Find the number of people who read none of these magazines. 
(c) Find the number of people who read exactly one magazine. 


Solution 


Let W, R, F denote the set of people who read Week, Reader’s Digest 
and Frontline, respectively. We use the Venn diagram to represent these sets (see 
Fig. 2.17). 


Fig. 2.17 Venn diagram for Example 2.27. 
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It is given that: 


|W] = 250, {R| = 260, |F| = 260, |W ^ Fl = 90, 
IW AR| =110, |RAF|=80, |IWARNAF| = 30 
IWURUF] 


=|W|+|R|+IF|-IWAFI-|WAaR|-|IRAF|+jWARAF| 
= 250 + 260 + 260 ~ 90 — 110 — 80 + 30 = 520 

So the solution for (a) is 520. 
(b) The number of people who read none of the magazines 


= 600 — 520 = 80 


Using the data, we fill up the various regions of the Venn diagram. 
(c) The number of people who read only one magazine 


= 80 + 100 + 120 = 300 
EXAMPLE 2.28 


Prove that (A U BU C)/ = (A U BY A (AU CY 


Solution 
(AUBUC)=(AUAUBUC 
=AUCAUBUCHAUBDUAVUC 
Hence (A U B U CY = (A u BY A (AU CY (by DeMorgan’s law) 


EXAMPLE 2.29 


Define aRb if b = af for some positive integer k; a, b € z Show that R is 
a partial ordering. (A relation is a partial ordering if it is reflexive, 
antisymmetric and transitive.) 


Solution 


As a =a’, we have aRa. To prove that R is antisymmetric, we have to prove 
that aRb and bRa > a = b. As aRb, we have b = a‘. As bRa, we have a = bi. 
Hence a = b! = (a*)! = a. This is possible only when one of the following holds 
good: 


G) a= 
(i) a =- 
Gi) k= 


In case (i), b = ad=1.Soae=b. 
In case (ii), a = —1 and so kl is odd. This implies that both k and / are 
odd. So 
b=ad=(-lf =-l=a 
In case (iii), Al = 1. As k and / are positive integers, A = l = 1. So 


b=d=a. 
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If aRb and bRc, then b = a‘ and c = b! for some k, 1. Therefore, c = a”, 
Hence aRc. 
EXAMPLE 2.30 


Suppose A = {1, 2, ..., 9} and ~ relation on A x A is defined by (m, n) ~ 
(p, q) if m + g =n + p, then prove that ~ is an equivalence relation. 


Solution 


(m, n) ~ (m, n) since m + n =n + m. So ~ is reflexive. If (m, n) ~ (p, q} 
then m + q =n + p: thus p +n =q + m. Hence (p. q) ~ (m, n). So ~ is 
symmetric. 
If (m, n) ~ (p. q) and (p, q) ~ (r. s), then 
m+q=n+p and pts=qtr 
Adding these, 
mt+qtpts=zantptrgtrr 
That is. 
mt+t+s=nrr 
which proves (m, n) ~ (F. $). 
Hence ~ is an equivalence relation. 


EXAMPLE 2.31 


If f: A > B and g : B > C are one-to-one, prove that g of is one-to-one. 


Solution 

Let us assume that g o f(a;) = g ofla). Then, g( f(a,)) = g( fla). As g is 
one-to-one, f(a;) = f(az). As f is one-to-one, a; = ax. Hence g of is one-to- 
one. 


EXAMPLE. 2.32 


Show that a connected graph G with n vertices and n — 1 edges (n 2 3) has 
at least one leaf. 


Solution 


G has n vertices and n — 1 edges. Every edge is counted twice while computing 
the degree of each of its end vertices. Hence 
x deg(v) = 2(m — 1) 

where summation is taken over all vertices of G. 

So, È deg(v) is the sum of » positive integers. If deg(v) 2 2 for every 
vertex v of G, then 

2n < E deg(v) = 2(n — i) 

which is not possible. 

Hence deg(v) = 1 for at least one vertex v of G and this vertex v is a leaf. 
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EXAMPLE 2.33 


Prove Property 5 stated in Section 2.2.2. 


Solution 
We prove the result by induction on n. Obviously, there is basis for induction. 
Assume the result for connected graphs with n — 1 vertices. Let T be a 
connected graph with 7 vertices and n — 1 edges. By Example 2.32, T has at 
least one leaf v (say). 

Drop the vertex v and the (single) edge incident with v. The resulting graph 
G’ is still connected and has n — 1 vertices and n — 2 edges. By induction 
hypothesis. G’ is a tree. So G’ has no circuits and hence G also has no circuits. 
(Addition of the edge incident with v does not create a circuit in G.) Hence G 
is a tree. By the principle of induction, the property is true for all n. 


EXAMPLE 2.34 


A person climbs a staircase by climbing either (i) two steps in a single stride 
or (ii) only one step in a single stride. Find a formula for S(m), where Sti) 
denotes the number of ways of climbing n stairs. 


Solution 
When there is a single stair, there is only one way of climbing up. Hence 
S(1) = 1. For climbing two stairs. there are two ways. viz. two steps in a single 
stride or two single steps. So S(2) = 2. In reaching n steps, the person can climb 
either one step or two steps in his last stride. For these two choices, the number 
of ways are S(n — 1) and S(n — 2). 
So, 
Si) = Sín - 1) + Sín — 2) 

Thus. S(n) = F(n). the nth Fibonacci number (refer to Exercise 2.20, 

at the end of this chapter). 


|} EXAMPLE 2.35 


How many subsets does the set {1, 2, .... n} have that contain no two 
consecutive integers? 


Solution 


Let S, denote the number of subsets of {1, 2, ..., n} having the desired 
property. If n = 1, $ = i{@, {1} = 2. If n = 2, then S$. = {@, {1}. {2} =3. 
Consider a set A with n elements. If a subset having the desired property 
contains n, it cannot contain n — 1. So there are S, such subsets. If it does 
not contain n. there are S,_; such subsets. So S$, = S,_; + Sp As S$; = 2 = Fy 
and $> = 3 = F}, 
Dis = Fa 


the (n + 2)th Fibonacci number. 


66 & Theory of Computer Science 


EXAMPLE 2.36 


If n 2 1, show that 


1-1! 42-28 +.--4n-nl = (n+ 1)! -1 


Solution 
We prove the result by induction on n. If n=1, then 1-1!}=1l=(1+1)! -1. 
So there is basis for induction. 
Assume the result for n, 1.e. 
1-1!42-2!4+.---4an-nb=(n+D!- 1 
Then, 
Tdi 42-2) +4---4n-n! +2 + 1)-M+ 1)! 
=(n+)!-1l+@m+4+1)-(+ dD! 
=s(n+ 1)! Gtn4+1)-Lame 2) -1 
Hence the result is true for n + 1 and by the principle of induction, the 
result is true for all n = 1. 


EXAMPLE 2.37 


Using induction, prove that 2" < a! for all n 2 4. 


Solution 


For n = 4, 27 < 4!. So there is basis for induction. Assume 2” < nl. 
Then. 
atl 2.2 <n!-2<(n+ Dn! = (n+ I)! 


By induction, the result is true for all n = 4. 


SELF-TEST 


Choose the correct answer to Questions 1-10: 
1. (AVA) ABO B) 1s 
(a) A DAAB (c) B (d) none of these 
2. The reflexive—transitive closure of the relation {(1, 2), (2, 3)} is 
(a) (ly 2). (2. 3), (d, 3)} 
(b) CL, 2). (2. 3), (d, 3), 3. D} 
(ONG 1). (2. 2), (3, 3). (1. 3), (d, 2), (2, 3)} 
(d) Aa: 1). @, 2), G. 3). 13) 
3. There exists a function 


FAV DS ce 10} > {2. 3, 4. 5, 6,7, 9, 10, 11, 12} 
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which is 

(a) one-to-one and onto 
(b) one-to-one but not onto 
(c) onto but not one-to-one 
(d) none of these 


4. A tree with 10 vertices has 


(a) 10 edges (b) 9 edges (c) 8 edges (d) 7 edges. 
5. The number of binary trees with 7 vertices is 
(a) 7 (b) 6 (c) 2 (d) 1 


6. Let N = {1, 2, 3,...}. Then f: N > N defined by fn) =n + 1 is 
(a) onto but not one-to-one 
(b) one-to-one but not onto 
(c) both one-to-one and onto 
(d) neither one-to-one nor onto 


7. QST is a substring of 
(a) PQORST 
(b) QRSTU 
(c) QSPQSTUT 
(d QQSSTT 


8. If x = 01, y= 101 and z = 011, then xyzy is 
(a) 01011011 
(b) 01101101011 
(c) 01011101101 
(d) 01101011101 


9. A binary tree with seven vertices has ` 
(a) one leaf 
(b) two leaves 
(c) three leaves 
(d) four leaves 
10. A binary operation o on N = {1. 2, 3. ...} is defined by a o b = 
a + 2b. Then: 
(a) o is commutative 
(b) o is associative 
(c) N has an identity element with respect to o 
(d) none of these 


EXERCISES 


2.1 If A = {a, b} and B = {b, c}, find: 
(a) (A U B)* 
(b) (A ^ B)* 
(c) A* U B* 
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2.2 


2.4 


2.8 


2.9 
2.10 


(d) A* ^ B* 
(e) (A — B)* 
(f) (B — A)* 


Let $ = {a, b}* For x, y € S, define x o y = xy, i.e. x 0 y is obtained 
by concatenating x and v. 

(a) Is § closed under o? 

(b) Is o associative? 

(c) Does S have the identity element with respect to o? 

(d) Is o commutative? 


Let S = 2%, where X is any nonempty set. For A, B c X, let 

AOB=AUB. 

(a) Is o commutative and associative? 

(b) Does S$ have the identity element with respect to o? 

(c) If Ao B =A oC, does it imply that B = C? 

Test whether the following statements are true or false. Justify your 

answer. 

(a) The set of all odd integers is a monoid under multiplication. 

(b) The set of all complex numbers is a group under multiplication. 

(c) The set of all integers under the operation o given by ao b= 
a+ b— ab is a monoid. 

(d) 2° under symmetric difference Y defined by AVB = (A-B U 
(B — A) is an abelian group. 

Show that the following relations are equivalence relations: 

{a} On a set S. aRb if a = b. 

(b) On the set of ail lines in the plane, /,RI. if J, is parallel to j». 

(c) On N = {0, 1. 2, ...}. mRn if m differs from n by a multiple 
of 3. 

Show that the following are not equivalence relations: 

(a) On a set S, aRb if a # b. 

(b) On the set of lines in the plane, /,R/, if 1; is perpendicular to k. 

(c) On N = {0, 1. 2. ...}. mRn if m divides n. 

(d) On S = {1, 2. ..., 10}. aRb if a + b= 10. 

For x, y in {a, b}*, define a relation R by xRy if |x] = |y]. Show that 

R is an equivalence relation. What are the equivalence classes? 

For x, y in {a, b}*, define a relation R by xRy if x is a substring of 

y (x is a substring of y if y = z)xc» for some string z} z2) Is R an 

equivalence relation? 

Let R = (0. 2). 2. 3). 0. Ge 2). B. 4) Find R*, R*. 

Find R* for the following relations: 

(a) R= {(., D. dG. 2). (2. 1), (2, 3), 6. 23} 

(b) R=4{0. D 2. 3). GB. 4), G. D} 
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2.17 
2.18 


(c) R= {(. D, (2, 2. GB. 3). (4. 4} 
(d) R = {(1, 2), 2. 3), G, 1) 4, 4} 


If R is an equivalence relation on S, what can you say about R*, R*? 


Let f:{a, b}* > {a, b}* be given by f(x) = ax for every x €e {a, b}*. 
Show that f is one-to-one but not onto. 

Let g:{a, b}* — {a b}* be given by g(x) = x’. Show that g is 
one-to-one and onto. 

Give an example of (a) a tree with six vertices and (b) a binary tree 
with seven vertices. 

For the tree T given in Fig. 2.18, answer the following questions: 
(a) Is T a binary tree? 

(b) Which vertices are the leaves of T? 

(c) How many internal vertices are in T? 

(d) What is the height of T? 

(e) What is the left-to-right ordering of leaves? 

(f) Which vertex is the father of 5? 

(g) Which vertices are the sons of 3? 


Fig. 2.18 The tree for Exercise 2.15. 


In a get-together. show that the number of persons who know an odd 
number of persons is even. 
[Hinr: Use a graph.] 


If X is a finite set. show that |27| = 24) 


Prove the following by the principle of induction: 


ies : re _ an + et +1) 


n 
O) A k=)” +D 


(e) 10°? — 1 is divisible by 11 for all n > 1. 
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2.19 Prove the following by the principle of induction: 
n(n — 1) 
2 


= 


(a) 1+44+74--4 Gn-2)= 


(b) 2” >n for alln> 1 
(c) If f(2) = 2 and f(2*) = 2f(2*") + 3, then f(2*) = (5/2). 2* - 3. 


2.20 The Fibonacci numbers are defined in the following way: 


F(O) = 1, F0) = 1, Fn + 1) = F(n) + Fn — l) 


Prove by induction that: 


n 


(a) FCn + 1) = > FOK 


k=0 
n 


b) Fa +2) = }, FQk+1)+1 
k=l 


2.21 Show that the maximum number of edges in a simple graph (i.e. a 
n(n — 1) 
J 


graph having no self-loops or parallel edges) is 


2.22 Ifw e {a, b}* satisfies the relation abw = wab, show that |w | is even. 


2.23 Suppose there are an infinite number of envelopes arranged one after 
another and each envelope contains the instruction ‘open the next 
envelope’. If a person opens an envelope, he has to then follow the 
instruction contained therein. Show that if a person opens the first 
envelope. he has to open all the envelopes. 


The Theory of 
Automata 


In this chapter we begin with the study of automaton. We deal with transition 
systems which are more general than finite automata. We define the 
acceptability of strings by finite automata and prove that nondeterministic finite 
automata have the same capability as the deterministic automata as far as 
acceptability is concerned. Besides. we discuss the equivalence of Mealy and 
Moore models. Finally. in the last section. we give an algorithm to construct a 
minimum state automaton equivalent to a given finite automaton. 


3.1 DEFINITION OF AN AUTOMATON 


We shall give the most general definition of an automaton and later modify 
it to computer applications. An automaton is defined as a system where 
energy, materials and information are transformed, transmitted and used for 
performing some functions without direct participation of man. Examples are 
automatic machine tools, automatic packing machines. and automatic photo 
printing machines. 

In computer science the term ‘automaton’ means ‘discrete automaton’ and 
is defined in a more abstract way as shown in Fig. 3.1. 


l4 = Automaton 


Fig. 3.14 Model of a discrete automaton. 
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The characteristics of automaton are now described. 


(i) Input. At each of the discrete instants of time ft). fh, .... ip the input 

_ values J. Js, .... Zp, each of which can take a finite number of fixed 

values from the input alphabet =, are applied to the input side of the 
model shown in Fig. 3.1. 


(ii) Output. O, Ox ..., Og are the outputs of the model, each of which | 
can take a finite number of fixed values from an output O. Á 


(ii) States. At any instant of time the automaton can be in one of the 
states Gi, Gy <- Gp 


(iv) State relation. The next state of an automaton at any instant of time 
is determined by the present state and the present input. 


(v) Output relation. The output is related to either state only or to both 
the input and the state. It should be noted that at any instant of time 
the automaton is in some state. On ‘reading’ an input symbol. the 
automaton moves to a next state which is given by the state relation. 


Note: An automaton in which the output depends only on the input is called 
an automaton without a memory. An automaton in which the output depends 
on the states as well. is called automaton with a finite memory. An automaton 
in which the output depends only on the states of the machine is called a 
Moore machine. An automaton in which the output depends on the state as 
well as on the input at any instant of time is called a Mealy machine. 


EXAMPLE 3.1 
Consider the simple shift register shown in Fig. 3.2 as a finite-state machine 
and study its operation. 


Serial 


input output 
Fig. 3.2 A 4-bit serial shift register using D flip-flops. 
Solution 
The shift register (Fig. 3.2) can have 2 = 16 states (0000, 0001, .... 1111). 


and one serial input and one serial output. The input alphabet is 2 = {0, 1}. 
and the output alphabet is O = {0, 1}. This 4-bit serial shift register can be 


further represented as in Fig. 3.3. 
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p 


| 945: le: 
Fig. 3.3 A shift register as a finite-state machine. 


From the operation. it is clear that the output will depend upon both the input 
and the state and so it is a Mealy machine. 

In general. any sequential machine behaviour can be represented by an 
automaton. 


3.2 DESCRIPTION OF A FINITE AUTOMATON 


Definition 3.1 Analytically. a finite automaton can be represented by a 
5-tuple (Q, £. 6. gg. F). where 


G) Q is a finite nonempty set of states. 

Gi) E is a finite nonempty set of inputs called the input alphabet. 

Gii) ĝis a function which maps Q x È into Q and is usually called the direct 
transition function. This is the function which describes the change of 
states during the transition. This mapping is usually represented by a 
transition table or a transition diagram. 

(iv) gg € Q is the initial state. 

(v) Fa Q is the set of final states. It is assumed here that there may be 
more than one final state. 


Note: The transition function which maps Q x L* into Q (i.e. maps a state 
and a string of input symbols including the empty string into a state) is called 
the indirect transition function. We shall use the same symbol 6 to represent 
both types of transition functions and the difference can be easily identified 
by the nature of mapping (symbol or a string), i.e. by the argument. 6 is also 
called the next state function. The above model can be represented graphically by 
Fig. 3.4. 


——— Reading head 


| Finite 
i 


, control 


Fig. 3.4 Block diagram of a finite automaton. 
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Figure 3.4 is the block diagram for a finite automaton. The various 
components are explained as follows: 


(1) 


(ii) 


(iii) 


Input tape. The input tape is divided into squares, each square 
containing a single symbol from the input alphabet £. The end squares 
of the tape contain the endmarker @ at the left end and the end- 
marker § at the right end. The absence of endmarkers indicates that 
the tape is of infinite length. The left-to-right sequence of symbols 
between the two endmarkers is the input string to be processed. 


Reading head. The head examines only one square at a time and can 
move one square either to the left or to the right. For further analysis, 
we restrict the movement of the R-head only to the right side. 


Finite control. The input to the finite control will usually be the 
symbol under the R-head, say a, and the present state of the machine, 
say q, to give the following outputs: (a) A motion of R-head along 
the tape to the next square (in some a null move, i.e. the R-head 
remaining to the same square is permitted); (b) the next state of the 
finite state machine given by ôq. a). 


3.3 TRANSITION SYSTEMS 


A transition graph or a transition system is a finite directed labelled graph in 
which each vertex (or node) represents a state and the directed edges indicate 
the transition of a state and the edges are labelled with input/output. 

A typical transition system is shown in Fig. 3.5. In the figure, the initial 
state is represented by a circle with an arrow pointing towards it, the final state 
by two concentric circles, and the other states are represented by just a circle. 
The edges are labelled by input/output (e.g. by 1/0 or 1/1). For example, if the 
system is in the state gg and the input 1 is applied, the system moves to state 
q; as there is a directed edge from gp to q; with label 1/0. It outputs 0. 


0/0 1/0 14 


0/0 
Fig. 3.5 A transition system. 


We now give the (analytical) definition of a transition system. 


Definition 3.2 A transition system is a 5-tuple (Q, E, 6 Qo, F), where 


(1) 


(ii) 
(iii) 


Q, Ł and F are the finite nonempty set of states, the input alphabet, 
and the set of final states, respectively, as in the case of finite automata; 
Qo & Q. and Qo is nonempty: and 
6 is a finite subset of Q x E* x Q. 
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In other words, if (q w. q2) is in 6, it means that the graph starts at the 
vertex qı, goes along a set of edges, and reaches the vertex q The 
concatenation of the label of all the edges thus encountered is w. 


Definition 3.3 A transition system accepts a string w in £* if 


(i) there exists a path which originates from some initial state, goes 
along the arrows, and terminates at some final state; and 


(ii) the path value obtained by concatenation of all edge-labels of the path 


is equal to w. 


Example 3.2 


Consider the transition system given in Fig. 3.6. 


4/0 
Fig. 3.6 Transition system for Example 3.2. 


Determine the initial states. the final states. and the acceptability of 101011, 
111010. 


Solution 

The initial states are gg and qı. There is only one final state, namely qs. 
The path-value of qoqoq2q3 is 101011. As q; is the final state, 101011 is 

accepted by the transition system. But, 111010 is not accepted by the transition 

system as there is no path with path value 111010. 


Note: Every finite automaton (Q, ÈE. Ô qo, F) can be viewed as a transition 
system (Q, E, 5’ Qo, F) if we take Qo = {qo} and & = {(q, w, ôlq, Wq € 
Q, w e L*}. But a transition system need not be a finite automaton. For 
example, a transition system may contain more than one initial state. 


3.4 PROPERTIES OF TRANSITION FUNCTIONS 


Property 1 6(g, A) = q is a finite automaton. This means that the state of the 
system can be changed only by an input symbol. 
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Property 2 For ail strings w and input symbols a, 
lq, aw) = d(d(g, a), w) 
ôlq, wa) = d(d(g, w), @) 


This property gives the state after the automaton consumes or reads the 
first symbol of a string aw and the state after the automaton consumes a prefix” 
of the string wa. a 


EXAMPLE 3.3 


Prove that for any transition function 6 and for any two input strings x and y, 
d(q, xy) = 6(O(q, x), x) (3.1) 


Proof By the method of induction on |y |, i.e. length of y. 
Basis: When |y| = 1, y=ae È 


L.H.S. of (3.1) = d(g, xa) 
= ô(ôlq, x), a) by Property 2 
= R.HLS. of (3.1) 


Assume the result. i.e. (3.1) for all strings x and strings y with | y| = 7. Let 
y be a string of length n + 1. Write y = y;a where |y;| = n. 


LHS. of 3.1) = d(g, sya) = Og. xa), X = DO 
d(8(g, %), a) by Property 2 
= HOG, xy). a) 


= ASS, x), yi) a) by induction hypothesis 
R.H.S. of 8.) = Hg, 0, ya) 
= d&g, x), v), a) by Property 2 


1 


Hence, L.H.S. = R.H.S. This proves (3.1) for any string y of length n + 1. 
By the principle of induction. (3.1) is true for all strings. I 


EXAMPLE 3.4 


Prove that if &q, x) = O(g, y), then d(g, xz) = (gq, yz) for all strings z in Z*. 
Solution 
ôlq, xz) = d(6(q, x), z) by Example 3.3 


= d(d(q, y), =) (3.2) 
By Example 3.3, 


ôlq, vz) = 6(0(q, y), z) 
= Og, xz) 
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3.5 ACCEPTABILITY OF A STRING BY A FINITE 
AUTOMATON 
Definition 3.4 A string x is accepted by a finite automaton 
M = (Q, 2.6 qo FI 


if 6(qq. x) = q for some q € F. 
This is basically the acceptability of a string by the final state. 


Note: A final state is also called an accepting state. 


EXAMPLE 3.5 


Consider the finite state machine whose transition function ôis given by Table 3.1 
in the form of a transition table. Here. Q = {qo gi, q> ga}, © = {0, 1}, 
F = {qo}. Give the entire sequence of states for the input string 110001. 


TABLE 3.1 Transition Function Table for Example 3.5 


State Input 
0 1 
=> @) 2 qi 
qi g3 qo 
2 qo q3 
3 qı _& 
Solution 
L | 
Odo 110101) = 6(q;,, 10101) 
| 
= (qo, 0101) 
L 
= O(g>, 101) 
4 
= 6(q3,01) 
+ 
= lq, D 
= 5(qo; A) 
= do 
Hence. 


j i 0 1 0 1 
90 > h > Ig > 42 > h > q > o 


The symbol J indicates that the current input symbol is being processed by the 
machine. 
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3.6 NONDETERMINISTIC FINITE STATE MACHINES 


We explain the concept of nondeterministic finite automaton using a transition 
diagram (Fig. 3.7). 


0 

E a 
0 

x o 


PA P. 
on 


Fig. 3.7 Transition system representing nondeterministic automaton. 


It the automaton is in a state {qo} and the input symbol is 0, what will be 
the next state? From the figure it is clear that the next state will be either {qo} 
or {q,}. Thus some moves of the machine cannot be determined uniquely by 
the input symbol and the present state. Such machines are called 
nondeterministic automata. the formal definition of which is now given. 


Definition 3.5 A nondeterministic finite automaton (NDFA) is a 5-tuple 
(Q, =. ô, go, F), where 

(i) Q is a finite nonempty set of states: 

(ii) È is a finite nonempty set of inputs; 

(iii) Sis the transition function mapping from Q x X into 2% which is the 

power set of Q, the set of all subsets of Q; 

Gv) go € Q is the initial state; and 

(v) Fc Q is the set of final states. 
We note that the difference between the deterministic and nondeterministic 
automata is only in 6. For deterministic automaton (DFA), the outcome is a 
state, i.e. an element of Q; for nondeterministic automaton the outcome is a. 
subset of Q. 

Consider, for example, the nondeterministic automaton whose transition 
diagram is described by Fig. 3.8. 

The sequence of states for the input string 0100 is given in Fig. 3.9. Hence, 


(qo, 9100) = {qo q3 qa} 


Since q, 1s an accepting state. the input string 0100 will be accepted by 
the nondeterministic automaton. 
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Fig. 3.8 Transition system for a nondeterministic automaton. 


T a ote, 


VX YX 


94 
Fig. 3.9 States reached while processing 0100. 
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Definition 3.6 A string w e L* is accepted by NDFA M if (qo, w) contains 
some final state. 


Note: As M is nondeterministic, (qo, w) may have more than one state. So 
w is accepted by M if a final state is one among the possible states that M can 
reach on application of w. 


We can visualize the working of an NDFA M as follows: Suppose M 
reaches a state g and reads an input symbol a. If d(g, a) has n elements, 
the automaton splits into 7n identical copies of itself: each copy pursuing 
one choice determined by an element of d(g, a). This type of parallel 
computation continues. When a copy encounters (q, a) for which 6(q, a) = Ø, 
this copy of the machine ‘dies’; however the computation is pursued by the 
other copies. If any one of the copies of M reaches a final state after 
processing the entire input string w, then we say that M accepts w. Another 
way of looking at the computation by an NDFA M is to assign a tree structure 
for computing (q. w). The root of the tree has the label q. For every input 
symbol in w, the tree branches itself. When a leaf of the tree has a final state 
as its label. then M accepts w. 


Definition 3.7 The set accepted by an automaton M (deterministic or 
nondeterministic) is the set of all input strings accepted by M. It is denoted by 
T(M). 
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3.7 THE EQUIVALENCE OF DFA AND NDFA 


We naturally try to find the relation between DFA and NDFA. Intuitively we 
now feel that: 


(i) A DFA can simulate the behaviour of NDFA by increasing the number 
of states. (In other words, a DFA (Q, È, 6 qo, F) can be viewed as an 
NDFA (Q, È, 5’, go, F) by defining iq, a) = {6(g, a}. 

Gi) Any NDFA is a more general machine without being more powerful. 


We now give a theorem on equivalence of DFA and NDFA. 


Theorem 3.1 For every NDFA, there exists a DFA which simulates the 
behaviour of NDFA. Alternatively, if L is the set accepted by NDFA, then there 
exists a DFA which also accepts L. 


Proof Let M=(Q, È, 6, qo, F) be an NDFA accepting L. We construct a DFA 


M’ as: 
M = (Z, E, ô qo F) 
where 
(i) g= 22 (any state in Q’ is denoted by [qp q2; .... qj], where q, qa, 


won G € Q): 

(ii) go = [qo]: and 

Gii) F’ is the set of all subsets of Q containing an element of F. 

Before defining 6% let us look at the construction of Q’, qh and F’. M is 
initially at go. But on application of an input symbol, say a, M can reach any 
of the states d(go, a). To describe M. just after the application of the input 
symbol a, we require all the possible states that M can reach after the 
application of a. So, M’has to remember all these possible states at any instant 
of time. Hence the states of M’ are defined as subsets of Q. As M starts with 
the initial state qo, q% is defined as [qo]. A string w belongs to T(M) if a final 
state is one of the possible states that M reaches on processing w. So, a final 
state in M’ (i.e. an element of F’) is any subset of Q containing some final 
state of M. 

Now we can define 6’ 


(iv) ilq. gn... gi, © = lq, @ O Sq, A I... O dq, @). 
Equivalently. 


Og. ga... Gil. @ = [Pye -- pil 
if and only if 


lq o qil © = {Pr Po oo Pih 
Before proving L = T(M’), we prove an auxiliary result 
ôkqo x) = [g -o qil (3.4) 
if and only if d(go, x) = {qu .-.. q;} for all x in &*. 
We prove by induction on |x]. the ‘if’ part, i.e. 
5'(qo. D = [Gy qz +++ Gil (3.5) 


if So. ) = (qi --» ai 


Chapter 3: The Theory of Automata à 81 


When |x| = 0. lgo A) = {qp}. and by definition of 6% (qh A) = 
go = [qo]. So. (3.5) is true for x with |x| = 0. Thus there is basis for induction. 
Assume that (3.5) is true for all strings y with |y| < m. Let x be a 


1 


string of length m + i. We can write x as va, where |y] = m and ae È. Let 


d(go, Y) = {Pi «+ pj} and lgo va) = {r F} -n ry}. As [yf < m, by 
induction hypothesis we have 
tg. ¥) = [pp - + Pil (3.6) 
Also. 
{ry Fo -a re} = Odo Ya) = O(O(go, ¥) a) = OP, ... 6 PL a) 
By definition of ô 
Spr espe = ao Fd (3.7) 
Hence. 
Elga ya) = 6(6%q'p. »), OD = EU .- + Di a) by (3.6) 
= [piece ke] by (3.7) 


Thus we have proved (3.5) for x = va. 

By induction, (3.5) is true for all strings x. The other part (i.e. the ‘only if 
part), can be proved similarly, and so (3.4) is established. 

Now. x e T(M) if and only if d(g, x) contains a state of F. By (3.4). 
O(qo, x) contains a state of F if and only if (qo, x) is in F’. Hence. x € T(M) 
if and onlv if x e 7T(M’). This proves that DFA M’ accepts L. I 


Note: In the construction of a deterministic finite automaton M, equivalent to 
a given nondeterministic automaton M, the only difficult part is the construction 
of 6” for M,;. By definition. 


k 
(lg --- qd, a) = y Ôlq a) 


So we have to apply 6 to (q; a) for each i = 1. 2, .... k and take their 
union to get O([q; ... gel, @. 

When 6 for M is given in terms of a state table. the construction is simpler. 
6(q;, a) is given by the row corresponding to q; and the column corresponding 


to a. To construct 6’([g, ... qg]. a). consider the states appearing in the rows 
corresponding to q)..... g;, and the column corresponding to a. These states 
constitute (iqi ... GJ. a). 


Note: We write 0’ as 6 itself when there is no ambiguity. We also mark the 
initial state with — and the final state with a circle in the state table. 


EXAMPLE 3.6 


Construct a deterministic automaton equivalent to 
M = (do, a}. {0. 1}. & qo tao) 


where 6 is defined by its state table (see Table 3.2). 


82 & Theory of Computer Science 


TABLE 3.2 State Table for Example 3.6 


State/z [8] 4 
zc G Go h 
9 gi go Qi 


Solution 
For the deterministic automaton M,, 
(i) the states are subsets of {go. qi}. ie. Ø. [qol [go qil, [qii 
(4i) [qo] is the initial state; 
(iii) [go] and [qo, qı] are the final states as these are the only states 


containing qo; and 
(iv) dis defined by the state table given by Table 3.3. 


TABLE 3.3 State Table of M, for Example 3.6 


State/= 0 4 

(1) 0 V) 

[qo] [go] [g4] 

[q4] [g] [go qa] 
[qo 94] [go 91] ldo nl 


The states gy and q; appear in the rows corresponding to go and q, and the 
column corresponding to 0. So, ligo. qil; 9) = qo. qil. 

When M has n states, the corresponding finite automaton has 2” states. 
However, we need not construct ô for all these 2” states, but only for those 
states that are reachable from [qo]. This is because our interest is only in 
constructing M, accepting T(M). So, we start the construction of 6 for [go]. We 
continue by considering only the states appearing earlier under the input 
columns and constructing 6 for such states. We halt when no more new states 
appear under the input columns. 


EXAMPLE 3.7 


Find a deterministic acceptor equivalent to 


M = ({40- 41+ 92}, {a b}, 8. go. {42}) 
where 6 is as given by Table 3.4. 


TABLE 3.4 State Table for Example 3.7 


State/Z a b 


95 Go. H q2 
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Solution 
The deterministic automaton M, equivalent to M is defined as follows: 
M, = (2°, {a, b}, & [qol, F^ 
where 
F = {{qe]. Igo; 92). Igi; q2]; (go. 91 421} 
We start the construction by considering [qo] first. We get [q2] and [qo. q;]. Then 
we construct 6 for [g2] and [go. gil. [g1, qo] is a new state appearing under the 


input columns. After constructing 6 for [q;, qo], we do not get any new states 
and so we terminate the construction of 6. The state table is given by Table 3.5. 


TABLE 3.5 State Table of M, for Example 3.7 


State/Z a b 
[qo] [go 91] [g2] 
[g2] ý [go ga] 

[go q] [go 91] [g g2] 

[q qa] [qo] (go. qa] 


EXAMPLE 3.8 


Construct a deterministic finite automaton equivalent to 


M = ({qo q qz qz} {0, IP). & qo, {q2}) 


where ô is given by Table 3.6. 


TABLE 3.6 State Table for Example 3.8 


State/= a b 
axel Jo qi qo 
g G2 qı 
92 93 93 
@) % 


Solution 
Let Q = {qo qr qa qa}. Then the deterministic automaton M, equivalent to 
M is given by 
M, = (2%, fa. b}. & [qo], F) 
where F consists of: 
[gs]; [go 4s]. [gi gal [g> q3]. [go gi gal. lgo go gal [g 92 9a) 
anc 
[Go qi ga q3] 
and where ô is defined by the state table given by Table 3.7. 
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TABLE 3.7 State Table of M, for Example 3.8 


State/= a b 
[95] [g Gi] [go] 

[go q] [Gc G1. Gel [qo 9} 
Ido. ga Gal [go 91, Ge. gal [go q Qs} 
(qo, qi. qa] [do 91. Gel [go 41, qal 

[9e qa G2. qal [ge Gi. I. qal lgo g gagal 


3.8 MEALY AND MOORE MODELS 
3.8.1 FINITE AUTOMATA WITH OUTPUTS 


The finite automata which we considered in the earlier sections have binary 
output. i.e. either they accept the string or they do not accept the string. This 
acceptability was decided on the basis of reachability of the final state by the 
initial state. Now. we remove this restriction and consider the model where the 
outputs can be chosen from some other alphabet. The value of the output 
function Z(t) in the most general case is a function of the present state g(4) and 
the present input x(^, Le. 


Z(t) = ACg(r), x(1)) 


where A is called the output function. This generalized model is usually called 

the Mealy machine. if the output function Z(7) depends only on the present state 

and is independent of the current input, the output function may be written as 
Zit) = MaA) 


This restricted model is called the Moore machine. Tt is more convenient to use 
Moore machine in automata theory. We now give the most general definitions 
of these machines. 


_ A. Ô A, Go). where 


M 


Definition 3.8 A Moore machine is a six-tuple (Q. 


G) Q is a finite set of states: 
GD X is the input alphabet: 
(iii) A is the output alphabet: 
(iv) 6 is the transition function E x Q inte Q; 
(v) Ais the output function mapping Q into A; and 
(vi) go is the initial state. 


Definition 3.9 A Mea uly machine is a six-tuple (Q, Z, A, 6. A, go), where 
ali the symbols except À have the same meaning as in the Moore machine. A 
is the output function mapping X x Q into A. 

For example. Table 3.8 describes a Moore machine. The initial state go is 
marked with an arrow. The table defines 6 and A 
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TABLE 3.8 A Moore Machine 


Present state Next state 6 Output 
a=0 a= 2 
4g qe q; Q 
q: q: qe 1 
q2 Q2 q3 0 
qs 93 Yo 0 


For the input string 0111. the transition of states is given by qo > qa > 
Go > qı > qz The output string is 00010. For the input string A, the output 
is A(qo) = 0. 

Transition Table 3.9 describes a Mealy machine. 


TABLE 3.9 A Mealy Machine 


Present state Next state 
a=0Q a=1 
state output state output 
>q qz 0 Ge 0 
q2 gq 1 Fa Q 
q ae 1 q: 1 
q. Ga 1 qs 0 


Note: For the input string 0011. the transition of states is given by qi > q3 
-=> Go 94 ga and the output string is 0100. In the case of a Mealy machine, 
we get an output only on the application of an input symbol. So for the mput 
string A, the output is only A. It may be observed that in the case of a Moore 
machine, we get A(go) for the input string A. 


Remark A finite automaton can be converted into a Moore machine by 
introducing A = {0. 1} and defining A(g) = 1 if q e F and Aq) = 0 if 
q @ F. 

For a Moore machine if the input string is of length n, the output string 
is of length n + 1. The first output is A(go) for all output strings. In the case 
of a Mealy machine if the input string is of length 7, the output string is also 
of the same length 7. 


3.8.2 PROCEDURE FOR TRANSFORMING A MEALY MACHINE 
INTO A MOORE MACHINE 


We develop procedures for transforming a Mealy machine into a Moore 
E & P, 

machine and vice versa so that for a given input string the output strings are the 

same (except for the first symbol) in both the machines. 
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EXAMPLE 3.9 


Consider the Meaiy machine described by the transition table given by 


Table 3.10. Construct a Moore machine which is equivalent to the -Mealy 


machine. 
TABLE 3.10 Mealy Machine of Example 3.9 
Present state Next state 
Input a = 0 input a = 1 
State output State oufpu 
> qa 0 fo 0 
2 qı 1 q4 0 
qs q2 1 gi 1 
Ga g4 1 7 q3 0 
Solution 


At the first stage we develop the procedure so that both machines accept 
exactly the same set of input sequences. We look into the next state column 
for any state, say g, and determine the number of different outputs associated 
with g; in that column. 

We split q; into several different states, the number of such states being 
equal to the number of different outputs associated with g; For example, in this 
problem. qı is associated with one output 1 and q, is associated with two 
different outputs O and 1. Similarly. q3 and q, are associated with the outputs 
0 and 0. 1. respectively. So. we split g» into qa and qz; Similarly, q4 is split 
into gin and qay Now Table 3.10 can be reconstructed for the new states as 
given by Table 3.11. 


TABLE 3.11 State Table for Example 3.9 


Present state Next state 
Input a = 0 Input a = 4 
state output state output 
>q; 3 0 G20 0 
420 q4 1 qao 0 
Q21 q4 1 Qao 0 
qs qai 1 (on 1 
qac Fat 1 qs 0 
Qa: gat 1 qs 0 


The pair of states and outputs in the next state column can be rearranged as 
given by Table 3.12. 
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TABLE 3.12 Revised State Tabie for Example 3.9 


Present state Next state Output 
a=0 a=] 
>q; qs G20 1 
dzo J gao 0 
Gai q: Jac 1 
93 qz: 4 0 
Fao at Gs oO 
Jas Ga: Os 1 


Table 3.12 gives the Moore machine. Here we observe that the initial state 
q; is associated with output 1. This means that with input A we get an output 
of 1, if the machine starts at state g,. Thus this Moore machine accepts a zero- 
length sequence (null sequence) which is not accepted by the Mealy machine. 
To overcome this situation, either we must neglect the response of a Moore 
machine to input A, or we must add a new starting state go, whose state 
transitions are identical with those of q; but whose output is 0. So Table 3.12 
is transformed to Table 3.13. 


TABLE 3.13 Moore Machine of Example 3.9 


Present state Next state Output 
a=0 a=i1 
>f 93 qac 0 
q q2 Jzc 1 
Gao q: Gao 0 
Gai q: Fas 4 
q3 24 qa 0 
qaa Qas 3 0 
G4; Gas Qs, 1 


From the foregoing procedure it is clear that if we have an m-output, n- 
state Mealy machine. the corresponding m-output Moore machine has no more 
than mn + 1 states. 


3.8.3 PROCEDURE FOR TRANSFORMING A Moore MACHINE 
INTO A MEALY MACHINE 


We rnodify the acceptability of input string by a Moore machine by neglecting 
the response of the Moore machine to input A. We thus define that Mealy 
Machine M and Moore Machine M’ are equivalent if for all input strings w, 
b7 Ow) = Zyl), where b is the output of the Moore machine for its initial 
state. We give the following result: Let M, = (Q, E, A, 6, A, go) be a Moore 
machine. Then the following procedure may be adopted to construct an 
equivalent Mealy machine Ma. 
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Construction 
(1) We have to define the output function 7’ for the Mealy machine as 
a function of the present state and the input symbol. We define X by 
Alq, a) = A êl, a)) for all states q and input symbols a. 
Gi) The transition function is the same as that of the given Moore 
machine. 


EXAMPLE 3.10 eal 


Construct a Mealy Machine which is equivalent to the Moore machine given 
by Table 3.14. 


TABLE 3.14 Moore Machine of Example 3.10 


Present state Next state Output 
Et ae oe 
male qz h 0 
qs gi Q 1 
Ge qe gs 0 
qs = %3 ow o 
Solution 


We must follow the reverse procedure of converting a Mealy machine into a 
Moore machine. In the case of the Moore machine, for every input symbol we 
form the pair consisting of the next state and the corresponding output and 
reconstruct the table for the Mealy Machine. For example, the states g3 and q; 
in the next state column should be associated with outputs 0 and 1, respectively. 
The transition table for the Mealy machine is given by Table 3.15. 


TABLE 3.15 Mealy Machine of Example 3.10 


Present state Next state 
a=0 . _ a=1 
state output state output 
>de Qs 0 q 1 
q; q: 1 Yo 0 
Q2 qe 0 5 0 
qs Q3 0 do 0 


Nete: We can reduce the number of states in any model by considering states 
with identical transitions. If two states have identical transitions (i.e. the rows 
corresponding to these two states are identical), then we can delete one of them. 
EXAMPLE 3.11 
Consider the Moore machine described by the transition table given by 
Tabie 3.16. Construct the corresponding Mealy machine. 


D 
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TABLE 3.16 Moore Machine of Example 3.11 


Present State Next state Output 


a=0 a= 4 
=q q: q2 9 
q2 ei gs G 
; ds i q: Ge E ae 
Solution 


We construct the transition table as in Table 3.17 by associating the output 
with the transitions. 

in Table 3.17. the rows corresponding to q» and qh are identical. So. we can 
delete one of the two states. ie. g- or qa. We delete qa. Table 3.18 gives the 
reconstructed table. 


TABLE 3.17 Transition Table for Example 3.11 


Present state Next state 
a=0 a= P 
state output state output 
>q; e Ū qz (8; 
q2 q: Q qs 1 
Ya g: [8] g3 1 


es 


TABLE 3.48 Mealy Machine of Example 3.1 


Present stale Next state 
a=0 f a= 1 
staie output state output 
3; q: 0 q2 0 
o & q: 0 qe 1 


In Table 3.18. we have deleted the qa-row and replaced ga by qa in the other 
TOWS. 

EXAMPLE 3.12 
Consider a Mealy machine represented by Fig. 3.10. Construct a Moore 
machine equivalent to this Mealy machine. i 
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q4 


0/Z, 


q/Z, 


Fig. 3.10 Mealy machine of Example 3.12. 


Solution 


Let us convert the transition diagram into the transition Table 3.19. For the 
given problem: q; is not associated with any output; q» is associated with two 
different outputs Z, and Z»; g3 is associated with two different outputs Z, and 
Z>. Thus we must split q» into qa; and q> with outputs Z; and Z>, respectively 
and q into q3, and qas with outputs Z, and Za, respectively. Table 3.19 may be 
reconstructed as Table 3.20. 


TABLE 3.19 Transition Table for Example 3.12 


Present state Next state 
a=0 a= 1 
state output siate output 
>q: Ge Z; 3 Z; 
2 q2 Z2 q3 Z, 
3 q2 Z; G3 Z2 


TABLE 3.20 Transition Table of Moore Machine for Example 3.12 


Present state Next state Output 
a=0 a=1 
>q dz: Yai 
Qa: G22 G34 Z, 
q22 q22 Qazı Z2 
31 at 32 Z, 
922 921 32 Z2 


Figure 3.11 gives the transition diagram of the required Moore machine. 
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Fig. 3.11 Moore machine of Example 3.12. 


3.9 MINIMIZATION OF FINITE AUTOMATA 


In this section we construct an automaton with the minimum number of states 
equivalent to a given automaton M. 

As our interest lies only in strings accepted by M, what really matters is 
whether a state is a final state or not. We define some relations in Q. 


Definition 3.10 Two states q; and q» are equivalent (denoted by q, = q2) if 
both 6(g,, x) and 6(g-, x) are final states. or both of them are nonfinal states 
for all x e &*. 


As it is difficult to construct 6(g;, x) and d(q2, x) for all x e &* (there 


are an infinite number of strings in £*), we give one more definition. 


Definition 3.11 Two states q) and qə are k-equivalent (k 2 0) if both 
d(q, x) and d(q-. x) are final states or both nonfinal states for all strings x 
of length k or less. In particular, any two final states are 0-equivalent and any 
two nonfinal states are also 0-equivalent. 


We mention some of the properties of these relations. 


Property 1 The relations we have defined, i.e. equivalence and k-equivalence, 
are equivalence relations, i.e. they are reflexive, symmetric and transitive. 


Property 2 By Theorem 2.1. these induce partitions of Q. These partitions 
can be denoted by z and 7,. respectively. The elements of 7 are k-equivalence 
classes. 


Property 3 If g; and g- are k-equivalent for all k 2 Q, then they are equivalent. 
Property 4 If q, and q» are (k + 1)-equivalent. then they are k-equivalent. 


Property 5 7, = m,y for some n. (m, denotes the set of equivalence classes 
under n-equivalence.) 


The following result is the key to the construction of minimum state 
automaton. 
RESULT Two states q) and q are (k + 1)-equivalent if (i) they are 
k-equivalent; (ii) 6(g;, a) and 6(q>, a) are also k-equivalent for every a € È. 
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Proof We prove the result by contradiction. Suppose q} and qə are not 
(k + 1)-equivalent. Then there exists a string w = aw, of length k + 1 such that 
Ô(qı, aw;) is a final state and (q, aw,) is not a final state (or vice versa; the 
proof is similar). So d6(6(q;, a), w1) is a final-state and 6(6(q>, a), w,) is not 
a final state. As w, is a string of length k, d(q;, a) and d(q2, a) are not 
k-equivalent. This is a contradiction. and hence the result is proved. 1 


Using the previous result we can construct the (k + 1)-equivalence classes 
once the k-equivalence classes are known. 


3.9.1 CONSTRUCTION OF MINIMUM AUTOMATON 


Step 1 (Construction of 7%). By definition of 0-equivalence, m = { Q?, Q9 } 
where Q? is the set of all final states and Q? = Q - Q?. 


Step 2 (Construction of m4, from 7,). Let Q be any subset in m. If q) and 
qz are in Q£, they are (k + 1)-equivalent provided S(q,, a) and 5(q2, a) are 
k-equivalent. Find out whether 6(q), a) and (q, a) are in the same equivalence 
class in 7 for every a e X. If so, qı and q: are (k + 1)-equivalent. In this way, 
QO; is further divided into (k + 1)-equivalence classes. Repeat this for every Q; 
in 7, to get all the elements of Myy. 


Step 3 Construct m, for n = 1. 2,.... until m, = Appi 


Step 4 (Construction of minimum automaton). For the required minimum 
state automaton. the states are the equivalence classes obtained in step 3. 1.e. the 
elements of m, The state table is obtained by replacing a state q by the 
corresponding equivalence class [q]. 


Remark In the above construction, the crucial part is the construction of 
equivalence classes; for, after getting the equivalence classes, the table for 
minimum automaton is obtained by replacing states by the corresponding 
equivalence classes. The number of equivalence classes is less than or equal to 
| Q |. Consider an equivalence class [q1] = {q1, qa .... qg}. If qı is reached 
while processing wiw € 7T(M) with lgo w1) = qi, then lq, w) e F. So, 
&(g, w2) € Ffori=2...., k. Thus we see that qj. i = 2, ..., k is reached on 
processing some w € T(M) iff q, is reached on processing w, i.e. q, of [q1] can 
play the role of q+... .. qy. The above argument explains why we replace a state 
by the corresponding equivalence class. 


Note: The construction of o, m, m», etc. is easy when the transition table 
is given. m = {Q?, QP}. where QP = F and QY = Q - F. The subsets in 
m are obtained by further partitioning the subsets of %. If qp, qo € OP, 
consider the states in each a-column. where a € È corresponding to g, and qz 
If they are in the same subset of 7. g, and qa are 1-equivalent. If the states 
under some a-ccolumn are in different subsets of 7o. then qı and q, are not 
l-equivalent. In general, (k + 1)-equivalent states are obtained by applying the 
above method for q and gz in OF. 
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EXAMPLE 3.13 


Construct a minimum state automaton equivalent to the finite automaton 
described by Fig. 3.12. 


Fig. 3.12 Finite automaton of Example 3.13. 


Solution 


It will be easier if we construct the transition table as shown in Table 3.21. 


TABLE 3.21 Transition Table for Example 3.73 


State/= 0 1 
acid q qs 
q % q2 
Yo Q2 
93 q2 Js 
qa 97 qs 
q5 Q2 qs 
gs % 4 
97 % q2 


By applying step 1, we get 
P=F= {q} QP =Q -Q 
So, 
To = {{q}. {Go q I» I I de q7}} 
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The {q2} in % cannot be further partitioned. So, Q’, = {q.}. Consider gq and 

, € QY. The entries under the 0-column corresponding to go and q; are q; 
and qs: they lie in Qf. The entries under the 1-column are gs and q>. qr € 
Q? and gs € Q?. Therefore, qo and q, are not 1-equivalent. Similarly. go is 
not l-equivalent to q} gs and g7. 

Now, consider go and q4 The entries under the 0-column are qı ait qy. 
Both are in Qf. The entries under the 1-column are qs, qs. So q4 and qo are 
l-equivalent. Similarly. qo is 1-equivalent to gẹ- {qo da do} is a Subset in 7. 
So. Q'a = {do Ga do}: 

Repeat the construction by considering q; and any one of the states 
q3: qs: q7. Now, q; is not 1-equivalent to q3 or gs but 1-equivalent to q7. Hence, 

> = {q;, q7}. The elements left over in Q2 are q, and qs. By considering the 
entries under the 0-column and the 1-column, we see that q3 and qs are 
l-equivalent. So Q4 = {q3, qs}. Therefore, 


m = {qr}. {4o qs qo- {qi q7} {qa gsh} 

The {q-} is also in m as it cannot be further partitioned. Now. the entries 
under the O-column corresponding to qo and q, are q; and q7, and these lie 
in the same equivalence class in m. The entries under the 1-column are qs, 
qs. SO go and q, are 2-equivalent. But qo and qe are not 2-equivalent. Hence. 
{do qa qe} is partitioned into {qo ga} and {q6}. q, and g7 are 2-equivalent. 
qz and q; are also 2-equivalent. Thus, m = {{q2}. 14o qa}, {de}, {gb qb 
{qx qs}}. qo and q, are 3-equivalent. The q; and q7 are 3-equivalent. Also, 
q, and g; are 3-equivalent. Therefore. 


3 = {{g:} {ao qab tach, {qo a7} tas gsh} 
As T = 73, M gives us the equivalence classes. the minimum state automaton 
is ; 
= (Q^ {0. 1}. & q9. F9 
where 
QO’= {fq}. (do. qal, [a6]. Lai. 97]. faa. gsl} 


qo = ldo: dal. F= [qr] 
and 6’ is defined by Table 3.22. 


TABLE 3.22 Transition Table of Minimum State 
Automaton for Example 3.13 


State/Z 0 1 


(0. Qa] [9 7] (93. qs] 
igi. Q7] fgs] [q2] 
laz] igo. Qa] 192] 
(3. qs] fga] [gs] 


[qe] lge] ldo: qa] 
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Note: The transition diagram for the minimum state automaton is described 
by Fig. 3.13. The states gy and q, are identified and treated as one state. 
(So also are q, q; and q}, qs.) But the transitions in both the diagrams (..e. 
Figs. 3.12 and 3.13) are the same. If there is an arrow from q; to q; with label 
a. then there is an arrow from [g;] to fq} with the same label in the 
diagram for minimum state automaton. Symbolically, if dig, © = q, then 
(lal a = Ig. 


Fig. 3.13 Minimum state automaton of Example 3.13. 


EXAMPLE 3.14 


Construct the minimum state automaton equivalent to the transition diagram 
given by Fig. 3.14. 


b a 
R A i 
PO TT 
‘ ay i 
Bo i a 
i | pi 
a |a f b a| P 
| | 
\ | | | 
/ b | ae \i 4 
\ g 
(a) 92) (a7 z ADE 
b 


Fig. 3.14 Finite automaton of Example 3.14. 


Solution 


We construct the transition table as given by Table 3.23. 
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TABLE 3.23 Transition Table for Example 3.14 


State/Z a b 
> qo q qo 
qı Jo q2 
q2 93 qı 
93 qo 
q4 Q qs 
qs qs 4 
qe qs Je 
q7 qe g3 


Since there is only one final state q, Q} = {q3}, Q2 =Q- QÈ. Hence, 
T = {{q3}. {4o 4b 42 q+ Is I q7}}. As {q3} cannot be partitioned further, 
Q’ = {q3}. Now qo is l-equivalent to g}, qs, gg but not to q2, q4 gz, and so 
O's = {do qi; q5; Wj}. q2 is 1-equivalent to gy. Hence, Q’3 = {q2 q4}. The only 
element remaining in Q> is q7. Therefore, Q4 = {q7}. Thus, 


m= {{43}, {Go 4 4s doh, {42 q4), {97}} 
Or = {q3} 
qo is 2-equivalent to gg but not to q; or qs. So, 
OF = {qo qe} 
As qı is 2-equivalent to qs, 
Os = {q q5} 
As qə is 2-equivalent to q4, 
QF = {944}, QF = {47} 
Thus, 
T = {{93}, {qo do}: {a qs} {42 Ga}, {973} 
QO; = {q3} 
AS qo is 3-equivalent to ge, 
Q? = {qo q6} 
As q is 3-equivalent to qs, 
Q; = {q q5} 
As qə is 3-equivalent to q4 
QF = {q2 q4}, Qs = {q7} 
Therefore, 
m = {{q}; {qo Go}, {a 45}, {a> aa}, {a7} 


AS 7; = Mə, M gives us the equivalence classes, the minimum state automaton 
is 
M = (Q, -{a, b}, 6, qo F^) 
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where 
g = {lal lao qel; lap 4s]. [q2 qal [a7]} 


Q= igo G6) F= [g3] 
and ô’ is defined by Table 3.24. 


TABLE 3.24 Transition Table of Minirnum State 
Automaton for Example 3.14 


State/= a b 
[9o qel [qi qs] (Go; qe] 
[q qs] (go: Gl (G2, Ga] 
[92 q4] [qs] (G1, gs] 
[q3] [q3] {go gel] 
[q7] [qo Ye] [q3] 


Note: The transition diagram for M’ is given by Fig. 3.15. 


Fig. 3.15 Minimum state automaton of Example 3.14. 


3.10 SUPPLEMENTARY EXAMPLES 


EXAMPLE ‘3.15 


Construct a DFA equivalent to the NDFA M whose transition diagram is given 
by Fig. 3.16. 


Fig. 3.46 NDFA of Exampie 3.15. 
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Solution 


The transition table of M is given by Table 3.25. 


TABLE 3.25 Transition Table for Example 3.15 


State a b 
Go qe qo, G2 
q q3 G2. 93 
q2 q4 — 
@) q4 oa 
® z 


For the equivalent DFA: 
(i) The states are subsets of Q = {qo; qi; qa Gas Ga}- 
Gi) [go] is the initial state. 
(iii) The subsets of Q containing q3 or q, are the final states. 
(iv) Sis defined by Table 3.26. We start from [gy] and construct ô, only 
for those states reachable from [gg] (as in Example 3.8). 


TABLE 3.26 Transition Table of DFA for 
Example 3.15 


State a b 
[go] [go] Ido. 92 

(0. q2 igo. qal [go Ge 

Ido. ga] [90] [qo Ge 


EXAMPLE 3.16 


Construct a DFA equivalent to an NDFA whose transition table is defined by 
Table 3.27. 


TABLE 3.27 Transition Table of NDFA for 


Example 3.16 
State a b 
Qo qi. Q G2, 93 
q qı Jz 
Q2 93 92 
® = = 


Solution 
Let M be the DFA defined by 
M = (2!40 4 2 931, {a, b}, 6. [qol, 
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where F is the set of all subsets of {q9. q1. q2. q2} containing q3. 6 is defined 
by Table 3.28. 


TABLE 3.28 Transition Table of DFA for 


Example 3.16 
State a b 
[9o] [q 93] (92. qa] 
[q 93] [g] [g2] 
tq] [g] 19s] 
[9s] 1) i) 
CARA [q3] [q2] 
[q] [qa] [qa] 
(6) 9 (y 


EXAMPLE 3.17 


Construct a DFA accepting all strings w over {0, 1} such that the number of 
1's in wis 3 mod 4. 


Solution 


Let M be the required NDFA. As the condition on strings of 7(M) does not 
at all involve 0. we can assume that M does not change state on input 0. If 1 
appears in w (4k + 3) times. M can come back to the initial state. after reading 
4 1's and to a final state after reading 3 I's. 

The required DFA is given by Fig. 3.17. 


1 


Fig. 3.17 DFA of Example 3.17. 


EXAMPLE 3.18 


Construct a DFA accepting all strings over {a. b} ending in ab. 


Solution 


We require two transitions for accepting the string ab. If the symbol b is 
processed after aa or ba. then also we end in ab. So we can have states for 
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remembering aa, ab, ba, bb. The state corresponding to ab can be the final 
state in our DFA. Keeping these in mind we construct the required DPA. Its 
transition diagram is described by Fig. 3.18. 


Fig. 3.48 DFA of Example 3.18. 


EXAMPLE 3.19 


Find 7(M) for the DFA M described by Fig. 3.19. 


b a 
x 


b 
Fig. 3.19 DFA of Example 3.19. 


~ Solution 
T(M) = {w e {a. b}*|w ends in the substring ab} 


Note: If we apply the minimization algorithm to the DFA in Example 3.18, 
we get the DFA as in Example 3.19. (The student is advised to check.) 


EXAMPLE 3.20 


Construct a minimum state automaton equivalent to an automaton whose 
transition table is defined by Table 3.29. 
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TABLE 3.29 DFA of Example 3.20 


State a b 
790 q q2 
q q g3 
q2 3 Ga 
93 qı qs 


Solution 

Q? = {qs}. OF = {qo qi Gm» 43» Ga}. SO, m = {las}, {do qi I> qs qah) 
Q? cannot be partitioned further. So {qs} € m. Consider QY. qo is equivalent 
to qı, qa and q} But qo is not equivalent to q3 since d(qg, b) = q2 and 
6(q3, b) = {qs}. 

Hence, 


Qi = {qs}. Q: = {qo qi qz q4} Qi = {qs} 


Therefore, 
m = {{gs} {q> qr 92 Gal. fast} 
qo is 2-equivalent to q4 but not 2-equivalent to q; or go. 
Hence, 
{go G4} © T 

qı and qə are not 2-equivalent. 
Therefore. 

m= tas}. {a3}. {40 Ga}. {ai}. faa} 
AS qo is not 3-equivalent to gy, {go. qa} is further partitioned into {g,} and 
iqa} 
So, 

m, = {{q0}; {ai}. {a2}; {as}. {qa} tash 

Hence the minimum state automaton M’ is the same as the given M. 


EXAMPLE 3.21 


Construct a minimum state automaton equivalent to a DFA whose transition 
table is defined by Table 3.30. 


TABLE 3.30 DFA of Example 3.21 


State a b 
9 Nn q2 
q qa 93 
q2 q4 93 
@) qs e 
aà qz 6 


Je Ge 


NS 
qs q3 p 6 
gs 
97 Ga Je 
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Solution 
QP = {q3- qab o$ = 190. Gis q> Iss qe q7} 
To= 1143. qa}. {qo Gis q2% qs; qe- q7}} 
qz is l-equivalent to q4. So, {g3. qa} € 7. 
qo is not l-equivalent to qı. go. gs but qo is l-equivalent to gg. 


Hence {qo qe} € Tı. qı is l-equivalent to q, but not 1-equivalent to 
Gs, qe OF q7 So, {q1. G2} E€ T. 


qs is not l-equivalent to qg but to q7. So. {qs. go} € % 
Hence, 
m = {{q3 qs}. {do do}. (ai. az}. {qs ah} 
gx is 2-equivalent to q4. So, {q3, q4} E€ m. 
qo is not 2-equivalent to gg. So. {qo}. {Ge} €E m. 
qı is 2-equivalent to go. So. {q), qo} € m. 
qs is 2-equivalent to q7. So, {gs, G7} € m. 
Hence, 
m = {{q3. qa}. {Go}. fae}. tai. ao}. {as GH 


q, is 3-equivalent to q4: q, is 3-equivalent to q> and q5 is 3-equivalent to q7. 
Hence. 


m = {{do}. {4 a2}. tas Ga}. fgs- a7}, ige) 
As m = m, the minimum state automaton is 
M’ = (Q%, {a. b}, ô’, [go], {[ 3s qal) 
where 6” is defined by Table 3.31. 


TABLE 3.31 Transition Table of OFA for 


Example 3.21 
State a b 
[qo] igi ga] 193. q2] 
[9;. q2] [93, qa} [93 9a] 
12. qa] igs. 97] [ge] 
[9s. q7] 193, Ga] [gs] 
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SELF-TEST 


Study the automaton given in Fig. 3.20 and choose the correct answers 
to Questions 1-5: 


tv 


tn 


z N 
O seeee cee 5) 


Fig. 3.20 Automaton for Questions 1-5. 


. Misa 

(a) nondeterministic automaton 

(b) deterministic automaton accepting {0. 1}* 

(c) deterministic automaton accepting all strings over {0. 1} having 

3m O's and 3n l’s. mn 21 

(d) deterministic automaton 
. M accepts 

(a) 01110 (b) 10001 (c) 01010 (d) 11111 
. T(M) is equal to 

(a) {0°" 1°" |m. n 2 0} 

(b) {0 1°" lm. n 2 1} 


(c) {w{w has 111 as a substring} 
(d) {w]w has 37 ls. n 2 1} 


. If q» is also made a final state. then M accepts 


(a) 01110 and 01100 

(b) 10001 and 10000 

(c) 0110 but not 0111101 

(d) 0”. n > 1 but not 1”. n2 1 


. If qə is also made a final state, then F(M) is equal to 


(a) {00 1” | m, n 2 0} U {07 1" |m, n20} 
(b) {07 1] m, na 1p {ori [mnt 
(c) {w|w has 111 as a substring or 11 as a substring} 
(d) {w| the number of 1’s in w is divisible by 2 or 3} 


Study the automaton given in Fig. 3.21 and state whether the Statements 
6-15 are true or false: 


0,1 


a . | RB 
G--O--© 


Fig. 3.24 Automaton for Statements 6-15. 


3.1 


3.3 


3.4 


3.6 


3.7 
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. M is a nondeterministic automaton. 
. O(g;, 1) is defined. 

. 0100111 is accepted by M. 

. 010101010 is not accepted by M. 

. ôlqo. 01001) = {qi} 

. ôlqo, 011000) = {Go. qi; q2}- 


6(g2, w) = qo for any string w € {0, 1}*. 


. ôlq. 11001) # Ø. 


T(M) = {w|w = x00y, where x, y e {0, 1}*}. 


. A string having an even number of 0’s is accepted by M. 


EXERCISES 


For the finite state machine M described by Table 3.1, find the strings 
among the following strings which are accepted by M: (a) 101101, 
(b) 11111, (c) 000000. 

For the transition system M described by Fig. 3.8, obtain the sequence 
of states for the input sequence 000101. Also. find an input sequence not 
accepted by M. 

Test whether 110011 and 110110 are accepted by the transition system 
described by Fig. 3.6. 

Let M = (Q, ÈZ. ô. go, F) be a finite automaton. Let R be a relation in 
Q defined by qıRqə if lq. a) = d(q2, a) for all a e E. Is R an 
equivalence relation? 

Construct a nondeterministic finite automaton accepting {ab, ba}, and 
use it to find a deterministic automaton accepting the same set. 


Construct a nondeterministic finite automaton accepting the set of all 
strings over {a, b} ending in aba. Use it to construct a DFA accepting the 
same set of strings. 


The transition table of a nondeterministic finite automaton M is defined 
by Table 3.32. Construct a deterministic finite automaton equivalent to M. 


TABLE 3.32 Transition Table for Exercise 3.7 


State 0 1 2 
>Q qiq4 q4 q293 
qi g4 
92 9293 


(@) q4 


qa 
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3.8 Construct a DFA equivalent to the NDFA described by Fig. 3.8. 


3.9 M = ({q. q» qa}, {0. 1}. & qı. {q3}) is a nondeterministic finite 
automaton, where 6 is given by f 


3.10 


3.11 


ôlqı. 9) = {q> q3}, (gq, 1) = {q} 
O(g>x O= {q q} oq 1) = Ø 
ôlqa 0) = {qr}. 6(qx, 1) = {9 qr} 


Construct an equivalent DFA. 


Construct a transition system which can accept strings over the alphabet 
a, b, ... containing either cat or rat. 


Construct a Mealy machine which is equivalent to the Moore machine 
defined by Table 3.33. 


TABLE 3.33 Moore Machine of Exercise 3.11 


Present state Next state Output 
a=0 a=1 
9 q q2 1 
q: 93 Q 0 
Q2 Q2 q 1 
Q o % 1 


3.12 


Construct a Moore machine equivalent to the Mealy machine M defined 
by Table 3.34. 


TABLE 3.34 Mealy Machine of Exercise 3.12 


3.13 


3.14 


Present state Next state 
a=0 a= í 
state output state output 
>q 9; 1 Qe 0 
Q2 Q4 1 qa 1 
93 Q 1 93 1 
g4 As 0 qı 1 


Construct a Mealy machine which can output EVEN, ODD according 
as the total number of I’s encountered is even or odd. The input 
symbols are O and 1. 


Construct a minimum state automaton equivalent to a given automaton 
M whose transition table is defined by Table 3.35. 
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TABLE 3.35 Finite Automaton of Exercise 3.14 


State input 
a b 
>qo Qo q3 
q q2 qs 
Qz g3 g4 
93 qo g5 
q4 To qe 


3.15 Construct a minimum state automaton equivalent to the DFA described 
by Fig. 3.18. Compare it with the DFA described by Fig. 3.19. 

3.16 Construct a minimum state automaton equivalent to the DFA described 
by Fig. 3.22. 


0,1 
Fig. 3.22 DFA of Exercise 3.16. 


Formal Languages 


In this chapter we introduce the concepts of grammars and formal languages 
and discuss the Chomsky classification of languages. We also study the 
inclusion relation between the four classes of languages. Finally, we discuss the 
closure properties of these classes under the various operations. 


4.1 BASIC DEFINITIONS AND EXAMPLES 


The theory of formal languages is an area with a number of applications in 
computer science. Linguists were trying in the early 1950s to define precisely 
valid sentences and give structural descriptions of sentences. They wanted to 
define a formal grammar (i.e. to describe the rules of grammar in a rigorous 
mathematical way) to describe English. They thought that such a description of 
natural languages (the languages that we use in everyday life such as English, 
Hindi. French, etc.) would make language translation using computers easy. It 
was Noam Chomsky who gave a mathematical model of a grammar in 1956. 
Although it was not useful for describing natural languages such as English, it 
turned out to be useful for computer languages. In fact. the Backus-Naur form 
used to describe ALGOL followed the definition of grammar (a context-free 
grammar) given by Chomsky. 

Before giving the definition of grammar, we shall study, for the sake of 
simplicity. two types of sentences in English with a view to formalising the 
construction of these sentences. The sentences we consider are those with a 
noun and a verb, or those with a noun—verb and adverb (such as ‘Ram ate 
quickly’ or “Sam ran’). The sentence ‘Ram ate quickly’ has the words ‘Ram’. 
‘ate’, ‘quickly’ written in that order. If we replace ‘Ram’ by ‘Sam’. ‘Tom’, 
‘Gita’. etc. Le. by any noun, ‘ate’ by ‘ran’. walked’, ete. i.e. by any verb in the 
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past tense, and ‘quickly’ by ‘slowly’. ie. by any adverb, we get other 
grammatically correct sentences. So the structure of "Ram ate quickly’ can be 
given as (noun) (verb) (adverb). For (noun) we can substitute ‘Ram’, ‘Sam’. 
‘Tom’. ‘Gita’. ete.. Similarly, we can substitute ‘ate’. ‘walked’, ‘ran’, ete. for 
(verb). and ‘quickly’, slowly’ for (adverb). Similarly. the structure of ‘Sarn ran’ 
can be given in the form (noun) (verb). 

We have to note that (noun) (verb) (adverb) is not a sentence but only the 
description of a particular type of sentence. If we replace (noun), (verb) and 
(adverb) by suitable words. we get actual grammatically correct sentences. Let 
us cal! (noun), (verb). (adverb) as variables. Words like ‘Ram’, ‘Sam’, ‘ate’, 
‘ran’. ‘quickly’. ‘slowly’ which form sentences can be called terminals. So our 
sentences turn out to be strings of terminals. Let S be a variable denoting a 
sentence. Now. we can form the following rules to generate two types of 
sentences: 

S — (noun) (verb) (adverb) 

S -> (noun) (verb) 

(noun) -> Sam 

(noun) > Ram 

(noun) > Gita 

éverb) — ran 

(verb) -> ate 

(verb) —> walked 

(adverb) — slowly 

fadverb) — quickly 
(Each arrow represents a rule meaning that the word on the right side of the 
arrow can replace the word on the left side of the arrow.) Let us denote the 
collection of the rules given above by P. 

If our vocabulary is thus restricted to ‘Ram’, ‘Sam’, ‘Gita’, ‘ate’, ‘ran’, 
‘walked’. ‘quickly’ and ‘slowly’. and our sentences are of the form (noun) 
(verb) (adverb) and (noun) (verb). we can describe the grammar by a 4-tuple 
(Vx, È. P, $). where 


y = {Moun}. (verb). (adverb)! 


Mx 


= {Ram, Sam. Gita. ate. ran. walked, quickly, slowly} 

P is the collection of rules described above (the rules may be called 
productions). 

Sis the special symbol denoting a sentence. 


The sentences are obtained by (i) starting with S. (ii) replacing words 
using the productions. and (iii) terminating when a string of terminals is 
obtained. 

With this background we can give the definition of a grammar. As 
mentioned earlier. this definition is due to Noam Chomsky. 
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4.1.1 DEFINITION OF A GRAMMAR 


Definition 4.1 A phrase-structure grammar (or simply a grammar) is 
(Vy, ©. P, S). where 
(1) Va is a finite nonempty set whose elements are called variables, 
Gi) È is a finite nonempty set whose elements are called terminals, 
Gi Vy alt= @. 
(iv) S is a special variable (i.e. an element of Vy) called the start symbol. 
and 
iv) P is a finite set whose elements are œ —> f. where œ and P are strings 
on Vs, É. œ has at least one symbol trom Vx. The elements of P are 
called productions or production rules or rewriting rules. 
Note: The set of productions is the kernel of grammars and language 
specification. We observe the following regarding the production rules. 
(i) Reverse substitution is not permitted. For example. if $ — AB is a 
production, then we can replace $ by AB, but we cannot replace AB 
by S. 
(ii) No inversion operation is permitted. For example. if $ — AB is a 
production. it is not necessary that AB —> S is a production. 


EXAMPLE 4.1- 


G=(V¥s, XL. P, S) is a grammar 


2 = {Ram. Sam. ate. sang. well} 
S= (sentence) 


P consists of the following productions: 


(sentence) — (noun) (verb) 
(sentence) — (noun) (verb) (adverb) 
(noun) > Ram 

(noun) —> Sam 

(verb) > ate 

(verb) > sang 

(adverb) > well 


NOTATION: (i) If A is any set, then A* denotes the set of all strings over A. 
A* denotes A* — {A}. where A is the empty string. 

Gi) A, B, C, Ay, As. ... denote the variables. 

Gu) a, b. c. ... denote the terminals. 

Uv) x. av xu. ... denote the strings of terminals. 

(v) o& PB. y ... denote the elements of (Vy U D. 

(vi) X° = A for any symbol X in Vy U E. 
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4.1.2 DERIVATIONS AND THE LANGUAGE GENERATED 
BY A GRAMMAR 


Productions are used to derive one string over Vy U È from another string. 
We give a formal definition of derivation as foliows: 
Definition 4.2 If æ — $ is a production in a grammar G and y% 6 are any 
two strings on Vy U 2I, then we say that yod directly derives yBd in G (we 
write this as yoo = yßô). This process is called one-step derivation. In 
G 
particular. if œ — B is a production, then a> £. 
G 
Note: If @ is a part of a string and a — f is a production. we can replace 
a by P in that string (without altering the remaining parts). In this case we 
say that the string we started with directly derives the new string. 
For example. 


G = ({S}, (0, 1}. {S => OS1, S — 91}. $) 


has the production $ — 0S1. So, S in 0°S 1* can be replaced by 0S1. The 
resulting string is 0*0S11*. Thus. we have 0*917 = otoSil’. 


Note: z induces a relation R on (Vy U L)* ie. GRB if a€ > B 
7 G 


Definition 4.3 If @ and GB are strings on Vy U F, then we say that œ derives 


Bif a = p. Here Z denotes the reflexive-transitive closure of the relation => 
G 
in (Vy U Z)* (refer to Section 2.1.5). 


Note: We can note in particular that œ > a. Also, if œ me p. a# B, then 


G 
there exist strings 0). Ob, ..., On where n 2 2 such that 
a= 0 >%7>%...54,= 8 

G G G 


When g = Bis in n steps. we write a@ > f. 
G 
Consider, for example. G = ({S}, {0. 1}. {5 — OS1, S — 01}, 8S). 
As $= 0S1 = OSE = 0S1, we have S$ 5 0°S1°. We also have 
G 
Os > OSE (as a S o). 
G G ; 
Definition 4.4 The language generated by a grammar G (denoted by L(G)) is 
defined as {w e L*/S = w}. The elements of L(G) are called sentences. 


Stated in another way, L(G) is the set of all terminal strings derived from 
the start symbol S. 


Definition 4.5 If § > g, then @ is called a sentential form. We can note 
G 


that the elements of L(G) are sentential forms but not vice versa. 
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Definition 4.6 G; and Ga are equivalent if L(G,) = LUG»). 


Remarks on Derivation 
i. Any derivation involves the application of productions. When the 
number of times we apply productions is one, we write ~ => f; when 

it is more than one, we write œ > B (Note: a > o). 

The string generated by the most recent application of production is 

called the working string. 

3. The derivation of a string is complete when the working string cannot 
be modified. If the final string does not contain any variable, it is a 
sentence in the language. If the final string contains a variable. it is a 
sentential form and in this case the production generator gets ‘stuck’. 


to 


NOTATION: (i) We write œ => B simply as œ 5 £ if G is clear from the context. 
G 


(ii) If A > o@ is a production where A € Vy, then it is called an 
A-production. 
Gi) If A > Q. A > Qs, ... A — Qp are A-productions. these 


productions are written as A > | 2]... | Oye 


We give several examples of grammars and languages generated by them. 


EXAMPLE 4.2 


If G = CS}. {0. 1}. {S > 0S1, S$ => A}. S), find L(G). 


Solution 


As § — A is a production. $ = A. So A is in L(G). Also, for all n 2 1, 
G 


S => OSE SOS >... > OST SOF 
G G G G G 
Therefore, 


O"1" e L(G) for n > 0 


(Note that in the above derivation, § > OS1 is applied at every step except 
in the last step. In the last step, we apply S > A). Hence. {0"1"| = 0} c L(G). 

To show that L(G) c {0"1"| n 2 0}. we start with w in L(G). The 
derivation of w starts with S. If S —> A is applied first, we get A. In this case 
w = A. Otherwise the first production to be applied is § — OSI. At any stage 
if we apply S + A, we get a terminal string. Also, the terminal string is 
obtained only by applying S$ — A. Thus the derivation of w is of the form 


S 5 oSI” => g'i" for some n 2 1 
G G 
i.e. 
L(G) € {0"1"|n = 0} 
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Therefore, 


L(G) = {0"1"|n > 0} 


EXAMPLE 4.3 
E G = ({S}, {a}, {S > SS}, S), find the language generated by G. 


Solution 


L(G) = @. since the only production § —> SS in G has no terminal on the 
right-hand side. 


EXAMPLE 4.4 


Let G = ({S. C}, {a, b}, P, S), where P consists of S + aCa, C — aCa | b. 
Find L(G). 


Solution 


S = aCa = aba. So aba e L(G) 


S = aCa (by application of § —> aCa) 
= a'Ca" (by application of C > aCa (n — 1) times) 
=> dba” (by application of C > b) 


Hence. a’ba" € L(G), where n 2 1. Therefore. 
{a'ba"|n 2 1} g LG) 


As the only S-production is § — aCa, this is the first production we have 
to apply in the derivation of any terminal string. If we apply C —> b. we get aba. 
Otherwise we have to apply only C -— aCa, either once or several times. So 
we get a’Ca" with a single variable C. To get a terminal string we have to 
replace C by b, by applying C —> b. So any derivation is of the form 


S > aba” with n 2 1 


Therefore, 

L(G) c {a'b |n 2 1} 
Thus. 

L(G) = {dbaj n 2 1} 


EXERCISE Construct a grammar G so that L(G) = {a"ba”|n, m 2 1}. 


Remark By applying the convention regarding the notation of variables. 
terminals and the start symbol. it will be clear from the context whether a 
symbol denotes a variable or terminal. We can specify a grammar by its 
productions alone. 
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EXAMPLE 4.5 
If G is S — aS|bS! al b, find L(G) 


Solution 


We show that Sais = {a by. As we have only two terminals a, b, 
L(G) © {a, b}*. All productions are S-productions. and so A can be in L(G) 
oniy when S — A is a production in the grammar G. Thus. 


L(G) c fa, b}* — {A} = fa, bY 


To show {a, bY c L(G), consider any string aja»... ap where each a; 
s either a or b, The first production in the derivation of aja. ... a, is $ > 
aS or § — b§ according as a; = a or a, = b. The subsequent productions are 
obtained in a similar way. The last production is S — a or $ — b according 
as Ga = a or a, =b. So aja... a, € L(G). Thus. we have L(G) = {a, b}*. 


H 
EXERCISE If Gis S — aSia, then show that L(G) = {a}* 

Some ot the following examples illustrate the method of constructing a 
grammar G generating a given subset of strings over È. The difficult part is the 
construction of productions. We try to define the given set by recursion and then 
develop productions generating the strings in the given subset of L*. 


EXAMPLE 4.6 


Let L be the set of all palindromes over {a, b}. Construct a grammar G 
generating L. 


Solution 
For constructing a grammar G generating the set of all palindromes. we use 
the recursive definition (given in Section 2.4) to observe the following: 
(1) A is a palindrome. 
ü) a. b are palindromes. 
ii) If x is a palindrome axa, then bxb are palindromes. 
So we define P as the set consisting of: 
a) SoA 
GD $ — a and S > b 
ai) S > aSa and $ > bSb 
Let G = CS}, {a, b}, P. S). Then 


Ss Ay S> a, Sh 
The. “fore. 
A.abe LG 
if x is a palindrome of even ler ngth. then ¥ = Aa... Gy Am dy, where 
each a; is either a or b. Then § > aas... Gy, amami Ay by applying 


S — aSa or S — bSb. Thus. x € LEG). 
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If x is a palindrome of odd length, then x = aya. ... a,ca, ... a,, where 
ajs and c are either a or b. SoS > a... a,Sa,... a; => x by applying 


5 — aSa, S > bSb and finally. S — a or S — b. Thus, x e L(G). This proves 
L = L(G}. 


EXAMPLE 4.7 


Construct a grammar generating L = {wew | we {a, b}*} 


Solution 


Let G = ({S}, {a, b, c}, P, S), where P is defined as $ > aSa | bSb | c. It 
is easy to see the idea behind the construction. Any string in L is generated 
by recursion as follows: (i) c e L: (ii) if x e L, then wxw’ e L. So, as in 
the earlier example. we have the productions S > aSa | bSb | c. 


EXAMPLE 4.8 


Find a grammar generating L = {a"b"c'|n 2 1, i 2 0}. 
Solution 

L=L UL 

L,= {a"b"|n 2 1} 

L= fdbPd|n z 1 i2 1} 

We construct L; by recursion and L» by concatenating the elements of L 
and c. i = i. We define P as the set of the following productions: 
S — A, A — ab, A > aåb, S — Se 


Let G = ({S, A}, fa, b, c}, P. S). For n 2 1. i — 0, we have 


S > Se Ss Ad S dTAb d = dabb d = a'b'd 


Thus, 
{a"b"d |n 2 1. i 2 0} c UKG 
To prove the reverse inclusion. we note that the only S-productions 
are S + Sc and $ > A. If we start with S > A, we have to apply 
A => a 'Abr! = a'b", and so d'b"? € L(G) 


If we start with S — Sc, we have to apply S — Sc repeatedly to get Sd. But 
to get a terminal string. we have to apply S — A. As A => a'b", the resulting 
terminal string is a"b"c’. Thus, we have shown that 

L(G) c {a"b"c'|n 2 1, i 2 0} 
Therefore. 


IV 
a 
IV 


L(G) = {a'b"c |n 


0} 
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EXAMPLE 4.9 


Find a grammar generating {a/b"c"|n > 1, j 2 0}. 


Solution 


Let G = ({S, A}, {a, b, c}, P, S), where P consists of S > aS, S > A, 
A — bAc | be. As in the previous example. we can prove that G is the required 
grammar. 


EXAMPLE 4.10 


Let G = ({S, A;}, {0. 1, 2}. P, S), where P consists of S$ > 0SA,2, S > 012, 
2A, > Aj2. 1A, > 11. Show that 


L(G) = {0n 2 1} 
Solution 


As S -> 012 is a production, we have S = 012, i.e. 012 € L(G). 
Also. 


50st by applying S > 0SA,2 (n — 1) times 
=> 0°12(A,2)"" by applying S — 012 
= PIA?” by applying 2A; — A;2 several times 
5 0”? by applying 14; > li (n — 1) times 
Therefore. 


071"2" e L(G) for alln = 1 


To prove that L(G) c {0"1"2"| n 2 1}. we proceed as follows: If the first 
production that we apply is S > 012. we get 012. Otherwise we have to apply 
S — OSA,2 once or several times to get 0’"'S(A,2)""1. To eliminate $, we have 
to apply S > 012. Thus we arrive at a sentential form 0°12(A,2)""'. To 
eliminate the variable A;, we have to apply 2A; — A;2 or 1A; — 11. Now, 
2A, > A,2 interchanges 2 and A;. Only 1A; — 11 eliminates A4. The sentential 
form we have obtained is 0"124,2A,2 ...A,2. If we use 1A, — 11 before 
taking all 2’s to the right. we will get 12 in the middie of the string. The A,'s 
appearing subsequently cannot be eliminated. So we have to bring all 2’s to the 
right by applying 2A; —> Aj2 several times. Then we can apply 1A; - 11 
repeatedly and get 0" 1"2” (as derived in the first part of the proof). Thus. 


L(G) c {0"1"2"|n > 1} 


This shows that 
L(G) = {0" 1" 2" |n 2 1} 


In the next example we construct a grammar generating 


{a"b"c"|n 2 1} 
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EXAMPLE 4.11 


Construct a grammar G generating {a"b’c"|n 2 1}. 


Solution 


Let L = {a"b"c" | n = 1}. We try to construct L by recursion. We already know 
how to construct a’b" recursively. 

As it is difficult to construct a”b"c" recursively, we do it in two stages: 
(1) we construct ao” and (ii) we convert o” into bc”. For stage (i), we can have 
the following productions § —> aSa | aœ. A natural choice for œ (to execute 
stage (ii)) is bc. But converting (bc)" into.b"c” is not possible as (bc)" has no 
variables. So we can take œ = BC, where B and C are variables. To bring 
B's together we introduce CB —> BC. We introduce some more productions 
to convert B’s into b’s and C's into c's. So we define G as 


G = ({S, B, C}, {a, b, c}, P, S) 
where P consists of 
S — aSBC| aBC, CB > BC, aB => ab, bB > bb, bC > bc, cC > cc 


S = aBC = abC = abc 


Thus, 
abc € L(G) 
Also, 
S S aso by applying S > aSBc (n — 1) times 
=> a™'aBC(BC)"| by applying S > aBC 
=> a" B” C” by applying CB — BC several times 
(since CB > BC 
interchanges B and C) 
=> a abB"'c" by applying aB —> ab once 
=> a’'b"C" by applying bB — bb several times 
=> a'b bec! by applying bC — bc once 
=> a'b" by applying cC > cc several times 
Therefore. 


L(G) c {a"b"c"|n 2 1} 


To show that {a’b"c"|n 2 1} c L(G), it is enough to prove that the only 
way to arrive at a terminal string is to proceed as above in deriving a’b"c” 
(n 2 1). 

To start with, we have to apply only S-production. If we apply S -> aBC., 
first we get abc. Otherwise we have to apply S —> aSBC once or several times 
and get the sentential form a’"'S(BC)"". At this stage the only production we 
can apply is $ + aBC. and the resulting string is a”(BC)". 
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In the derivation of abc", we converted all B’s into b’s and only then 
converted C's into c’s. We show that this is the only way of arriving at a 
terminal string. 

a'(BC)" is a string of terminals followed by a string of variables. The 
productions we can apply to a”(BC)" are either CB —> BC or one of aB —> ab, 
bB —> bb, bC —> be, cC > cc. By the application of any one of these 
productions. the we get a sentential form which is a string of terminals followed 
by a string of variables. Suppose a C is converted before converting all B’s. 
Then we have a’(BC)" => a’bica, where i < n and ais a string of B’s and C’s 
containing at least one B. In a”b'ca, the variables appear only in œ As c appears 
just before œ, the only production we can apply is cC — cc. If œ starts with 
B, we cannot proceed. Otherwise we apply cC — cc repeatedly until we obtain 
the string of the form a’b'c/Ba’. But the only productions involving B are 
aB > ab and bB —> bb. As B is preceded by c in a"b'c/Ba’. we cannot convert 
B, and so we cannot get a terminal string. So L(G) g {a’b"c"| n 2 1}. Thus, 
we have proved that 

L(G) = {a"b"c"|n 2 1} 


‘EXAMPLE 4.12 


Construct a grammar G generating {xx| x € {a, b}*}. 


Solution 
We construct G as follows: 
G = ({S, Si. Sx. Ss. A, B}, {a, b}, P, S) 
where P consists of 
Pi: S> S,S283 
Pa, P3: SS> > aS,A, SiS- > bS\B 
Py, Ps: AS3 > Sasa BS; > S-bS3 


Poe Py Py Po: Aa—> aA, Ab > bA, Ba—>aB, Bb>bB 
Pip. Py, s as> ~ S-a, bS> = Sab 
Py>, Piz: SiS- > A, Sa -> A 


Remarks The following remarks give us an idea about the construction of 
productions P;-P}3. 


1. P, is the only S-production. 

2. Using SS- —> aS,A, we can add terminal a to the left of S, and variable 
A to the right. A is used to make us remember that we have added the 
terminal a to the left of S,. Using AS; —> S.aS3. we add a to the right 
of S». 
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3. Using S,S; —> bS,B, we add b to the left of S; and variable B to the 
right. Using BS; —> S,bS3, we add b to the right of Sz. 

4, S acts as a centre-marker. 

. We can add terminals only by using P.—Ps. 

6. Pe-Po simply interchange symbols. They push A or B to the right. This 
enables us to place A or B to the left of $3. (Only then we can apply 
P, or Ps.) 

7. S52 > A, S3 > A are used to completely eliminate S,, S» $3. 

8. Pio, Pi; are used to push S, to the left. This enables us to get $, to 
the right of S, (so that we can apply P2). 


Let L = {xx|x € {a, b}*}. We first prove that L c L(G). Now, we have 
S => Si S383 => aS AS, = aS $7aS3 (4.1) 


wa 


or 
S => $283 => bS, BS => bS,S5b83 (4.2) 


Let us start with xx with x € {ab}*. We can apply (4.1) or (4.2), 
depending on the first symbol of x. If the first two symbols in x are ab (the 
other cases are similar), we have 


S = aS,S> aS; = abS, Ba Sı = abS,aBS; = abS, aS, bS; => abS\S,abS3 


Repeating the construction for every symbol in x, we get xS,S.xS3. On 
application of P> and P;3, we get 


S => x8\SoxS, => xAxA = xx 


Thus, L g UG). 

To prove that L(G) c L, we note that the first three steps in any derivation 
of L(G) are given by (4.1) or (4.2). Thus in any derivation (except $ —> A), we 
get aS,S,aS3 or bS,S>bS3 as a sentential form. 

We can discuss the possible ways of reducing aS,S.a53 (the other case is 
similar) to a terminal string. The first production that we can apply to ası S2aS3 
is one of $,S2 > A, $3 > A, SS> — aS|A, S,S2 > bS,B. 


Case 1 We apply SiS- — A to aS,S,a$3. In this case we get aAaS3. As the 
productions involving $, on the left are P4, Ps; or Piz, we have to apply only 
S3 > A to aas, and get aa € L. 


Case 2 We apply Sa > A to aS,S.aS3. In this case we get aS,S,aA. If we 
apply $;S. > A, we get aAaA = aa € L; or we can apply 5,8, > aS,A to 
a§ S-a to get aaS Aa. In the latter case, we can apply only Aa > aA to aaS,Aa. 
The resulting string is aaS,aA which cannot be reduced further. 

From Cases 1 and 2 we see that either we have to apply both P). and Py; 
or neither of them. 


Case 3 In this case we apply SS> —> aS,A or S,;S, > bS,B. If we apply 
S S2 > aS,A to aS\S.aS3. we get aaS,AaS3. By the nature of productions we 
have to follow only aaS,AaS,; = aaS;aAS, = a°S,aS,aS, => a°S,S5a°S;. If 
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we apply S,S. —> bS,B, we get abS;S.abS,. Thus the effect of applying 
SiS 3 aSjA is to add a to the left of SS, and $3. 

If we apply $,S. — A, S, > A (By Cases 1 and 2 we have to apply both) 
we get abab e L. Otherwise, by application of Pa or Pa, we add the same 
terminal symbol to the left of $SS- and $3. The resulting string is of the form 
xS SxS. Ultimately, we have to apply P)> and P;3 and get xAxA = xx € L. So 
L(G) c L. Hence, L(G) = L. 


EXAMPLE 4.13 


Let G = ({S, A}, A2}, {a, b}, P, S), where P consists of 
So aA Ara, Ay card baA,A2b, Ad - Ajab, aA, — baa, bA+b — abab 
Test whether w = baabbabaaabbaba 
is in L(G). 
Solution 


We have to start with an S-production. At every stage we apply a suitable 
production which is likely to derive w. In this example, we underline the 
substring to be replaced by the use of a production. 


S => aA; Aza 


= baa A, a 

=> baa A, aba 

= baab aA, Ababa 
=> baabbaa Az baba 


=> baabba aA, abbaba 


=> baabbabaaabbaba = w 
Therefore. 


EXAMPLE 4.14 


If the grammar G is given by the productions $ —> aSa | bSb| aa | bb | A, 
show that (1) L(G) has no strings of odd length, (ii) any string in L(G) is of 
length 27, n 2 0, and (iii) the number of strings of length 2n is 2”. 


we L(G) 


Solution 


Oz application of any production (except S — A), a variable is replaced by 
two terminals and at the most one variable. So, every step in any derivation 
increases the number of terminals by 2 except that involving S$ — A. Thus, 
we have proved (i) and (i). 
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To prove (iii), consider any string w of length 27. Then it is of the form 
Gado... Ad, ... Ay involving n “parameters” a), a>, ..., a, Each a; can be 
either a or b. So the number of such strings is 2”. This proves (iii). 


4.2 CHOMSKY CLASSIFICATION OF LANGUAGES 


In the definition of a grammar (Vy, ÈX, P, S), Vy and È are the sets of symbols 
and S € Vy. So if we want to classify grammars, we have to do it only by 
considering the form of productions. Chomsky classified the grammars into 
four types in terms of productions (types 0-3). 

A type 0 grammar is any phrase structure grammar without any restrictions. 
(All the grammars we have considered are type 0 grammars.) 

To define the other types of grammars. we need a definition. 

In a production of the form ġ Ay — oaw. where A is a variable, ¢ is called 
the left context, y the right context, and day the replacement string. 


‘EXAMPLE 4.15 


(a) In abAbed —> abABbcd, ab is the left context, bcd is the right context, 
& = AB. 

(b) In AC —> A, A is the left context, A is the right context. œ = A. The 
production simply erases C when the left context is A and the right 
context is A. 

(c) For C — A, the left and right contexts are A. And œ = A. The 
production simply erases C in any context. 

A production without any restrictions is called a type 0 production. 

A production of the form Ay — oay is called a type 1 production if 

a # A. In type 1 productions. erasing of A is not permitted. 


EXAMPLE 4.16 


(a) dAbcD — abcDbcD is a type 1 production where where a, bcD are the 
left context and right context. respectively. A is replaced by bcD # A. 

(b) AB — AbBc is a type 1 production. The left context is A, the right 
context is A. l 

(c) A > abA is a type 1 production. Here both the left and right contexts 
are A. 


Definition 4.7 A grammar is called type 1 or context-sensitive or context- 
dependent if all its productions are type 1 productions. The production S => A 
is also allowed in a type 1 grammar. but in this case § does not appear on the 
right-hand side of any production. 


Definition 4.8 The language generated by a type 1 grammar is called a 
type | or context-sensitive language. 
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Note: In a context-sensitive grammar G, we allow S$ — A for including A 
in L(G). Apart from S — A, all the other productions do not decrease the 
length of the working string. 

A type 1 production ¢Aw — day does not increase the length of the 
working string. In other words. | Aw! < | @aw| as aœ = A. But if &« => B 
is a production such that | æ | < | 2 |. then it need not be a type 1 production. 
For example. BC — CB is not of type 1. We prove that such productions can 
be replaced by a set of type 1 productions (Theorem 4.2). 


Theorem 4.1 Let G be a type 0 grammar. Then we can find an equivalent 
grammar G; in which each production is either of the form a@ —> p, where œ 
and $ are strings of variables only, or of the form A — a, where A is a variable 
and a is a terminal. G, is of type 1, type 2 or type 3 according as G is of type 
1, type 2 or type 3. 


Proof We construct G, as follows: For constructing productions of Gj, 
consider a production œ —> p in G, where œ or f has some terminals. In both 
a and B we replace every terminal by a new variable C, and get œ’ and p’. 
Thus. corresponding to every œ — p, where œ or J contains some terminal, we 
construct @ — B’ and productions of the form C, — a for every terminal 
a appearing in of or B. The construction is performed for every such œ — £. The 
productions for G, are the new productions we have obtained through the above 
construction. For G} the variables are the variables of G together with the new 
variables (of the form C,,). The terminals and the start symbol of G, are those 
of G. G, satisfies the required conditions and is equivalent to G. So L(G) = 
L(G) l 


Definition 4.9 A grammar G = (Vy, È, P, S) is monotonic (or length- 
increasing) if every production in P is of the form œ > B with | a| < | B| 
or S + A. In the second case, S does not appear on the right-hand side of any 
production in P. 

Theorem 4.2 Every monotonic grammar G is equivalent to a type 1 grammar. 
Proof We apply Theorem 4.1 to get an equivalent grammar G. We construct 
G” equivalent to grammar G, as follows: Consider a production A;A2 ... Am > 
BB, ... B, with a 2 m in G,. If m = 1, then the above production is of 
type 1 (with left and right contexts being A). Suppose m 2 2. Corresponding 


to AA... Ap, > BBa... B, we construct the following type | productions 
introducing the new variables C}. Co, ..., Cpe 


E hia, OG E 
Ci A,» +. An => Ci C2 A; meee An 
CC- A3... Ay; => CCC Ay o- Am ma 


CC as Cunt Ay E CC ZAT Cr Bins Bm2 ee B, 
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Ci C PRS CH Binst eee B, za BC) € pok Cn Bret sts B, 
BQC... By > ByBrCy ... Baoa 


BB- Sans C Dori aek B, > BBa ... Bm ... By 


Hl 
The above construction can be explained as follows. The production 
AjA2 © ag Ay = BBs Ha Ba 


is not of type 1 as we replace more than one symbol on L.H.S. In the chain of 
productions we have constructed, we replace A, by C}, Az by Ca... Am by 
CnB- Bp Afterwards, we start replacing C, by Bi. Ca by Bs, etc. As we 
replace only one variable at a time. these productions are of type 1. 

We repeat the construction for every production in G, which is not of 
type 1. For the new grammar G”. the variables are the variables of G, together 
with the new variables. The productions of G’ are the new type 1 productions 
obtained through the above construction. The terminals and the start symbol 
of G’ are those of G,. 

G’ is context-sensitive and from the construction it is easy to see that 
L(G’) = L(G;) = UG). I 


Definition 4.10 A type 2 production is a production of the form A > a, 
where A € Va and @ € (Vy U Z)*. In other words, the L.H.S. has no left 
context or right context. For example. S > Aa, A > a, B > abc, A > A are 
type 2 productions. 


~ 


Definition 4.11 A grammar is called a type 2 grammar if it contains only 
type 2 productions. It is also called a context-free grammar (as A can be 
replaced by & in any context). A language generated by a context-free grammar 
is called a type 2 language or a context-free language. 


Definition 4.12 A production of the form A ~ a or A — aB. where 
A, B € Vx and a e É. is called a type 3 production. 


Definition 4.13 A grammar is called a type 3 or regular grammar if all its 
productions are type 3 productions. A production S — A is allowed in type 3 
grammar, but in this case § does not appear on the right-hand side of any 
production. 


EXAMPLE 4.17 


Find the highest type number which can be applied to the following 
productions: 

(a) S > Aa, A > c|Ba. B => abc 

(b) S — ASB |d, A > aA 

(c) S — aS | ab 
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Solution 


(a) S + Aa, A > Ba, B > abc are type 2 and A —> c is type 3. So the 
highest type number is 2. 

(b) S > ASB is type 2, S > d. A — aA are type 3. Therefore, the highest 
type number is 2. 

(c) S — aS is type 3 and S — ab is type 2. Hence the highest type 
number is 2. 


4.3 LANGUAGES AND THEIR RELATION 


In this section we discuss the relation between the classes of Janguages that we 
have defined under the Chomsky classification. 


Let £o. es /c¢; and £, denote the family of type O languages, context- 
sensitive languages, context-free languages and regular languages, respectively. 


Property 1 From the definition. it follows that Ža C £e Lo. C Lo 
Ley G Lo 


Property 2 Zo) C Z. The inclusion relation is not immediate as we allow 
A — Ain context-free grammars even when A # S, but not in context-sensitive 
grammars (we allow only § — A in context-sensitive grammars). In Chapter 6 
we prove that a context-free grammar G with productions of the form A > A 
is equivalent to a context-free grammar G, which has no productions of the 
form A —> A (except § — A). Also. when G, has $ — A, S does not appear 
on the right-hand side of any production. So G, is context-sensitive. This 
proves ton C Lest 


Property 3 Za G ton © Że] © Lo. This follows from properties 1 and 2. 


Property 4 #4 Ca fo Ce Fey Ce Lo. 


In Chapter 5. we shall prove that 7,; Cy Zeri: In Chapter 6. we shall 
prove that Zefi Ce Lei In Section 9.7. we shall establish that Zo Cy Lp. 


Remarks 1. The grammars given in Examples 4.1-4.4 and 4.6-4.9 are 
context- free but not regular. The grammar given in Example 4.5 is regular. The 
grammars given in Examples 4.10 and 4.11 are not context-sensitive as we have 
productions of the form 2A, —> A,2, CB — BC which are not type 1 rules. But 
they are equivalent to a context-sensitive grammar by Theorem 4.2. 

2. Two grammars of different types may generate the same language. For 
example, consider the regular grammar G given in Example 4.5. It generates 
{a, b}*. Let G’ be given by S > SS|aS|bS|a|b. Then L(G’) = L(G) as the 
productions S => aS|bS|a|b are in G as well. and S > SS does not generate 
any more string. 

3. The type of a given grammar is easily decided by the nature of 
productions. But to decide on the type of a given subset of £*. it is more 
difficult. By Remark 2. the same set of strings may be generated by a grammar 
of higher type. To prove that a given language is not regular or context-free. 
we need powerful theorems like Pumping Lemma. 
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4.4 RECURSIVE AND RECURSIVELY ENUMERABLE SETS 


The results given in this section will be used to prove £e; C £9 in Section 9.7. 
For defining recursive sets, we need the definition of a procedure and an 
algorithm. 

A procedure for solving a problem is a finite sequence of instructions 
which can be mechanically carried out given any input. 

An algorithm is a procedure that terminates after a finite number of steps 
for any input. 


Definition 4.14 A set X is recursive if we have an algorithm to determine 
whether a given element belongs to X or not. 


Definition 4.15 A recursively enumerable set is a set X for which we have 
a procedure to determine whether a given element belongs to X or not. 


It is clear that a recursive set is recursively enumerable. 
Theorem 4.3 A context-sensitive language is recursive. 


Proof Let G = (Vẹ, È, P, S) and w e L*. We have to construct an algorithm 
to test whether w €e L(G) or not. If w = A, then w e L(G) iff S > A is in 
P. As there are only a finite number of productions in P, we have to test 
whether $ — A is in P or not. 

Let | w | =n 2 1. The algorithm is based on the construction of a sequence 
{W;} of subsets of (Vy U X)*. W; is simply the set of all sentential forms of 
length less than or equal to n, derivable in at most i steps. The construction 
is done recursively as follows: 


G) Wo = {S} 
(ii) Way = W UL {Be (Vy U Z)*| there exists œ in W; such that œ = B 
and | B| < n}. 


W,’s satisfy the following: 

(ii) W; c Wa for all i = 0. 

(iv) There exists k such that W, = Wq; 

(v) If k is the smallest integer such that W, = W,,), then W, = 

{ae (Vy U Z}*|S > g and |a| < n}. 

The point (iii) follows from the point (ii). To prove the point (iv), we 
consider the number N of strings over Vy U È of length less than or equal to 
a If | Vy U E| =m, then N=1+m+ m +... +m" since m! is the number 
of strings of length i over Vy U E. i.e. N = (m"*! — 1m — 1), and N is fixed 
as it depends only on n and m. As any string in W; is of length at most n, 
|W;| < N. Therefore, W, = W4; for some k < N. This proves the point (iv). 

From point (i) it follows that W, = W,., implies Wua = Wry. 


{ae (VW U DISS a Jal sna WUWU... U W, Way... 
W, U W2U...U Wg 
W, from point (iii) 


ti 


This proves the point (v). 
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From the point (v) it follows that w € L(G) (i.e. S => w) if and only if 
we W, Also. Wi, W» ..., W; can be constructed in a finite number of steps. 
We give the required algorithm as follows: 


Algorithm to test whether w e L(G). 1. Construct W;, W3, ... using the 
points (i) and (ii). We terminate the construction when W,,, = Wz for the first 
time. 

2. If we W, then w e L(G). Otherwise, w € L(G). (As | W,| < N, testing 
whether w is in W, requires at most N steps.) I 


EXAMPLE 4.18 


Consider the grammar G given by S$ —> OSA,2. S — 012, 2A; — A;2, 
1A, — 11. Test whether (a) 00112 € L(G) and (b) 001122 e L(G). 
Solution 
(a) To test whether w = 00112 e L(G), we construct the sets Wo, Wp, W2 
etc. |w] = 5. 

Wo = {S} 

W, = {012, S. OSA;2} 

W. = {012, S, OSA,2} 


As W» = W, we terminate. (Although 0SA,2 = 0012A,2. we cannot 
include 0012A,2 in W; as its length is > 5.) Then 00112 ¢ W,. Hence, 
00112 € L(G). 

(b) To test whether w = 001122 € L(G). Here, |w| = 6. We construct Wo, 
Wi, W, etc. 


Wo = {5} 
W, = {012. S, OSA,2} 
Wa = {012, S, OSA;2, 0012A,2} 
W, = {012, S, OSA,2, 0012A,2, 001A;22} 
W, = {012, S, OSA;2, 0012A;2, 0014,22, 001122} 
Ws = {012, S. OSA,2. 0012A,2, 001A,22, 001122} 
As Ws = W, we terminate. Then 001122 e W, Thus. 001122 e L(G). 


The following theorem is of theoretical interest, and shows that there 
exists a recursive set over {0, 1} which is not a context-sensitive language. The 
proof is by the diagonalization method which is used quite often in set theory. 
Tneorem 4.4 There exists a recursive set which is not a context-sensitive 
language over {0, 1}. 


Proof Let È = {0. 1}. We write the elements of £* as a sequence (i.e. the 
elements of &* are enumerated as the first element, second element, etc.) For 
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example. one such way of writing is A, 0, 1, 00, 01, 10, 11, 000, .... In this 
case, 010 will be the 10th element. 

As every grarnmar is defined in terms of a finite alphabet set and a finite 
set of productions, we can also write all context-sensitive grammars over È as 
a sequence, say Gj, Go, .... 

We define X = {w; € &* |w; g L(G}. We can show that X is recursive. 
If w e E*, then we can find 7 such that w = w; This can be done in a finite 
number of steps (depending on |w |). For example. if w = 0100, then w = way. 
AS Gag is context-sensitive, we have an algorithm to test whether w = wy € 
L(G) by Theorem 4.3. So X is recursive. 

We prove by contradiction that X is not a context-sensitive language. If it 
is so, then X = L(G,) for some n. Consider w, (the nth element in &*). By 
definition of X, w, € X implies w, ¢ L(G,). This contradicts X = L(G,,). 
w, € X implies w, € L(G,,) and once again, this contradicts X = L(G,,). Thus, 
X # L(G,) for any n, i.e. X is not a context-sensitive language. I 


4.5 OPERATIONS ON LANGUAGES 


We consider the effect of applying set operations on So. Less Ler. Ly. Let 
A and B be any two sets of strings. The concatenation AB of A and B is 
defined by AB = {uv |u € A, v e B}. (Here, uv is the concatenation of the 
strings u and v.) 

We define A! as A and A”*! as A”A for all n 2 1. 

The transpose set A’ of A is defined by 


AT = {u |u € A} 
Theorem 4.5 Each of the classes £o, Zoo}. Leti, £, iS closed under union. 
Proof Let L; and L, be two languages of the same type i. We can apply 
Theorem 4.1 to get grammars 
Gi = (Vu B Py S) and 2 = (V'h, Zo, Pa, So) 


of type 7 generating Lı and L>. respectively. So any production in G, or G3 
is either @ — ß, where œ, ß contain only variables or A —> a, where A € Vy, 
aE. 

We can further assume that Vy © V’x;= @. (This is achieved by renaming 
the variables of V’% if they occur in V’y.) 

Define a new grammar G, as follows: 


G, = (Vy J VU {5}, È U 2. Ri S) 
where S is a new symbol, ie. S €e Vy U VX 


P, = Pi O Pao {S > S. S > $3} 
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We prove L(G) = L, O L as follows: If w e L, U L, then $, => wor 


G, 


S> = 5 w. Therefore, 
G, 


SSS bw o S> $% Sw, iewe LG) 
Ga G, Gy i 
Thus, L U Lo c LUG) 
To prove that L(G,) S Lı U L», consider a derivation of w. The first step 
should be S => S, or S = Sa. If S = S; is the first step, in the subsequent steps 
S, is changed. As Vi A Vp: # Ø, these steps should involve only the variables 


of V4; and the productions we apply are in P}. So S > w. Similarly, if the 


first step is $ = $», then S$ > Sa > w. Thus, L(G) = a7 U L. Also, L(G,,) 


is of type O or type 2 eer as D and L, are of type 0 or type 2. If A 
is not in L, U Ls, then L(G,) is of type 3 or type 1 according as L, and L, 
are of type 3 or type 1. 
Suppose A € Lı. In this case, define 
G= (Vy O Vig OAS Sh E U E, Pe S^ 

where (i) S’ is a new symbol, ie. S € Vy U VR U {S}, and (ii) P, = 
PiU Pa o {S > S, S aS, S > Sa}. So, n is of type 1 or type 3 
according as L; and L, are of type 1 or type 3. When A € L,, the proof is 
similar. 1 


Theorem 4.6 Each of the classes Zo Zes Loe}, Æ is closed under 
concatenation. 


Proof Let L, and L, be two languages of type i. Then, as in Theorem 4.5, we 
get Gi = (Vx, Xi. Pp S1) and Gs = (V'h , Xa, Pa, S2) of the same type i. We 
have to prove that LLa is of type i. 

Construct a new grammar Geon as follows: 


Goon = (V'y W VN U {Sh 2 U Ba, Peon S$) 
where S ¢ Vy U V% ; 


Poon = Py U Pa U {S — Sisa} 
We prove Lila = L(Geon) If w = wiwa € Lila then 
Si = Wy, Sa => Wo 
G, 


1 


So, 
Se S Sa => WiWwo 
Goon con 


Therefore. : 
Lila S L( Geon) 
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If w e L(Geon), then the first step in the derivation of w is S > SS. 
As Vy © V'h = @ and the productions in G) or G, involve only the variables 


£ 
(except those of the form A —> a), we have w = wwa, where S Zz w, and 
+ 1 


5 > wa. Thus LiL = L(Geon). Also, Goon is of type O or type 2 according 
as G; and G, are of type 0 or type 2. The above construction is sufficient when 
G, and G, are also of type 3 or type 1 provided A € Ly U La 

Suppose G; and G, are of type 1 or type 3 and A € L or A € La. Let 
L'i = Li z {A}, L = La T {A}. Then 


LL ok. if A is in L, but not in L, 
LL =4LL Y L if A is in L, but not in L, 
LiL OL OL, U{A} if Ais in L and also in L, 


As we have already shown that Z. and £, are closed under union, LL, is 
of type 1 or type 3 according as L; and L, are of type 1 or type 3. I 


Theorem 4.7 Each of the classes £o £e Leg, £r is closed under the 
transpose operation. 


Proof Let L be a language of type i. Then L = L(G), where G is of type i. 

We construct a new grammar G” as follows: G” = (Vy, X; P7, S), where the 
productions of P” are constructed by reversing the symbols on L.H.S. and 
R.H.S. of every production in P. Symbolically, a’ — B" is in P’ if a > B is 
in P. 

From the construction it is obvious that G” is of type 0, 1 or 2 according 
as G is of type 0, 1 or 2 and L(G’) = L’. For regular grammar, the proof is given 
in Chapter 5. 

it is more difficult to establish the closure property under intersection at 
present as we need the properties of families of languages under consideration. 
We state the results without proof. We prove some of them in Chapter 8. 


Theorem 4.8 (i) Each of the families Zoi, Ze, Z, is closed under 
intersection, 

(ii) Zo, is not closed under intersection. But the intersection of a context- 
free language and a regular language is context-free. 


4.6 LANGUAGES AND AUTOMATA 


In Chapters 7 and 9, we shall construct accepting devices for the four types 
of languages. Figure 4.1 describes the relation between the four types of 
languages and automata: TM, LBA, pda, and FA stand for Turing machine, 
linear bounded automaton, pushdown automaton and finite automaton, 
respectively. 
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Languages Automata 
Type 0 oe TM 
Context-sensitive |, : 
or type 1 LBA 
Context-free -i | 
ortype2 | = paa 
EE i { 
Regular! 
FA 
| or type \ | 
5 A 


Eae a pA ee 
Fig. 4.1 Languages and the corresponding automata. 


4.7 SUPPLEMENTARY EXAMPLES 


EXAMPLE 4.19 


Construct a context-free grammar generating 
(a) Ly = {a"b" |n 2 1} 


(b) L- = {a’"b" 


m>n m n21} 
> 


(c) La = {a"b"] m < n, m, n, 2 1} 
(d) Ly = {d"b" |m, n 2 0, m # n} 
Solution 
(a) Let G, = ({S}, {a. b}. P, S) where P consists of $ —> aSbb, S > abb. 


(b) 


oN 
Q 
Ne 


(d) 


Let Ga = QS, A}, {a, b}, P, S) where P consists of S > aS|aA, 
A — aAb, A —> ab. It is easy to see that L(G) c La. We prove the 
difficult part. Let a"b" e L». Then, m > n 2 1. As m >n, we have 
m-n 2 1. So the derivation of d"b" = a’ "a"b" is 


KY EN girls = q""qA4 x did Apt! => gp" 


) Let G; = ({S, B}. {a, b}, P, S) where P consists of S$ —> Sb | Bb, 


B — aBb, B — ab. This construction is similar to construction in (b). 
S — Sb | Bb are used to generate b"™. The remaining productions 
will generate a”b”. Hence L(G3) = Ls. 

Note that L = L UL; U L O L” where L’ = {b"|n 2 1} and 
L” = {a"|n 2 1}. It is easy to see how to construct grammars 
generating La. L, and L’ and L”. Define G, by combining these 
constructions. Let 

Gs = 5. Si, Sa, S3, Sy, A}. fa, b}, Py. S) where Py consists of 


S > Sil Sal $3} Sy. Si > aS, | Aa | aAb | ab, 
Sa ~ Sab | Ab, $3 —> bS3 | b, and Sy > ass, | a. 
It is easy to see that L(G) = La 
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EXAMPLE 4.20 


Construct a grammar accepting 


L = {w e {a, b}*|the number of a’s in w is divisible by 3}. 
Solution 


Consider a string over {a. b} having three a’s. These three a’s appear amidst 
the strings of b. A typical string is bab"ab‘ab’. For generating b”, we can have 
the productions § — bS. For getting the first a, we can have S -> aA. For 
getting b” afterwards, we have A — bA. For getting the second a, we can have 
A — aB. For getting b’, we have B > bB. For getting the third a and repetition 
of this pattern, we can have B > a |as. 

Now we construct G as follows: 

G = QS, A, B}, {a. b}, P. S) where P consists of 


S — bS. S ~ aA, A —> bA, A — aB. B > bB, B > a, B > as. 


A string in L is of the form yiyə ..- y, where each y; is of the form 
bab" ab’a for some nonnegative integers m, n and s. 


S Š b"S = b"aA Š b"ab"A = b"ab"aB => b"ab"ab'S 


Hence G is the required grammar. 


Construct a grammar G such that 
L(G) = {w e {a. b} |w has an equal number of a’s and b's}. 
Solution 
Define G = ({S, A. B}, {a, b}. P, S) where P consists of 
S — aB|bA, A — aS|bAA|a, B— bS| aBB|b 

To prove that G accepts the given language. we prove the following by 
induction on |w]. 

(i) S = w if and only if w consists of an equal number of a’s and b’s. 

(ii) A = wif and only if w consists of one more a than the number of b’s. 

(ii) B = wif and only if w consists of one more b than the number of a’s. 


The ponits (i), (ii). Gii) are true when |w | = 1. For A = a and a is the 
only string of length one which can be derived from B. Also, no string of 
length one is derivable from S$. Thus. there is basis for induction. 

Assume points (i), (ii), Gii) to be true for all strings of length k — 1. Let 
lw] =k. 

We prove the ‘only if part of (i). Let S => w. Then the first production 
has to be either $ - aB or S — bA. If the first production is $ — aB, then 
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S = aB = w. Hence w = aw;, B 5 w;, and |w,| = k - 1. By induction 
hypothesis, the point (iii) is true for w;. This means that w, has one more b 
than the number of a's. Hence w = aw, has an equal number of a’s and b’s. 
(The proof is similar if the first production is S + bA.) 

To prove the ‘if part’, assume that w has an equal number of a’s and b’s. 
If w starts with a, then w = aw}, where |w,| = k — 1. (If w starts with b the 
proof is similar.) Also w; has one more b than the number of a’s. By induction 
hypothesis, the point (iii) is true for w;. Then B => w. As S > aB is a 
production. we have $ = aB. SoS > aB 5 aw; = w, ie. § Š w, which 
proves the ‘if part’ of point (4). 

Similarly we can prove the points (ii) and (iii) for a string w of length &. 
By the principle of induction the points (i), (ii), Gii) are true for all strings w. 

In particular, from point (i), we can conclude that 


L(G) = {w e {a, b}|w has an equal number of a’s and b’s} 


EXAMPLE 4.22 


Construct a grammar G accepting the set L of all strings over {a, b} having 
more a’s than b's. 


Solution 


For generating strings with a’s but with no b's. we can have the production 
Sra, S > aS, S — Sa. (If xa e L, then ax e L. Hence we have S > aS and 
S — Sa.) If x, y € L, then xy e L (also vx € L). So xy or yx has at least two 
more a’s than b’s. So we can add a b. This can be done by having the 
productions S$ — bSS, S —> SbS, S — SSD. (i.e. b can be added at the beginning, 
or at the end of SS, or between S and S). With this motivation, we can construct 
G as follows: 
G = ({S}, ta. b}, P, S) where P consists of 


S > a|aS| Sa| bSS| SbS | SSb 


We can easily prove that G accepts all strings over {a, b} having more a’s 
than b’s. 


EXAMPLE 4.23 


Construct a grammar G accepting all strings over {a. b} containing an unequal 
number of a’s and b’s. 


Solution 


As in Example 4.20, we can construct a grammar accepting all strings having 
more b's than a’s. The required language is the union of the language of 
Example 4.20 and a similar one having more b's than a’s. So we construct 
G as follows: 
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G = ({S, S Si}, {a, b}, P. S) where P consists of 
SH S, | Sa 

Si > a| aS; | Sa | bS,S, | Sib; | S,S,b 

Sa —>b | bS> | Sb | as>S> | SaS | SS-a. 


G generates all strings over {a, b} having an unequal number of a’s and b’s. 


EXAMPLE 4.24 


If Lı and L, are the subsets of {a, b}*, prove or disprove: 


(a) If Li c L and L, is not regular, then L, is not regular. 
(b) If L; c L and L, is not regular, then L; is not regular. 


Solution 
(a) Let L; = {a"b? | n 2 1}. Lı is not regular. Let La = {a, b}*. By 
Example 4.5, Lə is regular. Hence (a) is not true. 
(b) Let L, = {a"b" | n 2 1}. It is not regular. But any finite subset is 
regular. Taking Lı to be a finite subset of La, we disprove (b). 


EXAMPLE 4.25 


Show that the set of all non-palindromes over {a, b} is a context-free 
language. 


Solution 


Let w e {a, b}* be a non-palindrome. Then w may have the same symbol in 
the first and last places, same in the second place from the left and from the 
right, ete.: this pattern will not be there after a particular stage. The 
productions S — aSa|bSb|A may be used for fulfilling the palindrome- 
condition for the first and last few places. For violating the palindrome 
condition, the productions of the form A — aBb|bBa and B —> aB|bB|A 
will be useful. So the required grammar is G = ({S, A, B}, {a, b}, P, $) 
where P consists of 


S— aSa|bSb\A 
A -> aBb|bBa 
B > aB|bB|A 


SELF-TEST 


Choose the correct answers to Questions 1-12: 
1. For a grammar G with productions S —> SS, S —> asb, S > bSa, S > A, 
(a) S = abba (b) S 5 abba 
(c) abba € L(G) (d) S 5 aaa 
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10. 


Ti 


. If œ Š Bin a grammar G, then 


(a) a= B (b) B => a 
(c) BSa (d) none of these 
. If a > Bis a production in a grammar G, then 
(a) aa => BB (b) aap = ppa 
(c) «a => pa (d) com > BBB 
. If a grammar G has three productions S$ > aSa | bsb | c, then 
(a) abcba and bacab € L(G) (b) abcba and abcab e L(G) 
(c) acceca and beccb € L(G) (d) acccb and becca e L(G) 
. The minimum number of productions for a grammar G = ({S}, {0, 1, 
2, .... 9}, P, S) for generating {0, 1. 2. .... 9} is 
(a) 9 (b) 10 
(c) 1 (d) 2 
. If G; = (N, T P,, S) and G> = (N, T, P>, S) and P, C Ps, then 
(a) L(G) © L(G) (b) L(G) c L(G)) 
(c) L(G,) = LG-) (d) none of these. 


. The regular grammar generating {a" : n 2 1} is 


(a) ({S}, ta}. {$ > aS}. $) 

(b) ({S}, {a}, {S > SS, S > ap 
(c) US}, {a}. 1S > aS}, $) 

(d) dS}, {a}. {S > aS, S > a, S) 


. L = {theory, of, computer, science} can be generated by 


(a) a regular grammar 

(b) a context-free grammar but not a regular grammar 

(c) a context-sensitlve grammar but not a context-free grammar 
(d) only by a type Q grammar. 


. fa" |n. 2 1} is 


(a) regular 

(b) context-free but not regular 

(c) context-sensitive but not context-free 
(d) none of these. 

{a b" |n = 1} is 

(a) regular 

(b) context-free but not regular 

(c) context-sensitive but not context-free 
(d) none of these. 


{a"b''c"|n 2 1} is 

(a) regular 

(b) context-free but not regular 

(c) context-sensitive but not context-free 
(d) none of these. 
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12. 


State 
13. 


14. 
15. 
16. 


17. 


18. 


19. 
20. 


4.1 


4.2 


4.3 


4.4 


{a"b'c" |n, m = 1} is 

(a) regular 

(b) context-free but not regular 

{tc} context-sensitive but not context-free 
(d) none of these. 


whether the following Statements 13-20 are true or false: 

In a grammar G = (Vx, £, P, S), Vy and & are finite but P can be 
infinite. 

Two grammars of different types can generate the same language. 

If G = (Vy, È, P, S) and P # @, then L(G) # Ô. 


If a grammar G has three productions, i.e. S — AA, A > aa, A -> 
bb, then L(G) is finite. 


If L = {a"’b"|m, n 2 1} and L = {b"c?|m, p 2 1}, then L NL, = 
{a"b'c"|n 2 1}. 


If a grammar G has productions § —> aS|bS|a, then L(G) = the set of 
all strings over {a, b} ending in a. 


The language {a"bc"|n 2 1} is regular. 
If the productions of G are S > aS|Sb|a{b, then abab € L(G). 


EXERCISES 


Find the language generated by the following grammars: 

(a) S => OS1|0A1, A > IA}1 

(b) S —> OS1|OA|0||1B] 1, A > 0A|0, B > 1B] 1 

(c) S —> OSBA|OLA, AB — BA, 1B > 11, 1A — 10, 0A — 00 

(d) S + OS1}O0Al, A > 140/10 

(e) S > 0A|15|0|1, A > IA[1S/1 

Construct the grammar, accepting each of the following sets: 

(a) The set of all strings over {0, 1} consisting of an equal number of 
0’s and l’s. 

(b) {O"1"0" 1" | m, n = 1} 

(c) {O"l"|n 2 1} 

(d) {O"1"|n > 1} o {1"0"|m = 1} 

(e) {O"1"0"|m, n 2 1} o {O"1"2"|m, n 2 1}. 

Test whether 001100, 001010, 01010 are in the language generated by 

the grammar given in Exercise 4.1(b). 


Let G = ({A, B, S}, {0, 1}, P, S), where P consists of S —> OAB, 
Ag — SOB, A, — SB1, B —> SA, B — 01. Show that L(G) = @. 


E ENEL aN a EIE ENE SEOSTE NEELA Ne ae Sen coy 
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4.5 


4.6 


4.7 


4.8 


4.9 
4.10 


4.11 


. 


4.12. 
4.13. 


Find the language generated by the grammar S — AB, A > A1|0. 
B — 2B| 3. Can the above language be generated by a grammar of 
higher type? 

State whether the following statements are true or false. Justify your 
answer with a proof or a counter-example. 

(a) If G, and Gh are equivalent. then they are of the same type. 

(b) If L is a finite subset of &*. then L is a context-free language. 
(c) If L is a finite subset of =*, then L is a regular language. 


Show that {a |n 2 1} is generated by the grammar S — a, S > AzA% 
Aj = A,;A3A2, Ax = AA, A,A2 = aAAj, Aja > aA, Aa > aA», 
AjAg > A;a, A-Á; — Asa, AAs => Asa, As >A 


Construct (i) a context-sensitive but not context-free grammar, (ii) a 
context-free but not regular grammar, and (iii) a regular grammar to 
generate {a"|n 2 I}. 


Construct a grammar which generates all even integers up to 998. 


Construct context-free grammars to generate the following: 

(a) {0"l"|m #n, m, n2 1}. 

(b) {a'b"c"| one of l, m, n equals 1 and the remaining two are equal}. 

(cy {011l <m <n}. 

(d) {alb"c"|1 + m = n}. 

(e) The set of all strings over {0, 1} containing twice as many 0's as 
I's. 

Construct regular grammars to generate the following: 

(a) {a"|n > 1}. 

(b) The set of all strings over {a, b} ending in a. 

(c) The set of all strings over {a. b} beginning with a. 

(d) {a'b"c"|l, m,n = 1}. 

(e) {(ab)"|n 2 1}. 

Is = an equivalence relation on (Vy U X)*? 

Show that Gi = ({S}, {a b}, Pi, S), where P; = {S —> aSb| ab} is 


equivalent to G» = ({S, A, B, C}. {a, b}, Ps, S). Here Pa consists of 
S —> AC, C > SB, S > AB, A > a BOD. 


. If each production in a grammar G has some variable on its right-hand 


side, what can you say about L(G)? 


. Show that {abc, bea, cab} can be generated by a regular grammar 


whose terminal set is {a, b, c}. 


. Construct a grammar to generate {(ab)"|n > 1} o {(ba)"|n > 1}. 
= | i 


. Show that a grammar consisting of productions of the form A —> xB] y. 


where x, y are in L* and A, B € Vy, is equivalent to a regular grammar. 


Regular Sets and 
Regular Grammars 


In this chapter. we first define regular expressions as a means of representing 
certain subsets of strings over È and prove that regular sets are precisely those 
accepted by finite automata or transition systems. We use pumping lemma for 
regular sets to prove that certain sets are not regular. We then discuss closure 
properties of regular sets. Finally. we give the relation between regular sets 
and regular grammars. 


5.1 REGULAR EXPRESSIONS 


The regular expressions are useful for representing certain sets of strings in an 
algebraic fashion. Actually these describe the languages accepted by finite state 
automata. 

We give a formal recursive definition of regular expressions over È as 
follows: 


1. Any terminal symbol (i.e. an element of E), A and Ø are regular 
expressions. When we view a in È as a regular expression, we denote 
it by a. 

. The union of two regular expressions R, and R, written as R; + Ro, 
is also a regular expression. 

3. The concatenation of two regular expressions R; and R,, written as 

R,R), is also a regular expression. 

4. The iteration (or closure) of a regular expression R. written as R*, is 

also a regular expression. 

5. If R is a regular expression, then (R) is also a regular expression. 

6. The regular expressions over © are precisely those obtained 

recursively by the application of the rules 1-5 once or several times. 


i) 
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Notes: (1) We use x for a regular expression just to distinguish it from the 
symbol (or string) x. 

(2) The parentheses used in Rule 5 influence the order of evaluation of 
a regular expression. 

(3) In the absence of parentheses, we have the hierarchy of operations as 
follows: iteration (closure), concatenation, and union. That is, in evaluating a 
regular expression involving various operations, we perform iteration first, then 
concatenation. and finally union. This hierarchy is similar to that followed for 
arithmetic expressions (exponentiation. multiplication and addition). 


Definition 5.1 Any set represented by a regular expression is called a regular 
Sef, 

If, for example, a, b e X, then (i) a denotes the set {a}, (ii) a + b denotes 
fa, b}, Gii) ab denotes {ab}, (iv) a* denotes the set {A. a, aa, aaa, ...} and 
(v) (a + b)* denotes {a, b}*. 

The set represented by R is denoted by L(R). 

Now we shall explain the evaluation procedure for the three basic 
operations. Let R; and R, denote any two regular expressions. Then (i) a 
string in L(R; + R3) is a string from R; or a string from Rz; (ii) a string in 
L(R,R>) is a string from R; followed by a string from Ra, and (iii) a string 
in L(R*) is a string obtained by concatenating n elements for some n 2 0, 
Consequently. (i) the set represented by R; + R, is the union of the sets 
represented by R; and R:z, (ii) the set represented by RR; is the concatenation 
of the sets represented by R, and Rs. (Recall that the concatenation AB of sets 
A and B of strings over È is given by AB = {wywi|w, € A, wa € B}, and 
(iii) the set represented by R* is {wyw.... 1;,/1; is in the set represented by 
R and n 2 0.} Hence. 

LR, + R2)= L(R,) o LR). ECR, R2) = LUR LCR) 
L(R*) = (L(R))* 


LR*) = (LR))* = U LR” 
n=0 


L) = 9, L(a) = {a}. 


Note: By the definition of regular expressions, the class of regular sets over 
ÈZ is closed under union. concatenation and closure (iteration) by the conditions 
2. 3, 4 of the definition. 


EXAMPLE 5.1 


Describe the following sets by regular expressions: (a) {101}. (b) {abba}, 
(c` {O1. 10}, (d) {A. ab}, (e) {abb, a, b, bba}, (© {A, 0, 00, 000... .}, and 
g) {1, 11. 111. ...}. 


Solution 


(a) Now. {1}, {0} are represented by 1 and 0. respectively. 101 is obtained 
by concatenating 1. 0 and 1. So, {101} is represented by 101. 
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(b) 
(c) 


(d) 
(e) 
(f) 
(g 


abba represents {abba}. 

As {01, 10} is the union of {O1} and {10}, we have {01, 10} 
represented by 01 + 10. 

The set {A, ab} is represented by A + ab. 

The set {abb, a, b, bba} is represented by abb + a + b + bba. 
As {A, 0, 00, 000, ...} is simply {0}*. it is represented by 0*. 
Any element in {1, 11, 111, ...} can be obtained by concatenating 
1 and any element of {1}*. Hence 1(1)* represents {1, 11, 111, ...}. 


EXAMPLE 5.2 


Describe the following sets by regular expressions: 


(a) Lı = the set of all strings of 0’s and 1’s ending in 00. 
(b) La = the set of all strings of 0's and 1's beginning with 0 and ending 
with 1. 
(e) L; = {A, 11, 1111, 111111, ...}. 
Solution 
(a) Any string in L, is obtained by concatenating any string over {0, 1} 
and the string 00. {0, 1} is represented by 0 + 1. Hence L, is 
represented by (0 + 1)* 00. 
(b) As any element of La is obtained by concatenating 0, any string over 
{0, 1} and i, Lə can be represented by 0(0 + 1)* 1. 
(c) Any element of L, is either A or a string of even number of l's, i.e. 
a string of the form (11)”, n 2 0. So Z} can be represented by (11)*. 
5.1.1 IDENTITIES FOR REGULAR EXPRESSIONS 


Two regular expressions P and Q are equivalent (we write P = Q) if P and 
Q represent the same set of strings. 

We now give the identities for regular expressions; these are useful for 
simplifying regular expressions. 


h Ø +R=R 

L QR=RO=6 

L AR=RA=R 

l A* =Aand @* =A 

L R+R=R 

Ig  R*R* = R* 

I, RR*=R'R 

kp R* =R 

Tp A + RR* = R* = A + R*R 
lo (PQP = P(QP)* 
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hy (B+ Q = PQ = (PF + Q 

L> (P+ Q)R = PR + QR and R(P + Q) = RP + RQ 

Note: By the ‘set P` we mean the set represented by the regular expression P. 

The following theorem is very much useful in simplifying regular 

expressions (i.e. replacing a given regular expression P by a simpler regular 
expression equivalent to P). 


Theorem 5.1 (Arden’s theorem) Let P and Q be two regular expressions 
over ÈX. If P does not contain A, then the following equation in R, namely 


R=Q+RP (5.1) 
has a unique solution (i.e. one and only one solution) given by R = QP*. 
Proof Q + (QP*)P = Q(A + P*P) = QP* by Jy 

Hence (5.1) is satisfied when R = QP*. This means R = QP* is a solution 
of (5.1). 
To prove uniqueness. consider (5.1). Here. replacing R by Q + RP on the 
R.H.S., we get the equation 
Q + RP= Q + (Q + RP)P 
= Q + QP + RPP 
= Q + QP + RP 
= Q + QP + QP +- + QP’ + RPH 
=QA+P+P+-..4+ P) + RPM 
From (5.1). 
R=QA+P+P+---+P)+RP* foriz0 (5.2) 
We now show that any solution of (5.1) is equivalent to QP*. Suppose R 
satisfies (5.1), then it satisfies (5.2). Let w be a string of length 7 in the set 
R. Then w belongs to the set Q(A + P + P? +... + Pi + RP. As P does 
not contain A, RP! has no string of length less than i + 1 and so w is not 
in the set RP™'. This means that w belongs to the set Q(A + P+ P+... 
+ P’), and hence to QP*. 
Consider a string w in the set QP*. Then w is in the set QP* for some 
k 2 0, and hence in O(A + P + P? +. + P*). So w is on the R.HS. of 
(5.2). Therefore, w is in R (L.HLS. of (5.2)). Thus R and QP* represent the 
same set. This proves the uniqueness of the solution of (5.1). I 


Note: Henceforth in this text, the regular expressions will be abbreviated r.e. 


Example 5.3 


(a) Give an r.e. for representing the set L of strings in which every Q is 
immediately followed by at least two I's. 

(b) Prove that the regular expression R = A + 1*(011)*(1* (011)*)* also 
describes the same set of strings. 
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Solution 


(a) If w is in L, then either (a) w does not contain any 0, or (b) it contains 
a 0 preceded by 1 and followed by 11. So w can be written as 
WW... Wp Where each w; is either 1 or O11. So L is represented 
by the re. (1 + 011)*. 


(b) R = A + P,P, where P) = 1*(011)* 


= Př using Lo 

= (1*(011)*)* 

= (PSP;)* letting P, = 1, P, = 011 
= (P, + P3)* using 1); 

= (1 + 011)* 


-EXAMPLE 5.4 


Prove (1 + 00*1) + (1 + 00*1)(0 + 10*1)* (0 + 10*1) = 0*1(0 + 10*1)*. 


Solution 
L.H.S.= (1 + 60*1) (A + (0 + 10*1)* (0 + 10*1)A using [12 
= (1 + 00*1) (0 + 10*1)* using lo 
= (A + 00*)1 © + 10*1)* using J; for 1 + 00*1 
= 0*1(0 + 10*1)* using fy 
= RHS. 


5.2 FINITE AUTOMATA AND REGULAR EXPRESSIONS 


In this section we study regular expressions and their representation. 


5.2.1 TRANSITION SYSTEM CONTAINING A-MOVES 


The transition systems can be generalized by permitting A-transitions or 
A-moves which are associated with a null symbol A. These transitions can 
occur when no input is applied. But it is possible to convert a transition system 
with A-moves into an equivalent transition system without A-moves. We shall 
give a simple method of doing it with the help of an example. 

Suppose we want to replace a A-move from vertex v; to vertex v2 Then 
we proceed as follows: 


Step 1 Find all the edges starting from vz. 


Step 2 Duplicate all these edges starting from vı, without changing the edge 
labels. i 
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Step 3 Ifv; is an initial state, make və also as initial state. 


Step 4 If v, is a final state, make v; also as the final state. 


EXAMPLE 5.5 


Consider a finite automaton, with A-moves, given in Fig. 5.1. Obtain an 
equivalent automaton without A-moves. 


0 1 


Fig. 5.4 Finite automaton of Example 5.5. 


Solution 


We first eliminate the A-move from qq to q; to get Fig. 5.2(a). qı is made 
an initial state. Then we eliminate the A-move from go to qo in Fig. 5.2(a) 
to get Fig. 5.2(b). As q» is a final state, go is also made a final state. Finally, 
the A-move from qı to q» is eliminated in Fig. 5.2(c). 


Fig. 5.2 Transition system for Example 5.5, without A-moves. 
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EXAMPLE 5.6 


Consider a graph (i.e. transition system), containing a A-move, given in 
Fig. 5.3. Obtain an equivalent graph (i.e. transition system) without A-moves. 


Fig. 5.3 Finite automaton of Example 5.6. 


Solution 


There is a A-move from q to q3. There are two edges, one from q3 to gq. with 
label O and another from q3 to q4 with label 1. We duplicate these edges from 
go. AS go is an initial state, q3 is made an initial state. The resulting transition 
graph is given in Fig. 5.4. 


Fig. 5.4 Transition system for Example 5.6, without A-moves. 


5.2.2 NDFAS WITH A-MOVES AND REGULAR EXPRESSIONS 


In this section, we prove that every regular expression is recognized by a 
nondeterministic finite automaton (NDFA) with A-moves. 


Theorem 5.2 (Kieene’s theorem) If R is a regular expression over E 
representing L c X*, then there exists an NDFA M with A-moves such that 
L= TM). 


Proof The proof is by the principle of induction on the total number of 
characters in R. By ‘character’ we mean the elements of ÈX, A, Ø, * and +. 
For example, if R = A + 10*11*0, the characters are A, +, 1, 0, *, 1, 1, *, 
0, and the number of characters is 9. 

Let L(R) denote the set represented by R. 
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Basis. Let the number of characters in R be 1. Then R = A, or R = @, or 
R = a, a; € È. The transition systems given in Fig. 5.5 will recognize these 
regular expressions. 


R=A R 
Fig. 5.5 Transition systems for recognizing elementary regular sets. 


Induction step. Assume that the theorem is true for regular expressions having 
n characters. Let R be a regular expression having n + 1 characters. Then, 


R=P+Q or R = PQ or R = P* 
according as the last operator in R is +, product or closure. Aiso P and Q are 
regular expressions having n characters or less. By induction hypothesis. L(P) 
and L(Q) are recognized by M; and Ma where M, and M- are NDFAs with 
A-moves, such that L(P) = T(M,) and L(Q) = T(M-). M, and M, are 
represented in Fig. 5.6. 


Fig. 5.6 Nondeterministic finite automata M, and Mp. 


The initial state and the final states of M, and M, are represented in the usual 
way. 


Case 1 R= P + Q. In this case we construct an NDFA M with A-moves 
that accepts L(P + Q) as follows: qo is the initial state of M, qo not in M, 
or Ma. qis the final state of M: once again qp not in M, or M>. M contains 
all the states of M, and M, and also their transitions. We add additional 
A-transitions from qo to the initial states of M, and M, and from the final 
states of M, and M, to qp The NDFA M is as in Fig. 5.7. It is easy to see 
that NM) = M) Y KM) = LP + Q). 

Case 2 R = PQ. In this case we introduce qp as the initial state of M and 
qr as the final state of M, both go, qp not in M, or M2. New A-transitions are 
added between qo and the initial state of M;. between final states of M, and 
the initial state of M>. and between final states of M, and the final state qy of 
M. See Fig. 5.8. 
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M2 
Fig. 5.7 NDFA accepting L(P + Q). 


M, My 
Fig. 5.8 NDFA accepting L(PQ). 


Case 3 R=(P)*. In this case, go, q and qp are introduced. New A-transitions 
are introduced from qo to q, q to qp q to the initial state of M, and from the 
final states of M, to g. See Fig. 5.9. 

Thus in all the cases. there exists an NDFA M with A-moves, accepting 
the regular expression R with n + 1 characters. By the principle of induction, 
this theorem is true for all regular expressions. I 


Fig. 5.9 NDFA accepting L(P*). 


Chapter 5: Regular Sets and Regular Grammars & 145 


Theorem 5.1 gives a method of constructing NDFAs accepting P + Q, PQ 
and P* using the NDFAs corresponding to P and Q. In the later sections we 
give a method of converting NDFA M with A-moves into an NDFA M, 
without A-moves and then into a DFA M, such that T(M) = TM) = T(M)). 
Thus, if a regular expression P is given, we can construct a DFA accepting 
L(P). 

The following theorem is regarding the converse. Both the Theorems 5.2 
and 5.3 prove the equivalence of regular expressions or regular sets and the 
sets accepted by deterministic finite automata. 


Theorem 5.3 Any set L accepted by a finite automaton M is represented by 
a regular expression. 


Proof Let 
M = {qi --- Gn}. 2 6 qi F) 


The construction that we give can be better understood in terms of the state 
diagram of M. If a string w e L* is accepted by M, then there is a path from 
qı to some final state with path value w. So to each final state. say q;, there 
corresponds a subset of =* consisting of path values of paths from qo to q; 
As T(M) is the union of such subsets of £*. it is enough to represent them by 
regular expressions. So the main part of the proof lies in the construction of 
subsets of path values of paths from the state q; to the state q; 

Let Pi denote the set of path values of paths from q; to q; whose 
intermediate vertices lie in {qp ..., q}. We construct P$ for k = 0, 1. .... 
n recursively as follows: l 


P} = {a € E| 6(q, aà = q} (5.3) 
Pi = {a € E| &q a) =q} U {A} (5.4) 
P= PUPR * PI O PAT (5.5) 


In terms of the state diagram, the construction can be understood better. 
P? simply denotes the set of path values (i.e. labels) of edges from q; to q; 
In P? we include A in addition to labels of self-loops from q; This explains 
(5.3) and (5.4). 

Consider a path from q; to q; whose intermediate vertices lie in 
{qi -. qk}. Tf the path does not pass through q then its path value lies in 
Be, Otherwise. the path passes through q, possibly more than once. The path 
can be split into several paths with path values w;. wa ... wy as in Fig. 5.10. 
w = wiw... wp wi is the path value of the path from q; to q} (without 
passing through q, 1.e. q is not an intermediate vertex). w2...., wy; are the 
path values of paths from q, to itself without passing through q} wis the path 
value of the path from q, to q; without passing through qg So w, is in Pi., 
Wa +. We, are in (PÅ). and wis in P`. This explains (5.5). 
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Wy w. Wia w 


2 i 
OO O ONL OU 


Fig. 5.10 A path from q; to g 


We prove that the sets introduced by (5.3)-(5.5) are represented by 
regular expressions by induction on & (for all 7 and J). P? is a finite subset of 
x. say {ap ..., a}. Then. P? is represented by P; =a +d, +--+ +a 
Similarly, we can construct Pp? representing Pe Thus, there is basis for 
induction. 


et us assume the result for k — 1. i.e. Pi is represented by a regular 


expression ie for ail i and j. From (5.5), we have Pi = PK (pk!) x PE VPE, 


So it is obvious that P is represented by Pi =P} (PET * PE uPA, 
Therefore, the result is true for all k. By the principle of induction, the sets 


constructed by (5.3)-(5.5) are represented by regular expressions. 


As Q = {qj... 6. Gm}; Pi denotes the set of path values of all paths from 


n 
qı to q; If F = {ap ..-. ap}. then T(M) = < P/;. So T(M) is represented 
i ja M 


m 


by the regular expression Př; +---+ Pi; . Thus, L = T(M) is represented 
by a regular expression. 


Note: P? and P? are the subsets of E U {A}, and so they are finite sets. So 


every P} is obtained by applying union, concatenation and closure to the set 
of all singletons in £ U {A}. Using this we prove Kleene’s theorem (Theorem 
5.4) at the end of this section. Kleene’s theorem characterizes the regular sets 
in terms of subsets of È and operations (union, concatenation, closure) on 
singletons in È U {A}. 


5.2.3 CONVERSION OF NONDETERMINISTIC SYSTEMS TO 
DETERMINISTIC SYSTEMS 


The construction we are going to give is similar to the construction of a DFA 
equivalent to an NDFA and involves three steps. 


Step 1 Convert the given transition system into state transition table where 
each state corresponds to a row and each input symbol corresponds to a 
column. 


Step 2 Construct the successor table which lists the subsets of states 
reachable from the set of initial states. Denote this collection of subsets by Q’. 


Step 3 The transition graph given by the successor table is the required 
deterministic system. The final states contain some final state of NDFA. If 
possible, reduce the number of states. 
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Note: The construction is similar to that given in Section 3.7 for automata 
except for the initial step. In the earlier method for automata, we started with 
[Gq]. Here we start with the set of all initial states. The other steps are similar. 


EXAMPLE 5.7 


Obtain the deterministic graph (system) equivalent to the transition system 
given in Fig. 5.11. 


Fig. 5.11 Nondeterministic transition system of Example 5.7. 


Solution 


We construct the transition table corresponding to the given nondeterministic 
system. It is given in Table 5.1. 


TABLE 5.4 Transition Table for Example 5.7 


State/Z a b 


G1: G2 


qı qo 


@) qo qı 


We construct the successor table by starting with [qgo, q1]. From Table 5.1 
we see that [go. qp q2] is reachable from [g, qı] by a b-path. There are no 
a-paths from [go, qı]. Similarly, [gp, qı] is reachable from [qo qp q2] by an 
a-path and [qo qi; q2] is reachable from itself. We proceed with the 
construction for all the elements in Q” 

We terminate the construction when all the elements of Q’ appear in the 
successor table. Table 5.2 gives the successor table. From the successor table 
it is easy to construct the deterministic transition system described by Fig. 5.12 


TABLE 5.2 Deterministic Transition Table for Example 5.7 


Q a b 
[go q] Ø [go 91, qa] 
[qo G1. Gel [qo 91] Ido. Qa Qal 


(j Ø Ø 
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Fig. 5.12 Deterministic transition system for Example 5.7. 


as gq and q are the fina! states of the nondeterministic system [go q;| and 
(Go. 91. Go] are the final states of the deterministic system. 


5.2.4 ALGEBRAIC METHOD USING ARDEN’S THEOREM 


The following method is an extension of the Arden’s theorem (Theorem 5.1). 
This is used to find the r.e. recognized by a transition system. 
The following assumptions are made regarding the transition system: 


(i) The transition graph does not have A-moves. 
(ii) It has only one initial state. say 14. 
(iii) Its vertices are vy... Vy. 
(iv) Y; the r.e. represents the set of strings accepted by the system even 
though v; is a final state. 
(v) 0; denotes the r.e. representing the set of labels of edges from v; to 
va When there is no such edge. œ; = Ø. Consequently, we can get the 


following set of equations in V; ... Vx 
V, = Via, + V0; +- + V pn] + A 
Va = Vi T V022 “bie be Vaip 
Vai = VQ), + V0, Bie ft oe Van 


By repeatedly applying substitutions and Theorem 5.1 (Arden’s theorem). 
we can express V; in terms of Q's. 

For getting the set of strings recognized by the transition system, we have 
to take the ‘union’ of all V,s corresponding to final states. 


EXAMPLE 5.8 


Consider the transition system given in Fig. 5.13. Prove that the strings 
recognized are (a + a(b + aa)*b)* a(b + aa)* a. 
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Fig. 5.13 Transition system of Example 5.8. 


Solution 


We can directly apply the above method since the graph does not contain any 
A-move and there is only one initial state. 
The three equations for qı. qa and q} can be written as 


qı = qa + Qb + A, q2 = qa + gob + q;a. q3 = q2a 


Tt is necessary to reduce the number of unknowns by repeated substitution. By 
substituting q3 in the q-equation. we get by applying Theorem 5.1 


q: = qa + gob + q-aa 


qa + q-(b + aa) 


qa(b + aa)* 
Substituting q> in qı. we get 
q, = qa + qa(b + aa)*b +A 


= q(a + a(b + aa)*b) + A 
Hence, 
q, = A(a + a(b + aa)*b)* 


q: = (a + a(b + aa)*b)* a(b + aa)* 


q: = (a + a(b + aa)*b)* a(b + aa)*a 
Since q, is a final state, the set of strings recognized by the graph is given by 


EXAMPLE 5.9 


Prove that the finite automaton whose transition diagram is as shown in 
Fig. 5.14 accepts the set of all strings over the alphabet {a, b} with an equal 
number of a’s and b’s, such that each prefix has at most one more a than the 
b's and at most one more b than the a’s. 

a 


(a + a(b + aa)*b)*a(b + aa)*a 


Fig. 5.14 Finite automaton of Example 5.9. 
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Solution 


We can apply the above method directly since the graph does not contain the 
A-move and there is only one initial state. We get the following equations for 


Gi, G2. a. qa: 
qi = gob + qa + A 


q2: = qa 
q: = qb 
q4 = qoa + qab + qua + qub 
As q; is the only final state and the q;-equation involves only qz and q3, we 


use only qz- and q3-equations (the qy-equation is redundant for our purposes). 
Substituting for q, and q3. we get 


qı = qab + q;ba + A = q,(ab + ba) + A 
By applying Theorem 5.1, we get 
qı = A(ab + ba)* = (ab + ba)* 


As q; is the only final state, the strings accepted by the given finite automaton 
are the strings given by (ab + ba)*. As any such string is a string of ab’s, 
and ba’s, we get an equal number of a’s and b’s. If a prefix x of a sentence 
accepted by the finite automaton has an even number of symbols, then it 
should have an equal number of a’s and b’s since x is a substring formed by 
ab’s and ba’s. If the prefix x has an odd number of symbols, then we can write 
x as va or vb. As y has an even number of symbols, y has an equal number 
of a’s and b’s. Thus, x has one more a than b or vice versa. 


EXAMPLE 5.10 


Describe in English the set accepted by the finite automaton whose transition 
diagram is as shown in Fig. 5.15. 


0 1 0,1 


Fig. 5.15 Finite automaton of Example 5.10. 


Solution 


We can apply the above method directly as the transition diagram does not 
contain more than one initial state and there are no A-moves. We get the 
following equations for qi; qo, q3- 


qi. = qO+A 
qo = qıl + q1 
q3 = q20 + q;(0 + 1) 


Chapter 5: Regular Sets and Regular Grammars & 151 


By applying Theorem 5.1 to the q,-equation, we get 
qı = A0* = 0* 
So. 
q2 = qıl + gol = 0*1 + qo] 
Therefore, 
q: = (0*1)1* 
As the final states are qı and q», we need not solve for q3: 
qi + qo = O* + 0*(11*) = O*(A + 11*) = 0*(1*) by Ly 


The strings represented by the transition graph are 0*1*. We can interpret the 
strings in the English language in the following way: The strings accepted 
by the finite automaton are precisely the strings of any number of 0’s (possibly 
A) followed by a string of any number of l's (possibly A). 


EXAMPLE 5.11 


Construct a regular expression corresponding to the state diagram described by 
Fig. 5.16. 


Fig. 5.16 Finite automaton of Example 5.11. 


Solution 

There is only one initial state. Also, there are no A-moves. The equations are 
q= Q0 + q,0 +A 
q:= ql + qol + qzl 


q; = q20 
So, 
q> = ql + ql + (q:0)1 = ql + gA + 01) 
By applying Theorem 5.1. we get 


qo = qld + 01)* 


152 & Theory of Computer Science 


Also, 
q= qô + q,0+ A= q0+ g00+A 


q0 + (qld + 01)*)00 +A 
= q (0 + 101 + 01)* 00) + A 


H 


Once again applying Theorem 5.1, we get 
q, = A(0 + 1(1 + 01)* 00)* = (0 + 1d + O1)* 00)* 


As q is the only final state, the regular expression corresponding to the given 
diagram is (0 + 1(1 + 01)* 00)*. 


EXAMPLE 5.12 


Find the regular expression corresponding to Fig. 5.17. 


Fig. 5.17 Finite automaton of Example 5.12. 


Solution 


There is only one initial state, and there are no A-moves. So, we form the 
equations corresponding to qp qo. q3; Qu: 


qi = q0 + q30 + q0 + A 
q2= ql + qol + qul 
q2 = q,0 


qs = gal 
Now. 

q4 = ql = (q,0)1 = q,01 
Thus. we are able to write q3, Gy in terms of qz. Using the qo-equation, we 
get 


q = ql + qol + q,011 = ql + q1 + 011) 
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By applying Theorem 3.1. we obtain 
q = (qd) + 011)* = qd + 011)*) 
From the q)-equation. we have 
qı = qð + q-00 + g-010 + A 

q0 + g.(00 + 010) + A 
q0 + qld + 011)* (00 + 010) + A 
Again, by applying Theorem 5.1. we obtain 

qı= AG + 101 + 011)* (00 + 010))* 

q4 = q:01 = qi + 011)* 01 

= (0 + 1(1 + 011)*(00 + 010))*(101 + 011)* 01) 


5.2.5 CONSTRUCTION OF FINITE AUTOMATA EQUIVALENT 
TO A REGULAR EXPRESSION 


The method we are going to give for constructing a finite automaton 
equivalent to a given regular expression is called the subset method which 
involves two steps. 

Step 1 Construct a transition graph (transition system) equivalent to the 
given regular expression using A-moves. This is done by using Theorem 5.2. 


Step 2 Construct the transition table for the transition graph obtained in 
step 1. Using the method given in Section 5.2.3, construct the equivalent DFA. 
We reduce the number of states if possible. 


. EXAMPLE 5.13 


Construct the finite automaton equivalent to the regular expression 
(0 + 1)*(00 + 11)(0 + 1)* 
Solution 


Step 1 (Construction of transition graph) First of all we construct the 
transition graph with A-moves using the constructions of Theorem 5.2. Then 
we eliminate A-moves as discussed in Section 5.2.1. 

We start with Fig. 5.18(a). 

We eliminate the concatenations in the given r.e. by introducing new 
vertices q; and q and get Fig. 5.18(b). 

We eliminate the * operations in Fig. 5.18(b) by introducing two. new 
vertices gs and gg and the A-moves as shown in Fig. 5.18(c). 

We eliminate concatenations and + in Fig. 5.18(c) and get Fig. 5.18(d). 

We eliminate the A-moves in Fig. 5.18(d) and get Fig. 5.18(e) which 
gives the NDFA equivalent to the given Le. 
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(a) (0 +1 )*(00 + 11)(0 + 17 


(a) 


r O naa O aaa O aaan O) 


(b) 
0+1 0+1 
(c) 


Fig. 5.18 Construction of finite automaton equivalent to (0 + 1)*(00 + 11)(0 + 1)*. 


Step 2 (Construction of DFA) We construct the transition table for the 
NDFA defined by Table 5.3. 


TABLE 5.3 Transition Table for Example 5.13 


State/= 0 : 4 
> qo go: Qo qo, q4 
93 qr 
q4 qr 


© . qr qr 
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The successor table is constructed as given in Table 5.4. 


TABLE 5.4 Transition Table for the DFA of Example 5.13. 


Q Qo Q 

> [qo] lgo: 93] [go ga] 
[go g3] [Go 93, qr] [q0. g4] 
(qo: q4] [go qa] (90, 94. q 
(do, 93, qà [go 93. qA Ido, 9a, qd 
Ido. Ga. Oe] [qo 92. qA] Ido, 94, 9 


The state diagram for the successor table is the required DFA as described by 
Fig. 5.19. As qç is the only final state of NDFA. [q. 93. qj] and [q. 44. qr] 
are the final states of DFA. 


Fig. 5.19 Finite automaton of Example 5.13. 


Finally. we try to reduce the number of states. (This is possible when two 
rows are identical in the successor table.) As the rows corresponding to 
igo. 93. q} and [qo. 94. qr] are identical. we identify them. The state diagram 
for the equivalent automaton. where the number of states is reduced, is 
described by Fig. 5.20. 


Fig. 5.20 Reduced finite automaton of Example 5.13. 


Note: While constructing the transition graph equivalent to a given r.e., the 
operation (concatenation. *. +) that is eliminated first, depends on the regular 
expression. 
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EXAMPLE 5.14 


Construct a DFA with reduced states equivalent to the r.e. 10 + (0 + 11))0*1. 


Solution 


Step 1 (Construction of NDFA) The NDFA is constructed by eliminating the 
operation +. concatenation and *. and the A-moves in successive steps. The 
step-by-step construction is given in Figs. 5.21(a}-5.21(e). 


do 10+ (0+ 11) 0°14 
(a) 
10 
Go 
(0 + 11)0*1 


(b) Elimination of +. 


(e} Elimination of A-moves. 


Fig. 5.21 Construction of finite automaton for Example 5.14. 


| 
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Step 2 (Construction of DFA) For the NDFA given in Fig. 5.18(e), the 
corresponding transition table is defined by Table 5.5. 


’ TABLE 5.5 Transition Table for Example 5.14 


State/z 0 4 
> Qo g3 q4: 92 
(e5 qr 
qo g3 
Q3 q3 qr 


D 


The successor table is constructed and given in Table 5.6. 
In Table 5.6 the columns corresponding to [q] and Øare identical. So we 
can identify [g,] and Ø. 


TABLE 5.6 Transition Table of DFA for Example 5.14 


Q Qo Q; 
> [9o] [qs] 191, Ql 
[ga] [93] RRI 
[q1 92] [gA [ga] 
© 9 9 
ð ý (i 


The DFA with the reduced number of states corresponding to Table 5.6 
is defined by Fig. 5.22. 


Fig. 5.22 Reduced DFA of Example 5.14. 


5.2.6 EQUIVALENCE OF Two FINITE AUTOMATA 


Two finite automata over E are equivalent if they accept the same set of strings 
over XZ. When the two finite automata are not equivalent, there is some string 
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w over È satisfying the following: One automaton reaches a final state on 
application of w, whereas the other automaton reaches a nonfinal state. 

We give below a method. called the comparison method. to test the 
equivalence of two finite automata over E. 


Comparison Method 


Let M and M’ be two finite automata over E. We construct a comparison table 
consisting of n + 1 columns. where n is the number of input symbols. The first 
column consists of pairs of vertices of the form (q, q, where q €e M and g 
e M’. If (q, g’) appears in some row of the first column, then the 
corresponding entry in the a-column (a € E) is (qe 44), where q, and q/ are 
reachable from q and g’, respectively on application of a (i.e. by a-paths). 

The comparison table is constructed by starting with the pair of initial 
vertices Gy, gi, of M and M’ in the first column. The first elements in the 
subsequent columns are (qa gj), where g, and g4 are reachable by a-paths 
from Gin and qip We repeat the construction by considering the pairs in the 
second and subsequent columns which are not in the first column. 

The row-wise construction is repeated. There are two cases: 


Case 1 If we reach a pair (q, q^) such that q is a final state of M, and g’ is 
a nonfinal state of M’ or vice versa, we terminate the construction and 
conclude that M and M’ are not equivalent. 


Case 2 Here the construction is terminated when no new element appears in 
the second and subsequent columns which are not in the first column (i.e. 
when all the elements in the second and subsequent columns appear in the first 
column). In this case we conclude that M and M’ are equivalent. 


EXAMPLE 5. 15) 


Consider the following two DFAs M and M’ over {0, 1} given in Fig. 5.2 
Determine whether M and M’ are equivalent. 


(a) (b) 


Fig. 5.23 (a) Automaton M and (b) automaton M’. 
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Solution 

The initial states in M and M’ are q) and q} respectively. Hence the first 
element of the first column in the comparison table must be (gj, ga. The first 
element in the second column is (q;, q4) since both qy and gy are c-reachable 
from the respective initial states. The complete table is given in Table 5.7. 


TABLE 5.7 Comparison Tabie for Example 5.15 


(q 7) (ds qo) (Ja, a) 
(G1. Qa) (G1. Ga) (qe, qs) 
(Yo. Gs) (qs, Qe) (Qi, qa) 
(qs. Gg) (G2, 7) (G3, qe) 
(qo. Gr) (qs. Ge) (Qi: qa) 


As we do not get a pair (q, q’), where q is a final state and q’ is a nontinal 
state (or vice versa) at every row, we proceed until all the elements in the 
second and third columns are also in the first column. Therefore. M and M’ 
are equivalent. 


(a) (b) 
Fig. 5.24 (a) Automaton M, and (b) autornaton Mbp. 


Solution 


The initial states in M, and M> are qı and q}. respectively. Hence the first 
column in the comparison table is (q;, q4). qə and qs are d-reachable from g; 
and q4. We see from the comparison table given in Table 5.8 that q; and ge 
are d-reachable from q» and qs, respectively. As q; is a final state in M,. and 
qo 18 a nontinal state in M», we see that M, and M- are not equivalent: we can 
also note that q, is dd-reachable from g;, and hence dd is accepted by M,. dd 
is not accepted by M- as only g, is dd-reachable from q4. but gg is nonfinal. 
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TABLE 5.8 Comparison Table for Exampie 5.16 


(q. q) (do 9%) (qa, qa) 
(qi ga) (qi: Qa) (q2 Ys) 
(q2. qs) (93, q7) (qa, qe) 


5.2.7 EQUIVALENCE of Two REGULAR EXPRESSIONS 


Suppose we are interested in testing the equivalence of two regular 
expressions, say P and Q. The regular expressions P and Q are equivalent iff 
they represent the same set. Also, P and Q are equivalent iff the corresponding 
finite automata are equivalent. 

To prove the equivalence of P and Q, (i) we prove that the sets P and Q 
are the same. (For nonequivalence we find a string in one set but not in the 
other.) Or (ii) we use the identities to prove the equivalence of P and Q. Or 
(iii) we construct the corresponding FA M and M’ and prove that M and M’are 
equivalent. (For nonequivalence we prove that M and M’ are not equivalent.) 

The method to be chosen depends on the problem. 


EXAMPLE 5.17 


Prove (a + b)* = a*(ba*)*, 


Solution 


Let P and Q denote (a + b)* and a*(ba*)*, respectively. Using the construction 
in Section 5.2.5, P is given by the transition system depicted in Fig. 5.25. 


a,b 


Q 


Fig. 5.25 Transition system for (a + b)*. 


The transition system for Q is depicted in Fig. 5.26. 
It should be noted that Figs. 5.25 and 5.26 are obtained after eliminating 
A-moves. As these two transition diagrams are the same, we conclude that 
P=Q. se 
We now summarize all the results and constructions given in this section. 
(i) Every r.e. is recognized by a transition system (Theorem 5.2). 
(ii) A transition system M can be converted into a finite automaton 
accepting the same set as M (Section 5.2.3). 

(iii) Any set accepted by finite automaton is represented by an r.e. 
(Theorem 5.3). 

(iv) A set accepted by a transition system is represented by an r.e. (from 
(i) and (iii). 
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—— 
"i ba* 


o 
© 


Fig. 5.26 Transition system for a*(ba*)*. 


(v) To get the r.e. representing a set accepted by a transition system. we 
can apply the algebraic method using the Arden’s theorem (see 
Section 5.2.4). 

(vi) If P is an r.e.. then to construct a finite automaton accepting the set 
P. we can apply the construction given in Section 5.2.5. 

(vii) A subset L of X* is a regular set (or represented by an r.e.) iff it is 
accepted by an FA (from (i), Gi) and (iii)). 

(vil) A subset L of L* is a regular set iff it is recognized by a transition 
system (from (i) and Gv). 

(ix) The capabilities of finite automaton and transition systems are the 
same as far as acceptability of subsets of strings is concerned. 

(x) To test the equivalence of two DFAs. we can apply the comparison 
method given in Section 3.2.6. 

We conclude this section with the Kleene’s theorem, 

Theorem 5.4 (Kleene’s theorem) The class of regular sets over È is the 
smallest class R containing {a} for every a € E and closed under union, 
concatenation and closure. 

Proof The set {a} is represented by the regular expression a, So {a} is 
regular for everv a e L. As the class of regular sets is closed under union, 
concatenation. and closure. R is contained in the class of regular sets. 
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Let L be a regular set. Then L = T(M) for some DFA, M = ({q, .... 
Amb x, 6, do F). By Theorem 5.3. 


L= Ù P) 
jal 
where F = {qf ap} and Pi; is obtained by applying union, concatenation 


and closure to singletons in E. Thus, L is in R. 1 


5.3 PUMPING LEMMA FOR REGULAR SETS 


In this section we give a necessary condition for an input string to belong to 
a regular set. The result is called pumping lemma as it gives a method of 
pumping (generating) many input strings from a given string. As pumping 
lemma gives a necessary condition, it can be used to show that certain sets are 
not regular. 


Theorem 5.5 (Pumping Lemma) Let M = (Q, E. 6, qo, F) be a finite 
automaton with n states. Let L be the regular set accepted by M. Let w e L 
and | w| 2m. If m È n, then there exists x, y, z such that w = xyz, y # A and 
x's e L for each i > 0. 


Proof Let 
W = Aaa ... Ans m2n 


Og, ayaa... a) = q; fori= 1, 2... m, Qi = {qo qp -o qm} 


That is, Q; is the sequence of states in the path with path value w = aaz . . . Ay. 
As there are only n distinct states, at least two states in Q; must coincide. 
Among the various pairs of repeated states, we take the first pair. Let us take 
them as qj and q,(q; = q,). Then j and k satisfy the condition 0 Sj < k Sn. 

The string w can be decomposed into three substrings ajaz ... dj aji .-- 
ag and a.) ... App Let x, y, z denote these strings aja) ... Ap ay)... lp 
Qpy| ++ Gy respectively. As k < n, |x| < n and w = xyz. The path with the 
path value w in the transition diagram of M is shown in Fig. 5.27. 

The automaton M starts from the initial state gp. On applying the string 
x, it reaches q;(=q;). On applying the string y, it comes back to q;(= qj. So 
after application of )’ for each i 2 0, the automaton is in the same state q; 
On applying z. it reaches q,,, a final state. Hence. xv'c € L. As every state in 
Q, is obtained by applying an input symbol, y # A. I 


Fig. 5.27 String accepted by M. 
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Note: The decomposition is valid only for strings of length greater than or 
equal to the number of states. For such a string w = xvz, we can ‘iterate’ the 
substring y in xyz as many times as we like and get strings of the form xy'z 
which are longer than xvz and are in L. By considering the path from go to 
q; and then the path from g; to q,, (without going through the loop), we get 
a path ending in a final state with path value xz. (This corresponds to the case 
when 7 = 0.) 


5.4 APPLICATION OF PUMPING LEMMA 


This theorem can be used to prove that certain sets are not regular. We now 
give the steps needed for proving that a given set is not regular. 


Step 1 Assume that L is regular. Let n be the number of states in the 
corresponding finite automaton. 


Step 2 Choose a string w such that | w | 2 n. Use pumping lemma to write 
|Snand[y|>0. 


w= xyz, with | av |> 
Step 3 Find a suitable integer i such that a'z ¢ L. This contradicts our 
assumption. Hence L is not regular. 

Note: The crucial part of the procedure is to find i such that ayz ¢ L In 
some cases we prove a'z € L by considering | x's |. In some cases we may 
have to use the ‘structure’ of strings in L. 


EXAMPLE 5.18 


Show that the set L = {a” | i2 1} is not regular. 


Solution 


Step 1 Suppose L is regular. Let n be the number of states in the finite 
automaton accepting L. 


Then |w] =n >n. By pumping lemma, we can write 


Step 2 Let w = a”. 
| < n and |y] > 0. 


w = xyz with [ay 


Step 3 Consider 7z. jotz] = |x] + 2/x] + lz} > |x] + {y| + |z| as 
|x] > 0. This means n° = [xyz] = |x| + fy] + [2] < Jays]. As fay] <n, 
we have [y] < n. Therefore. 

hos = [xl + 2y] +l <i tn 


Le: 
nm < | wre | ay a2 ; 1 
AYTI SW AASE tA At+ 
Hence, | ay7z | strictly lies between n° and (n + 1Y, but is not equal to any 


one of them. Thus | n“s| is not a perfect square and so ws € L. But by 
pumping lemma, xyz e L. This is a contradiction. 
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EXAMPLE 5.19 


Show that L = {a | p is a prime} is not regular. 


Solution 
Step 1 We suppose L is regular. Let n be the number of states in the finite 
automaton accepting L. 


Step 2 Let p be a prime number greater than n. Let w = a’. By pumping 
lemma. w can be written as w = xyz, with | xy | < n and | y| > 0.x, y, z are 
simply strings of a’s. So, y = a” for some m 2 1 (and < n). 

Step 3 Leti=p +1. Then | wc) =luocl + bo =p+@-Dm=pt 
pm. By pumping lemma. “ai e L But oi | =p + pm =p(1 + m), and p(l 
+m) is not a prime. So xz ¢ L. This is a contradiction. Thus L is not regular. 


EXAMPLE 5.20 


Show that L = go'i] > 1} is not regular. 


Solution 

Step 1 Suppose L is regular. Let n be the number of states in the finite 
automaton accepting L. 

Step 2 Let w = 0"1". Then |w| = 2n > n. By pumping lemma, we write 
w = xve with |o] <n and |y] # 0. 

Step 3 We want to find ï so that oc € L for getting a contradiction. The 
string y can be in any of the following forms: 

Case 1 y has 0’s. ie. y = 0f for some k 2 1. 

Case 2 ~v has only I's, ie. y = 1’ for some 7 > 1. 

Case 3 y has both O's and I's, ie. y = OFF for some k, j 2 1. 


In Case 1, we can take 7 = 0. As wz = O" 1" yz = OM 1 Aske ln- 
kK#n. So, xz g L. 

In Case 2, take i = 0. As before, xz is O"1"" andn#n—1 So.az¢ L 

In Case 3. take i = 2. As xyz = OOE IPT, xyz = OF OOF I. As az 
is not of the form 0'15 7: € L. 

Thus in all the cases we get a contradiction. Therefore, L is not regular. 


' EXAMPLE 5.21 


Show that L = {ww] w e {a, b}*} is not regular. 
Solution 


Step 1 Suppose L is regular. Let n be the number of states in the automaton 
M accepting L. 
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Step 2 Let us consider ww = abab in L. |ww| = 2(n + 1) >n. We can 
apply pumping lemma to write ww = xyz with | y| = 0, | av) <m. 


Step 3 We want to find i so that x»: ¢ L for getting a contradiction. The 
string y can be in only one of the following forms: 


Case 1 y has no b’s, ie. y = at for some k 2 1. 
Case 2 y has only one b. 


We may note that y cannot have two b's. If so, |y] 2 n + 2. But |y| < 
|x| <n. In Case 1, we can take į = 0. Then ayes = xz is of the form a”ba"b, 
where m =n — k < n (or abab). We cannot write xz in the form uu with 
ue {a, b}*. and so xz € L. In Case 2 too, we can take i = 0. Then xyz = xz 
has only one b (as one b is removed from xyz, b being in yv). So xz @ L as 
any element in L should have an even number of a’s and an even number of 
b's. 

Thus in both the cases we get a contradiction. Therefore. L is not regular. 


Note: If a set L of strings over È is given and if we have to test whether 
L is regular or not, we try to write a regular expression representing L using 
the definition of L. If this is not possible. we use pumping lemma to prove 
that L is not regular. 


‘EXAMPLE 5.22 


a ¢ 
Is L = {a"|n 2 1} regular? 


Solution 


27 


; 5 3 7 aes TILNI aye 
We can write a” as alaa, where i 2 0. Now {(av) | i 2 O} is simply {a7}*. 
So L is represented by the regular expression a(P)*a, where P represents {a7}. 
The corresponding finite automaton (using the construction given in Section 


5.2.5) is shown in Fig. 5.28. 


©) 


Fig. 5.28 Finite automaton of Example 5.22. 


5.5 CLOSURE PROPERTIES OF REGULAR SETS 


In this section we discuss the closure properties of regular sets under (i) set 
union, (ii) concatenation. (iii) closure (iteration), (iv) transpose, (Vv) set 
intersection, and (vi) complementation. 
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In Section 5.1. we have seen that the class of regular sets is closed under 
union. concatenation and closure. 


Theorem 5.6 If L is regular then L’ is also regular. 


Proof As L is regular by (vii), given at the end of Section 5.2.7, we can 
construct a finite automaton M = (Q, ÈE, 6, gg, F) such that TM) = L. 

We construct a transition system M’ by starting with the state diagram of 
M, and reversing the direction of the directed edges. The set of iniual states 
of M’ is defined as the set F, and qo is defined as the (only) final state of M’, 
ie. M’ = (Q, X. 6°. F. {qop 

If w e TM), we have a path from go, to some final state in F with path 
value w. By ‘reversing the edges’, we get a path in M’ from some final state 

T 


k + y F PET. S 
in F to qo. Its path value is uw’. So w? e NM’). In a similar way, we can 


see that if w; € TM’), then wfe T(M). Thus from the state diagram it is 


easy to see that TUM’) = TOM). We can prove rigorously that w e T(M) iff 
w e T(M’) by induction on |w]. So TUM)! = T(M"). By (viii) of Section 


€ 
5.2.7. T(M’) is regular. i.e. TM)? is regular. I 


-EXAMPLE 5.23 


Consider the FA M given by Fig. 5.29. What is TM)? Show that T(M)! is 


regular. 
AN 1 a 
| On 4 AR 
ee: ; 
0 / 
f 
01C a ) 
Fig. 5.29 Finite automaton of Example 5.23. 
Solution 


As the elements of 7(M) are given by path values of paths from qo to itself 
or from qo to qı (mote that we have two final states gy and qı) we can 
construct T(M) by inspection. . 

As arrows do not come into go, the paths from gy to itself are self-loops 
repeated any number of times. The corresponding path values are 0°, i 2 1. 
As no arrow comes from gə to gp or qì, the paths from go to q, are of the 
form go... > qo... qı --. > qı. The corresponding path values are 0'V. 
where 1 2 0 and j 2 1. As the initial state gg is also a final state, A € 7(M). 
Thus. 

T(M) 


{Ol |i 7 = 0} 
Hence, Ei 
TM = {V0}; j 2 0} 
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The transition system M” is constructed as follows: 
G) The initial states of M’ are qo and q). 
Gi) The (only) final state of M’ is qo. 
(ii) The direction of the directed edges is reversed. Mis given in Fig. 5.30. 
From ()-(ili) it follows that 
TM^ = TMY 
Hence, My is regular. 


OQ 


\ 


Fig. 5.30 Finite automaton of (MY. 

Note: In Example 5.23. we can see by inspection that T(M’) = Hi oli, 
j 2 0}. The strings of TUM’) are obtained as path values of paths from qo to 
itself or from qı to qo. 


Theorem 5.7 If Lis a regular set over £. then &* — L is also regular over È. 


Proof As L is regular by (vii). given at the end of Section 5.2.7, we can 
construct a DFA M = (Q, E. 6. qo, F) accepting L, ie. L = KM). 

We construct another DFA M’ = (Q, E, 6. q, F^) by defining F” = Q -F, 
i.e. Mand M’ differ only in their final states. A final state of M’ is a nonfinal 
state of M and vice versa. The state diagrams of M and M’ are the same except 
for the final states. 

we TM^ if and only if òlga w) € Fo = QO - F, Le. iff w L. This 
proves M^ = I* -X 1 


Theorem 5.8 If X and Y are regular sets over 5, then X A Y is also regular 
over È, 


Proof By DeMorgan’s law for sets. X O Y = 2* — ((2* - X) O (2* ~ Y)). By 
Theorem 5.7. 2* — X and £* — Y are regular. So, (2* - X) U (2* - Y) is 
also regular. By applying Theorem 5.7. once again &* — (2* - X) U 
(<* — Y)) is regular. Le. X ^ Y is regular. 1 


5.6 REGULAR SETS AND REGULAR GRAMMARS 


We have seen that regular sets are precisely those accepted by DFA. In this 
section we show that the class of regular sets over È is precisely the regular 
languages over the terminal set È. 
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5.6.1 CONSTRUCTION OF A REGULAR GRAMMAR 
GENERATING (M) FOR A GIVEN DFA M 


Let M = ({qp, --- . Gu}. 2. Ô go, F). If w is in T(M), then it is obtained by 
concatenating the labels corresponding to several transitions, the first from gp 
and the last terminating at some final state. So for the grammar G to be 
constructed. productions should correspond to transitions. Also, there should 
be provision for terminating the derivation once a transition terminating at 
some final state is encountered. With these ideas in mind, we construct G as 


G = ({Ao, Al; ease Ay}, Das P, Ag) 
where P is defined by the following rules: 
(i) A; > aA; is included in P if 6(q;. a) = qj e F. 
(ii) A; > aA; and A; > a are included in P if 6(q, a) = qE F. 
We can show that L(G) = TM) by using the construction of P. Such a 
construction gives 
A;=> aA; iff O(G;: a) = qj 
A> a iff 0(q;, @ € F 
So. 
Ao => aA, => ajarA> >... > a... ag1Ák => dr... Ak 
iff 6(qo 4) = Gr OG, a) = qa ves qe ap E F 


This proves that w = a, ... a, € L(G) iff d(qo, a... a) € F, ie. iff 


we TM). 


EXAMPLE 5.24 


Construct a regular grammar G generating the regular set represented by 
P = a*b(a + b)*. 


Loe 
i 


Solution 


We construct the DFA corresponding to P using the construction given in 
Section 5.2.5. The construction is shown in Fig. 5.31. 


OS tO 
a a,b 


Fig. 5.31 DFA of Example 5.24, with A-moves. 


A 


After eliminating the A-moves. we get the DFA straightaway, as shown in 
Fig. 5.32. 
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a 


sie : rO) 


Fig. 5.32 DFA of Example 5.24, without A-moves. 


Let G = ({A0, A;}. {a, b}. P. Ap). where P is given by 
Ag ~ aAo, Ag => DA. Ag >b 
Ay => aA, Ay => bA}, Ay =I A; >b 


G is the required regular grammar. 


5.6.2 CONSTRUCTION OF A TRANSITION SYSTEM M 
ACCEPTING L(G) FOR A GIVEN REGULAR 
GRAMMAR G 


Let G = ({Ag. Ay. .... A,}. È. P, Ao). We construct a transition system M 
whose (i) states correspond to variables. (ii) initial state corresponds to Ag, 
and (iii) transitions in M correspond to productions in P. As the fast 
production applied in any derivation is of the form A; — a, the corresponding 
transition terminates at a new state. and this is the unique final state. 
We define M as (qo. .. Gp» qà. È. ô Go, {qr}) where ĝis defined as 
follows: ; l 
(G) Each production A; — aA; induces a transition from q; to q; with 
label a. l l 
Gi) Each production A; — a induces a transition from q; to qp with 
label a. 


From the construction it is easy to see that Ap => 4A; = ajarA> =>... 
=> 4a, ...4,4;A,-1 > a --. A is a derivation of aja. ... a, iff there is a 
path in M starting from qo and terminating in gp with path value aja... . ap 
Therefore. L(G) = T(M). 


EXAMPLE 5.25 


Let G = ({Ap, Aj}. {a. b}. P, Ap), where P consists of Ag —> aA]. Ay > DA), 
A; > a, A, > bA. Construct a transition system M accepting L(G). 


Solution 


Let M = ({qo qi- apt. {a. b}. Ô qo, {q}). where qì and q, correspond to Ag 
and A, respectively and qp is the new (final) state introduced. Ay 3 aA, 
induces a transition from qo to qı with label a. Similarly. A; —> bA, and 
A, — bå induce transitions from q; to q; with label b and from q; to gq with 
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label b, respectively. A; — a induces a transition from q; to qr with label a. 
M is given in Fig. 5.33. 


Fig. 5.33 Transition system for Example 5.25. 


EXAMPLE. 5.26 


If a regular grammar G is given by S -> aS|a, find M accepting L(G). 


Solution 


Let go correspond to S and q; be the new (final) state. M is given in 
Fig. 5.34. Symbolically. 


M = ({qo. a}. {a}. & qo (aA) 


© 


Fig. 5.34 Transition system for Example 5.26. 


Note: If S > A is in P, the corresponding transition is from gq to qp with 
label A. 


By using the construction given in Section 5.2.3, we can construct a DFA 
M accepting L(G) for a given regular grammar G. 


5.7 SUPPLEMENTARY EXAMPLES 


EXAMPLE 5.27 


Find a regular expression corresponding to each of the following subsets of 
{a. b}. 

(a) The set of all strings containing exactly 2a’s. 

(b) The set of all strings containing at least 2a’s. 

(c) The set of all strings containing at most 2a’s. 

(d) The set of all strings containing the substring aa. 
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Solution 
(a) b*ab*ab* 
(b) (a + b)*a(a + b)*a(a + b)* 
(c) b*ab*ab* + břab* 
(d) (a + b)*aa(a + b)* 


EXAMPLE. 5.28 


Find a regular expression consisting of all strings over {a, b} starting with any 
number of a’s, followed by one or more b’s, followed by one or more a’s, 
followed by a single b, followed by any number of a's, followed by b and 
ending in any string of a’s and b's. 

Solution 

The r.e. is a*b b*a a*b(a + b)*. 


EXAMPLE 5.29 


Find the regular expression representing the set of all strings of the form 


(a) a"b'o? where m, n p 2 1 

(b) a” bc? where m, n, p 2 1 

(c) a’ba’b* where m 20,7 2 1 
Solution 


(a) aa*bb*cc* 
(b) aa*(bb)(bb)*cee(ece)* 
(c) aa*b(aa)*bb 


EXAMPLE 5.30 


Find the sets represented by the following regular expressions. 
(a) (a + b)*(aa + bb + ab + ba)* 
(b) (aa)* + (aaa)* 
(c) (A + 01 + 001)*(A + 0 + 00) 
(d) a + b(a + b)* 


Solution 


(a) The set of all strings having an odd number of symbols from {a, b}* 

(b) {x e {a}*| |x| is divisible by 2 or 3} 

(c) The set of all strings over {0, 1} having no substring of more than 
two adjacent 0's. 

(d) {a. b, ba, bb, baa, bab, bba. bbb, ...} 
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EXAMPLE. 5.31. 


Show that {w e {a. b}* |w contains an equal number of a's and b’s} is not 
regular. 


Solution 

We prove this by contradiction. Assume that L = T(M) for some DFA M with 
n states. Let w = d'b” e L and |w] = 2”. Using the pumping lemma, we write 
w = ayz with || < n and |y| > 0. As xyz = a'b", xy = a where i < n and 
hence v = @ for some J 1 <j <a. Consider xv"z. Now xyz has an equal number 
of a's and b's. But xy°z has (n + j) a’s and n b's. Asn +j #n, xyz ¢ L. 
This contradiction proves that L is not regular. 


EXAMPLE 5.32 


Show that L = {a'bick | k > i + j} is not regular. 


Solution 


We prove this by contradiction. Assume L = 7(M) for some DFA with n 
states. Choose w = a”b"c™ in L. Using the pumping lemma, we write w = xyz 
with | xv] < n and |x] > 0. As w = a"b'c "xy = a‘ for some i < n. This means 
that y = a! for seme j.l Sj <n. Then g = a"*tb"c™, Choosing k large 
enough so that n + jk > 2n, we can make n + jk + n > 3n. So, xyz æ L. 
Hence L is not regular. 


EXAMPLE 5.33 


Prove the identities fs. fg. /5. 1g, lhi. Jo given in Section 5.1.1. 
Proof L(R + R) = L(R) O L(R) = L(R). Hence Js. 
L(R*R*) = L(R*)L(R*) = = on wa € L(R*)}. But wy = xy .. 


x, € LOUR)* for x; € LOR). i= 1, 2..... m. Similarly, wa = yiya... Vy, € 
L(R*) for yy €e L(R). j = 1, 2. ....m. So wiw € L(R)*. proving lę 

An element of L(RR*) is of the form x,...¥, for some 
A Vy. ..8 3, € LCR). 

AS yy... Vy, = OVi -e Yn- E€ LOUR*R), 4 follows. 

It is easy to see that L(R*) c L((R*)*). Take w e L((R*)*), Then 
w= x, ... xX, Where x; € R*, i= 1, 2...., m Each x; in turn can be 
written in the form yy. ... ¥, for some v; € LR) =D 2 sae ts, SOY 
WE Xe. My SS... Ze € MRA, 

(Notes Xi HS apane Ep Ke SS. a oe ay ete!) 
Hence k. 
To prove [;;. take w e L(P + Q)*. Then w = w)... w, where w; € 


L(P) O L(Q). By writing w; = Aw; = wA, we note that w; e P*Q*. Hence 
w e L(P*Q*)*. To prove L(P*Q*)* c LUP + Q)*, take w e L(P*Q*)*. 
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Then, w = w}... w, where w; e P*Q*. For simplicity take n = 2. (The result 
can be extended by induction for any n). Then wj = x32 ... xy. where 
x; € LIP) and w = yyy... yy where y; € MQ). So w = xXx... ARY «6 Vp 
Each x; or y; is in L(P + Q). Hence w e LP +Q*. proving the first identity 
in 4. The second identity can be proved in a similar way. 

Finally, we prove J>. 


L(P + Q)R) = LP + QLR) 

= (LP) U L(Q))L(R) 
L(PR + QR) = L(PR) O L(QR) 

= (L(P)L(R)) Y (L(Q)L(R)) 


But (A U B)C = AC U BC for A, B, C c &*. For. a string w in 
(A U B)C is the concatenation of a string w; in A or B and a string ws in C. 
If w; € A, then wiw € AC: if w; € B, then wiw € BC. Hence w € AC U 
BC. The other inclusion can be proved similarly. /;. follows from (A U B)C 
= AC U BC. 


EXAMPLE 5.34 


Prove that P + PQ*Q = a*bQ* where P = b + aa*b and Q is any regular 
expression. 


Proof L.H.S. = PA + PQ*Q by J; 
= P(A + QQ) by Ip 
= PQ* b Ip 


(b + aa*b)Q* 
= (Ab + aa*b)Q* 


(oz 


ion 

Z > āo o 
bai 
32 


: definition of P 


= (A + aa*)bQ* by h2 
= RHS. 


EXAMPLE 5.35 


Construct a regular grammar accepting L = {w € {a, b}* | w is a string over 
{a. b} such that the number of b’s is 3 mod 4}. 


Solution 


We construct a DFA M accepting L directly. The symbol a can occur in any 
place in w and b has to occur in 4k + 3 places. where k 2 0. So we can have 
states g;, i = 0, 1, 2, 3, for remembering that the string processed so far has 
4k, 4k + 1, 4k + 2 and 4k + 3 b’s (k 2 0). q3 is the only final state. Also M 
does not change state on reading a’s. The state diagram representing M is 
given in Fig. 5.35. 
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Fig. 5.35 DFA for Example 5.35. 


By applying the construction given in Section 5.6.1. we can construct a 
regular grammar G accepting L = T(M). 

G = ({Ag. Ay. Ar. Az}. fa, b}. P. Ag) where P consists of Ag —> GApo. 
Ag > bA), Ay > DA), Ay > bA», Ar > aA2, Ar > bA3, Az > b, Ax > GAs, 
A3 = aAo. 


EXAM PLE 5.36 


Let G = ({Ap. Aj. Ax. Az}. {a. b}, P. Ap), where P consists of Ag > 
aAg| bA}. Ay > aA | aA3, A; — a | bA; | bA3, A3 — b | bAo. Construct an 
NDFA accepting L(G). 


Solution 


The NDFA accepting L = L(G) is M where M = ({qo. 41, q2; q3; da}. (a. b}, 
6. do, {q4}). 6 is described by the state diagram shown in Fig. 5.36. 


Fig. 5.36 NDFA for Example 5.36. 
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SELF-TEST 


Choose the correct answer to Questions 1-10. 


1. 


10. 


The set of all strings over {a, b} of even length is represented by the 
regular expression 

(a) (ab + aa + bb + ba)* (b) (a + b)*(a* + b)* 

(c) (aa + bb)* (d) (ab + ba)* 


. The set of all strings over {a, b} of length 4. starting with an a is 


represented by the regular expression 


(a) a(a + b)* (b) a(ab)* 

(c) (ab + ba)(aa + bb) (d) a(a + b)(a + b)\(a + b) 
. (0*1*)* is the same as 

(a) (0 + 1)* (b) (01)* 

(c) (10)* (d) none of these. 


. If L is the set of all strings over {a, b} containing at least one a, then 


it is not represented by the regular expression 


(a) b*a(a + b)* (b) (a + b)*a(b + a)* 
(c) (a + b)*ab* (d) (a + b)*a 

. {a™ | n 2 1} is represented by the regular expression 
(a) (aa)* (b) a* 
(c) aa*a (d) a*a* 


. The set of strings over {a, b} having exactly 3b’s is represented by the 


regular expression 
(a) a*bbb (b) a*ba*ba*b 
(c) ba*ba*b (d) a*ba*ba*ba* 


. The set of all strings over {a, b} having abab as a substring is 


represented by 


(a) a*ababb* (b) (a + b)*abab(a + b)* 
(c) a*b*ababa*b* (d) (a + b)*abab 
. (a + a*)* is equivalent to 
(a) a(a*)* (b) a* 
(c) aa* (d) none of these. 
. a*(a + b)* is equivalent to 
(a) a* + b* (b) (ab)* 
(c) a*b* (d) none of these. 


ab* + b* represents all strings w over {a. b} 

(a) starting with an a and having no other a’s or having no a's but 
only b's 

(b) starting with an a followed by b's 

(c) having no a’s but only b’s 

(d) none of these. 
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whether the following Statements 11-17 are true or false. 


. If È is finite then X* is finite. 

. Every finite subset of E* is a regular language. 
. Every regular language over È is finite. 

. db? is in the regular set given by a*(a + b)b*. 
. aa* + bb* is the same as (a + b)*. 


. The set of all strings starting with an a and ending in ab is defined by 


the regular expression a(a + b)*b. 


. The regular expression (a + b)*e* is the same as a*(b + c)*. 


EXERCISES 


Represent the following sets by regular expressions: 

(a) {0. 1. 2}. 

(b) {17+ | n > 0}. 

(c) {w e {a, b}*|w has only one a}. 

(d) The set of all strings over {0. 1} which has at most two zeros. 
(e) la a aÈ a3}: 

(f) {a"|n is divisible by 2 or 3 or n = 5}. 

(g) The set of all strings over {a, b} beginning and ending with a. 


Find all strings of length 5 or less in the regular set represented by the 
following regular expressions: 
(a) (ab + a)*(aa + b) 
(b) (a*b + břa)*řa 
(c) a® + (ab + a)* 
Describe, in the English language, the sets represented by the following 
regular expressions: 
(a) a(a + b)*ab 
(b) a*b + b*¥a 
(c) (aa + b)*(bb + a)* 
Prove the following identity: 
(a*ab + ba)*a* = (a + ab + ba)* 
Construct the transition systems equivalent to the regular expressions 
given in Exercise 5.2. 
Construct the transition systems equivalent to the regular expressions 
given in Exercise 5.3. 
Find the set of strings over ÈE = {a, b} recognized by the transition 
systems shown in Fig. 5.37(a-d). 


Find the regular expression corresponding to the automaton given in 
Fig. 5.38. 
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(d) 
Fig. 5.37 Transition systems of Exercise 5.7. 


fa 


Fig. §.38 Transition system of Exercise 5.8. 


178 & Theory of Computer Science 


5.9 


5.10 


5.11 


5.12 


5.16 


5.17 


5.18 


5.19 


5.20 


5.21 


Construct a transition system corresponding to the regular expressions 
(i) (ab + c*)*b and (ii) a + bb + bab*a. 


Find the regular expressions representing the following sets: 

(a) The set of all strings over {0, 1} having at most one pair of 0’s 
or at most one pair of Fs. 

(b) The set of all strings over {a, b} in which the number of 
occurrences of a is divisible by 3 

(c) The set of all strings over {a, b} in which there are at least two 
occurrences of b between any two occurrences of a. 

(d) The set of all strings over {a, b} with three consecutive b’s. 

(e) The set of all strings over {0, 1} beginning with 00. 

(f) The set of all strings over {0. 1} ending with 00 and beginning 
with 1. 

Construct a deterministic finite automaton corresponding to the regular 

expression given in Exercise 5.2. 

Construct a finite automaton accepting all strings over {0, 1} ending in 

010 or 0010. 


Construct a finite automaton M which can recognize DFA in a given 
string over the alphabet {A, B, ..., Z}. For example, M has to 
recognize DFA in the string ATXDFAMN. 


Construct a finite automaton for the regular expression (a + b)*abb. 


Show that there exists no finite automaton accepting all palindromes 
over {a, b}. 

Show that {a"b" | n > 0} is not a regular set without using the pumping 
lemma. 


Using the pumping lemma, show that the following sets are not regular: 
(a) {a"b-"|n > 0}; 

(b) {a"b"|O0 <n < m}. 

Show that {0"1"| g.c.d. (m, n) = 1} is not regular. 


Show that a deterministic finite automaton with n states accepting a 
nonempty set accepts a string of length m, m < n. 


Construct a finite automaton recognizing L(G), where G is the grammar 
S — aS|bA|b and A > aA|bS|a 


Find a regular grammar accepting the set recognized by the finite 
automaton given in Fig. 5.37(c). 


Construct a regular grammar which can generate the set of all strings 
starting with a letter (A to Z) followed by a string of letters or digits 
(0 to 9). 
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5.23 Are the following true or false? Support your answer by giving proofs 
or counter-examples. 
(a) If Li U Ls is regular and L; is regular. then Lə is regular. 
(b) If LiL» is regular and L, is regular. then Lə is regular. 
(c) If L” is regular, then L is regular. 


§.24 Construct a deterministic finite automaton equivalent to the grammar 
S — aS|bS|aA, A > bB, B -> aC, C > A. 


In this chapter we study context-free grammars and languages. We define 
derivation trees and give methods of simplifying context-free grammars. The 
two normal forms—Chomsky normal form and Greibach normal form—are 
dealt with. We conclude this chapter after proving pumping lemma and giving 
some decision algorithms. 


6.1 CONTEXT-FREE LANGUAGES AND DERIVATION 
TREES 


Context-free languages are applied in parser design. They are also useful for 
describing block structures in programming languages. It is easy to visualize 
derivations in context-free languages as we can represent derivations using tree 
structures. 

Let us recall the definition of a context-free. grammar (CFG). G is 
context-free if every production is of the form A > a@, where A e Vy and 
ae (Vy U &)*, 


EXAMPLE 6.1 


Construct a context-free grammar G generating all integers (with sign). 


Solution 


Let 
G = (Vy. È, P, S) 
where 
Vy = {S, (sign). (digit). (Integer)} 
L= {0, 1, 2, 3,..., 9, +, -} 
180 
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P consists of S — (sign) (integer), (sign) > +|-, 
(integer) — (digit) (integer) | (digit) 
(digit) > 0/1|2].../9 


L(G) = the set of all integers. For example, the derivation of -17 can be 
obtained as follows: 


S = (sign) (integer) => — (integer) 
=> — (digit) (integer) = — 1 (integer) > — 1 (digit) 
>-17 


6.1.1 DERIVATION TREES 


The derivations in a CFG can be represented using trees. Such trees 
representing derivations are called derivation trees. We give below a rigorous 
definition of a derivation tree. 


Definition 6.1 A derivation tree (also called a parse tree) for a CFG 
G = (Vy, È. P, S) is a tree satisfying the following conditions: 


(i) Every vertex has a label which is a variable or terminal or A. 

(ii) The root has label S. 

(iii) The label of an internal vertex is a variable. 

(iv) If the vertices nj. n>. ..., ng written with labels X, X>. ... X; are 
the sons of vertex n with label A, then A —> X,X.... X, is a 
production in P. 

(v) A vertex n is a leaf if its label is a e È or A; n is the only son of 
its father if its label is A. 


For example. let G = ({S. A}. {a. b}. P. S). where P consists of § > 
aAS |a|SS. A — SbA|ba. Figure 6.1 is an example of a derivation tree. 


Fig. 6.1 An example of a derivation tree. 
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Note: Vertices 4-6 are the sons of 3 written from the left, and S -> a@AS is 
in P. Vertices 7 and 8 are the sons of 5 written from the left, and A —> ba 
is a production in P. The vertex 5 is an internal vertex and its label is A, which 
is a variable. 


Ordering of Leaves from the Left 


We can order all the vertices of a tree in the following way: The successors 
of the root (i.e. sons of the root) are ordered from the left by the definition 
(refer to Section 1.2). So the vertices at level 1 are ordered from the left. If 
vı and v, are any two vertices at level 1 and v; is to the left of v2, then we 
say that vı is to the left of any son of v». Also, any son of v; is to the left 
of va and to the left of any son of va. Thus we get a left-to-right ordering of 
vertices at level 2. Repeating the process up to level k, where k is the height 
of the tree, we have an ordering of all vertices from the left. 

Our main interest is in the ordering of leaves. 

In Fig. 6.1, for example, the sons of the root are 2 and 3 ordered from the 
left. So, the son of 2, namely 10, is to the left of any son of 3. The sons of 
3 ordered from the left are 4-5-6. The vertices at level 2 in the left-to-right 
ordering are 10-4-5-6. The vertex 4 is to the left of 6. The sons of 5 ordered 
from the left are 7-8. So 4 is to the left of 7. Similarly, 8 is to the left of 
9. Thus the order of the leaves from the left is 10-4-7-8-9. 


Note: If we draw the sons of any vertex keeping in mind the left-to-right 
ordering. we get the left-to-right ordering of leaves by ‘reading’ the leaves in 
the anticlockwise direction. 


Definition 6.2 The yield of a derivation tree is the concatenation of the 
labels of the leaves without repetition in the left-to-right ordering. 
The yield of the derivation tree of Fig. 6.1. for example, is aabaa. 


Note: Consider the derivation tree in Fig. 6.1. As the sons of 1 are 2-3 in 
the left-to-right ordering, by condition (iv) of Definition 6.1, we have the 
production S — SS. By applying the condition (iv) to other vertices, we get 
the productions § => a, S => aAS, A > ba and $ > a. Using these 
productions. we get the following derivation: 


S > SS = as = aaAS = aabaS => aabaa 
Thus the yield of the derivation tree is a sentential form in G. 


Definition 6.3 A subtree of a derivation tree T is a tree (i) whose root is 
some vertex v of T. (i) whose vertices are the descendants of v together with 
their labels, and (iii) whose edges are those connecting the descendants of v. 

Figures 6.2 and 6.3. for example. give two subtrees of the derivation tree 
shown in Fig. 6.1. 
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JORKO 


Fig. 6.2 A subtree of Fig. 6.1. Fig. 6.3 Another subtree of Fig. 6.1. 


Note: A subtree looks like a derivation tree except that the label of the root 
may not be S. It is called an A-tree if the label of its root is A. 


Remark When there is no need for numbering the vertices. we represent the 
vertices by points. The following theorem asserts that sentential forms in CFG 
G are precisely the yields of derivation trees for G. 


Theorem 6.1 Let G = (Vy, È, P, S) be a CFG. Then S 5 æ if and only if 
there is a derivation tree for G with yield a. 


Proof We prove that A => a if and only if there is an A-tree with yield œ 
Once this is proved. the theorem follows by assuming that A = S. 

Let œ be the yield of an A-tree T. We prove that A 5 a by induction on 
the number of internal vertices in 7. 

When the tree has only one internal vertex, the remaining vertices are 
leaves and are the sons of the root. This is illustrated in Fig. 6.4. 


A 


Fig. 6.4 A tree with only one internal vertex. 


By condition (iv) of Definition 6.1, A + A,A....A,, = Œ is a production 
in G, ie. A = œ. Thus there is basis for induction. Now assume the result 
for all trees with at most k — 1 internal vertices (k > 1). 


Let T be an A-tree with k internal vertices (k 2 2). Let vj, Ya, ..., Vp 
be the sons of the root in the left-to-right ordering. Let their labels be 
Xj. Xa. .... Xm By condition (iv) of Definition 6.1, A => X Xə... X,, is in 
P, and so 


A = XXn. Xp (6.1) 
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As k 2 2, at least one of the sons is an internal vertex. By the left-to-right 
ordering of leaves, œ can be written as %0 ... Œp where of is obtained by 
the concatenation of the labels of the leaves which are descendants of vertex 
v, If v; is'an internal vertex, consider the subtree of T with v, as its root. The 
number of internal vertices of the subtree is less than k (as there are k internal 
vertices in T and at least one of them. viz. its root, is not in the subtree). So 
by induction hypothesis applied to the subtree, X; => a; If v; is not an internal 
vertex. i.e. a leaf, then X; = œ. 
Using (6.1), we get 


A => XX... Xý} => aXX... X} Š OO... Om = G, 


i.e. A => a By the principle of induction, A => œ whenever œ is the yield 
of an A-tree. 

To prove the ‘only if’ part, let us assume that A => a. We have to 
construct an A-tree whose yield is œ. We do this by induction on the number 
of steps in A > œ. 

When A => @ A — & is a production in P. If œ = X,X.... Xm the 
A-tree with yield œ is constructed and given as in Fig. 6.5. So there is basis 
for induction. Assume the result for derivations in at most k steps. Let 
A $ œ we can split this as A > X, ... Xn ya a. Now, A => Xi... Xn 
implies A > XX... Xm is a production in P. In the derivation XX2 ...X), 
c a, either (i) X; is not changed throughout the derivation, or (ii) X; is 
changed in some subsequent step. Let o; be the substring of œ derived from X;. 
Then X; => œ in (ii) and X; = œ; in (i). As G is context-free, in every step of 
the derivation X,X>... X,, => æ. we replace a single variable by a string. As 
O, @>...., Œp account for all the symbols in œ, we have @ = %02... Hy» 


A 


Fig. 6.5 Derivation tree for one-step derivation. 


We construct the derivation tree with yield œ as follows: As A > X,...X,, 
is in P. we construct a tree with m leaves whose labels are X,, ..., Xn in the 
left-to-right ordering. This tree is given in Fig. 6.6. In (i) above, we leave the 
vertex v; as it is. In (ii). X; => ©; is less than k steps (as X,... X,, iS a). By 
induction hypothesis there exists an X;-tree 7; with yield œ. We attach the tree 
T; at the vertex +; (i.e. v; is the root of 7;). The resulting tree is given in 
Fig. 6.7. In this figure, let i and j be the first and the last indexes such that 
X; and X; satisfy (ii). So, œ ... O; are the labels of leaves at level 1 in T. 
Of 1s the yield of the X;-tree 7;. etc. 
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Fig. 6.6 Derivation tree with yield X; X2... Xm 


Fig. 6.7 Derivation tree with yield aa... Op. 


Thus we get a derivation tree with yield œ. By the principle of induction 
we can get the result for any derivation. This completes the proof of ‘only if’ 
part. I 


Note: The derivation tree does not specify the order in which we apply the 
productions for getting œ. So, the same derivation tree can induce several 
derivations. 


The following remark is used quite often in proofs and constructions 
involving CFGs. 


Remark IfA derives a terminal string w and if the first step in the derivation 
is A = AA ... A, then we can write w as wwa ... w, so that 
A; => w; (Actually, in the derivation tree for w, the ith son of the root has 
the label A; and w; is the yield of the subtree whose root is the ith son.) 


EXAMPLE 6.2 


Consider G whose productions are § > aAS|a, A > SbA|SS|ba. Show that 
S => aabbaa and construct a derivation tree whose yield is aabbaa. 


186 & Theory of Computer Science 


Solution 
S = aAS = asbAS > aabAS = abbaS > aba (6.2) 


Hence. S = aba. The derivation tree is given in Fig. 6.8. 


Fig. 6.8 The derivation tree with yield aabbaa for Example 6.2. 


Note: Consider G as given in Example 6.2. We have seen that S > aba’, 
and (6.2) gives a derivation of aba. 
Another derivation of a~b-a~ is 


S = aAS = aAa = aSbAa = aSbbaa = aabbaa (6.3) 
Yet another derivation of aba? is 
S = aAS = aSbAS = aSbAa = aabAa = aabbaa (6.4) 


In derivation (6.2), whenever we replace a variable X using a production. 
there are no variables to the left of X. In derivation (6.3). there are no variables 
to the right of X. But in (6.4), no such conditions are satisfied. These lead to 
the following definitions. 


Definition 6.4 A derivation A Š w is called a leftmost derivation if we 
apply a production only to the leftmost variable at every step. 


Definition 6.5 A derivation A => w is a rightmost derivation if we apply 
production to the rightmost variable at every step. 


Relation (6.2). for example, is a leftmost derivation. Relation (6.3) is a 
rightmost derivation. But (6.4) is neither leftmost nor rightmost. In the second 
step of (6.4), the rightmost variable S is not replaced. So (6.4) is not a 
rightmost derivation. In the fourth step, the leftmost variable S is not replaced. 
So (6.4) is not a leftmost derivation. 


Theorem 6.2 If A = w in G; then there is a leftmost derivation of w. 
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Proof We prove the result for every A in Vy by induction on the number 
of steps in A > w. A = w is a leftmost derivation as the L.H.S. has only 
one variable. So there is basis for induction. Let us assume the result for 


ntl 


derivations in atmost k steps. Let A = w. The derivation can be split as 


A > Xi Xə Fala Xm 4 W. 

The string w can be split as wiw ... Wm such that X; = w; (see the 
Remark appended before Example 6.2). As X; > w; involves atmost k steps 
by induction hypothesis, we can find a leftmost derivation of w; Using these 
leftmost derivations, we get a leftmost derivation of w given by 
A = XiX... Xm D wX... Xn WWX oo Xm o SD WW ee Way 
Hence by induction the result is true for all derivations A > w. I 
Corollary Every derivation tree of w induces a leftmost derivation of w. 

Once we get some derivation of w, it is easy to get a leftmost derivation of 
w in the following way: From the derivation tree for w, at every level consider 


the productions for the variables at that level, taken in the left-to-right ordering. 
The leftmost derivation is obtained by applying the productions in this order. 


EXAMPLE 6.3 


Let G be the grammar S —> OB| 14. A > 0/05] 1AA, B > 1|1S|0BB. For 
the string 00110101, find (a) the leftmost derivation, (b) the rightmost 
derivation, and (c) the derivation tree. 


Solution 
(a) S => 0B = 00BB = 001B = 00115 
=> 0108 > 0101S = 07170108 = 071°0101 
(b) S= 0B = 00BB = OOBIS = 008108 


=> 0°8101S = O-B1010B = 0°B10101 = 0°110101. 
(c) The derivation tree is given in Fig. 6.9. 


0 
Fig. 6.9 The derivation tree with yield 00110101 for Example 6.3. 
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6.2 AMBIGUITY IN CONTEXT-FREE GRAMMARS 


Sometimes we come across ambiguous sentences in the language we are using. 
Consider the following sentence in English: “In books selected information is 
given.” The word ‘selected’ may refer to books or information. So the sentence 
may be parsed in two different ways. The same situation may arise in context- 
free languages. The same terminal string may be the yield of two derivation 
trees. So there may be two different leftmost derivations of w by Theorem 6.2. 
This leads to the definition of ambiguous sentences in a context-free language. 


Definition 6.6 A terminal string w € L(G) is ambiguous if there exist two 
or more derivation trees for w (or there exist two or more leftmost derivations 
of w). 

Consider, for example, G = ({S}, {a, b, +, *}, P. S), where P consists 
of S + S+ S|S * S|a|b. We have two derivation trees for a + a » b given 
in Fig. 6.10. 


Fig. 6.10 Two derivation trees for a + a = b. 


The leftmost derivations of a + a * b induced by the two derivation trees 
are 
S=eS+S8Sapat+SpatS+*SDBatrarztSRBaraxb 


S3S*S>S+S*SSpat+Se+SraatrarSaMatarb 
Therefore, a + a » b is ambiguous. 


Definition 6.7 A context-free grammar G is ambiguous if there exists some 
w e L(G), which is ambiguous. 


EXAMPLE 6.4 


If G is the grammar S$ — SbS|a, show that G is ambiguous. 


Solution 


To prove that G is ambiguous, we have to find a w e L(G), which is 
ambiguous. Consider w = abababa € L(G). Then we get two derivation trees 
for w (see Fig. 6.11). Thus. G is ambiguous. 
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Fig. 6.11. Two derivation trees of abababa for Example 6.4. 


6.3 SIMPLIFICATION OF CONTEXT-FREE GRAMMARS 


In a CFG G, it may not be necessary to use all the symbols in Vy U È, or 
all the productions in P for deriving sentences. So when we study a context- 
free language L(G), we try to eliminate those symbols and productions in G 
which are not useful for the derivation of sentences. 

Consider, for example. 


G = ({5. A. B, C, E}, {a, b, c}. P, S) 
where 
P = {S > AB, A > a, B > b, B > C, E > c\A} 


It is easy to see that L(G) = {ab}. Let G’ = ({S, A. B}, {a, b}, P’, S), where 
P’ consists of S — AB, A — a, B > b. L(G) = L(G^. We have eliminated 
the symbols C, E and c and the productions B — C. E > c| A. We note the 
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following points regarding the symbols and productions which are eliminated: 


(i) C does not derive any terminal string. 

Gi) E and c do not appear in any sentential form. 

(iii) E — A is a null production. 

(iv) B > C simply replaces B by C. 

In this section, we give the construction to eliminate (i) variables not 
deriving terminal strings, (ii) symbols not appearing in any sentential form, 
Gii) null productions. and (iv) productions of the form A — B. 


6.3.1 CONSTRUCTION OF REDUCED GRAMMARS 


Theorem 6.3 If G is a CFG such that L(G) # Ø. we can find an equivalent 
grammar G’ such that each variable in G’ derives some terminal string. 
Proof Let G = (Vy, È, P, S). We define G’ = (Vy, X. G’, S) as follows: 

(a) Construction of V’: 

We define W, c Vy by recursion: 

W, = {A e V\|there exists a production A — w where w e L*}. (If 
W, = @. some variable will remain after the application of any production, and 
so L(G) = @.) 

Win, = W; U {A e Vy there exists some production A > & 
with @ e (XU W)*} 

By the definition of W, W; & Win for all i As Vy has only a finite number 
of variables, W, = W,,, for some k < | Vy]. Therefore, W, = Wy; for j 2 1. 
We define Vy = Wp 

(b) Construction of P’: 

P’ = {A > ajA, ae VU D} 

We can define G’ = (V4, È, P^. S). S is in Vy. (We are going to prove that 
every variable in Vy derives some terminal string. So if S € Vy, L(G) = Ó. 
But L(G) # 9.) 

Before proving that G’ is the required grammar. we apply the construction 
to an example. 


EXAMPLE 6.5 


Let G = (Vy, È. P, S) be given by the productions $ — AB, A > a, B >b, 
B > C. E > c. Find G’ such that every variable in G’ derives some terminal 
string. 


Solution 
(a) Construction of Vy: 


W, = {A, B, E} since A > a. B > b, E — c are productions with a 
terminal string on the R.H.S. 
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Wr = W U {A; € Vy|A; > a for some œ € (È O {A, B, E})*} 
= W, U {S} = {A, B, E, S} 


W; = W, U {A, € Vy|A; > @ for some œ e Œ U {S, A, B, E})*} 
=W U $= W; 
Therefore, 


Vi = (S.A, B, F} 
(b) Construction of P’: 
P’= {A > @lAy. ae (Vy U &)*} 
{S > AB, A => a, B > b, E > c} 


H 


Therefore, 
G’ = ({S, A, B, E}, {a, b, c}, P’. S) 
Now we prove: 
(i) If each A € Vy. then A => w for some w e L*; conversely, if A > w, 
a 
then A € Vy 

Gi) L(G’) = L(G). 

To prove (i) we note that W, = W, U Wa... U Wp. We prove by 
induction on i that for 7.= 1, 2, .... k, A € W; implies A > w for some 

G 


w e X*. If A e Wi. then A >w. So the production A => w is in P’. 
G 
Therefore. A S w. Thus there is basis for induction. Let us assume the result 
a 


for i. Let A e W. Then either A e W, in which case, A 5 w for some 
t+] 1 G 


w e X* by induction hypothesis. Or, there exists a production A — œ with 
ae È U w)*. By definition of P’. A —> @ is in P. We can write 
& = X X> ... Xw where X e X U W, If X; €e W; by induction hypothesis, 


X; => w; for some w; e E*. So, A > wyw2... wy, € L* (when X; is a terminal, 
mA i = 


w; = Xj). By induction the result is true for i = 1. 2, .... k. 
The converse part can be proved in a similar way by induction on the 


number of steps in the derivation A > w. We see immediately that L(G’) c 
G 


L(G) as Vy c Vy and P’ c P. To prove L(G) c L(G’), we need an auxiliary 
result 


A>w if A > w for some w € L* (6.5) 
a 
We prove (6.5) by induction on the number of steps in the derivation A > w. 
G 
If A => w, then A — w isin P andA e W C Vy. ASA © Vy and we =*, 
G 


A > w is in P’. SoA => w, and there is basis for induction. Assume (6.5) 
g 


eee : k+l ; 
for derivations in at most k steps. Let A => w. By Remark appearing after 
G 
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Theorem 6.1, we can split this as A Z XXa ... Xm > WIW ... Wm Such 
that X; > w FX En: then w; - x, 

If x e Vy then by (i), X € Vi As X > w; in at most k steps, 
X; = w; Also, Xi, Xo, Xn € È U Vy)* ae ee that A > X,X,... Xm is 


in P’. Thus, A z XXa... Xn = WW... Wp Hence by induction, (6.5) 


is true for all servations In a a S > w implies S = w. This proves 
that L(G) c L(G’), and (ii) is completely AN I 


Theorem 6.4 For every CFG G = (Vy, 2, P, S), we can construct an 
equivalent grammar G’ = (Vy, 2’, P’, S) such that every symbol in Vy U 2’ 
appears in some sentential form (i.e. for every X in Vy U X’ there exists @ 
such that S = œ and X is a symbol in the string @). 

g 


Proof We construct G’ = (V’y, X’, P’, S) as follows: 
(a) Construction of W; for i 2 1: 


(i) Wi = {S}. 
G) Wa, =W; O {X € Vy U X| there exists a production A > œ with 
A e W; and & containing the symbol X}. 


We may note that W; c Vy U È and W; c Wii. As we have only a finite 
number of elements in Vy U Z, W, = W,,, for some k. This means that 
W, = Wz for all 7 2 0. 


(b) Construction of Vx, X’ and P’: 


We define 
Vue Vy O Wy, Y=} u W, 


P’= {A > ajA e W} 


Before proving that G’ is the required grammar, we apply the construction to 
an example. 


EXAMPLE 6.6 


Consider G = ({S, A, B, E}, {a, b, c}, P, S), where P consists of § — AB, 
A>a,B>b, E>c. 


Solution 
W, = {S} 
Wa = {S} U {X © Vp U Z| there exists a production A > @ with 


A € W, and & containing X} 


{S} U {A, B} 


Chapter 6: Context-Free Languages =Œ 193 


W: = {S, A. B} U {a, b} 
W = W3 
Vy = {S, A, B} LY = {a, b} 
P = {S => AB, A > a. B >b} 

Thus the required grammar is G’ = (Vp. XY’, P’, S). 

To complete the proof, we have to show that (i) every symbol in Vy U 
X’ appears in some sentential form of G’, and (ii) conversely, L(G’) = L(G). 

To prove (i), consider X € Vy U XY = W,, By construction W; = W, U 
W,...U W, We prove that X e W; i < k, appears in some sentential form 
by induction on 7. When i = 1, X = S and S$ > S. Thus, there is basis for 


induction. Assume the result for all variables in W;. Let X € W;,,. Then either 
X e W; in which case. X appears in some sentential form by induction 
hypothesis. Otherwise, there exists a production A > œ, where A e W; and 
æ contains the symbol X;. The A appears in some sentential form, say Ay. 
Therefore. 


S => BAy = Bay 
G G 


This means that Bay is some sentential form and X is a symbol in Bay. Thus 
by induction the result is true for X e W; i < k. 

Conversely, if X appears in some sentential form, say BXy, then X > BXy. 
This implies X e W, If Z < k, then W, c Wp If I >k, then W, = Wp Hence 
X appears in V% U X’. This proves (i). 

To prove (ii), we note L(G’) c L(G) as Vk c Vy, ©’ c E and P’c P. 
Let w be in L(G) and S= @ 30> >03 =... > Oi => Ww. We prove 

G G G 
that every symbol in Œ; is in Wj; and @; => Œ; by induction on i. 
a = S >a implies S > a is a production in P. By construction, every 
G 
symbol in @ is in W» and S > ais in P47 ie. S Fa a. Thus, there is basis 


for induction. Let us assume the result for i. Consider œ; = 42. This one- 
step derivation can be written in the form E 


BisiAYar = Piri AY 
where A —> @ is the production we are applying. By induction hypothesis, 
A € Wa By construction of W;.5, every symbol in œ is in W;,. As all the 
symbols in f;,, and y,,, are also in W;,, by induction hypothesis, every symbol 
in Biy = Gyo is in Wao. By the construction of P4 A > @ is in P% 
This means that Œi => Oj... Thus the induction procedure is complete. 
z 
SoS =@>% > 0%; >... %_, => w. Therefore, w € L(G’). This 
G' G' G G 
proves (ii). d 
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Definition 6.8 Let G = (Vy, ÈX, P, S) be a CFG. G is said to be reduced or 
non-redundant if every symbol in Vy U È appears in the course of the 
derivation of some terminal string, i.e. for every X in Vy U X, there exists 
a derivation § 5 aXB > w e L(G). (We can say X is useful in the 
derivation of terminal strings.) 


Theorem 6.5 For every CFG G there exists a reduced grammar G’ which is 
equivalent to G. 


Proof We construct the reduced grammar in two steps. 


Step 1 We construct a grammar G, equivalent to the given grammar G so 
that every variable in G, derives some terminal string (Theorem 6.3). 

Step 2. We construct a grammar G’ = (Vy, X’, P^, S) equivalent to G, so that 
every symbol in G’ appears in some sentential form of G’ which is equivalent 
to G; and hence to G. G’ is the required reduced grammar. 

By step 2 every symbol X in G’ appears in some sentential form, say 
XB. By step 1 every symbol in aX derives some terminal string. Therefore, 
S Š aXB => w for some w in L*, ie. G’ is reduced. 

Note: To get a reduced grammar, we must first apply Theorem 6.3 and then 
Theorem 6.4. For, if we apply Theorem 6.4 first and then Theorem 6.3, we may 
not get a reduced grammar (refer to Exercise 6.8 at the end of the chapter). 


EXAMPLE 6.7 


Find a reduced grammar equivalent to the grammar G whose productions are 


S > AB|CA, B> BC|AB, Ara, C> aBjb 


Solution 


Step 1 W, = {A, C} as A —> a and C —> b are productions with a terminal 
string on R.H.S. 
W= {A. C} O {A lA > a with a e Œ U {A, C}*} 


= {A. C} U {S} as we have S —> CA 
W, = {A, C, S} U {A ] A > @ with ae Œ u {S, A, C})*} 


= {A.C, S} u @ 
As W; = W», 
Vy = Wr = {S. A, C} 
P’= {A4 > @|A;, aE (Vy U Z)*} 
= {S => CA. A >. a, C > b} 
Thus. 


G, = ({S, A, C}. {a, b}, {$ = CA, A > a, C > b}, S) 
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Step 2 We have to apply Theorem 6.4 to G,. Thus, 
W, = {5} 


As we have production § — CA and S$ e W,, W2 = {S} U {A, C} 
As A > a and C —> b are productions with A, C € Wa, W: = {S, A, C, a, b} 


As W: = Vy U E, P” = {S > al A € W3} = P’ 
Therefore, 
G’ = ({S, A, C}, {a, b}, {S > CA, A > a, C > b}, S) 


is the reduced grammar. 


EXAMPLE 6.8 


Construct a reduced grammar equivalent to the grammar 
S > aAa; A > Sb|bCC| DaA, C > abb | DD, 
E > ac, D —> aDA 


Solution 
Step 1 W, = {C} as C > abb is the only production with a terminal string 
on the R.HLS. 
W= {C} U {E. A} 
as E —> aC and A — bCC are productions with R.H.S. in (2 U {C})* 
W, = {C, E. A} O {8} 
as S — aAa and aAa is in Œ U W»)* 
W,= Wu 


Hence. 
Vy = W, = {S, A, C. E} 


P’= {A4 > aja e (Vy u D} 
= {S > aAa, A > Sb| bCC, C > abb, E > aC} 
G,= (Vh, {a, b}, P’, S) 
Step 2 We have to apply Theorem 6.4 to G,. We start with 


W = {6} 
As we have S —> aAa, 
W» = {S} U {A. a} 
As A > Sb | bCC, 


W: = {S, A, a} u {S, b, C} = {5, A, C, a, b} 
As we have C —> abb, 
Wa = W3 W fa, b} = W3 
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Hence. 
P” = {4 > @|A; e W3} 
= {S > aAa, A > Sb| bCC, C > abb} 
Therefore, 
G’ = ({S. A, C}, fa. b}, P”, S) 


is the reduced grammar. 


6.3.2 ELIMINATION OF NULL PRODUCTIONS 


A context-free grammar may have productions of the form A —> A. The 
production A — A is just used to erase A. So a production of the form A > 
A, where A is a variable, is called a null production. In this section we give a 
construction to eliminate null productions. 

As an example, consider G whose productions are $ — aS|aA|A, 
A — A. We have two null productions S — A and A — A. We can delete 
A — A provided we erase A whenever it occurs in the course of a derivation 
of a terminal string. So we can replace S > aA by S — a. If G, denotes 
the grammar whose productions are S > aS|a|A, then L(G,) = L(G) = 
{a"|n 2 0}. Thus it is possible to eliminate the null production A —> A. If 
we eliminate $ => A, we cannot generate A in L(G). But we can generate 
L(G) - {A} even if we eliminate $ > A. 

Before giving the construction we give a definition. 


Definition 6.9 A variable A in a context-free grammar is nullable if A 5 A. 


Theorem 6.6 If G = (Vx, £, P. S) is a context-free grammar, then we can 
find a context-free grammar G, having no null prodctions such that L(G) = 
L(G) - {A}. 

Proof We construct G; = (Vy, È, P’, S) as follows: 

Step 1 Construction of the set of nullable variables: 

We find the nullable variables recursively: 

O W, = {A € Vy|A > A is in P} 

(ii) Wai = W; U {A e Vy] there exists a production A > @ with œ e W;*}. 
By definition of W;. W; c Win for all i As Vy is finite, Wz; = W, for some 
kS|Vy|. So, Wi; = Wp for all j. Let W = W, W is the set of all nullable 
variables. 

Step 2 (i) Construction of P’: 
Any production whose R.H.S. does not have any nullable variable is included 
in P’. 

Gi) If A > XX- ... X; is in P, the productions of the form A — MQ 

. œ; are included in P’, where œ = X; if X é W. =X or A if X; € 
W and ao... a # A. Actually, (ii) gives several productions in P* The 
productions are obtained either by not erasing any nullable variable on the 
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R.H.S. of A —- XiX- ... X; or by erasing some or all nullable variables 
provided some symbol appears on the R.HLS. after erasing. 

Let Gi = (Vy. =, P’, S). G; has no null productions. 

Before proving that G, is the required grammar, we apply the construction 
to an example. 


EXAMPLE 6.9 


Consider the grammar G whose productions are § > aS|AB, A > A, 
B > A, D —> b. Construct a grammar G, without null productions generating 
L(G) - {A}. 


Solution 
Step 1 Construction of the set W of all nullable variables: 
W, = {A € Vy| A, > A is a production in G} 
= {A, B} 
W= {A, B} U {S} as S > AB is a production with AB e W# 
= {S, A, B} 
W= Wa o b= W, 
Thus. 


W = W: = {S. A, B} 


Step 2 Construction of P’: 


(i) D —> b is included in P’. 

Gi) S > aS gives rise to § — aS and S > a. 

Gii) S — AB gives rise to § ~ AB, S — A and S > B. 
(Note: We cannot erase both the nullable variables A and B in S > AB as we 
will get S — A in that case.) 

Hence the required grammar without null productions is 

Gi = ({S, A, B. D}.{a, b}, P, $) 

where P’ consists of 


D —> b, S > aS. S 3 AB. S >a, S> A S >B 


Step 3. L(G,) = L(G) — {A}. To prove that L(G) = L(G) — {A}, we prove 
an auxiliary result given by the following relation: 
For all A e Vy and w e Z*, 
A Š w if and only if A 3 wand w > A (6.6) 
G, G 
We prove the ‘if’ part first. Let A = w and w # A. We prove that A Sw 


x . G, 
by induction on the number of steps in the derivation A > w. If A => w and 
G G 
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w # A, A > w is a production in P’, and so A => w. Thus there is basis for 
G 


induction. Assume the result for derivations in at most i steps. Let A = w and 
G 
A 3 L 
w # A. We can split the derivation as A > X,X.... X 4 WIW 6. We 


zk G w 
where w = wyw... wg and A; > w; As w # A, not all w,’s are A. If w; # A, 
mo i ; 


then by induction hypothesis, X; = w; If w; = A, then X € W. So using the 


production A => A,A,... A, in P, we construct A > œœ ... O% in P’, 
where œ = X; if w # A and a; = A if w = A (ie. X e W). Therefore, 
A> On... Ok 3 Wi)... Og > oes Œ WW... We = Ww 

G, G, G, 


By the principle of induction, the ‘if’ part of (6.6) is proved. 
We prove the ‘only if’ part by induction on the number of steps in the 


derivation of A > w. IfA => w, then A > w is in P}. By construction of P’, 


1 1 


A — w is obtained from some production A > X,X,... X, in P by erasing 


some (or none of the) nullable variables. Hence A => XX... Xn = w. So 
G G 
there is basis for induction. Assume the result for derivation in at most j steps. 


jel . : J 
Let A 2 w. This can be split as A > XX»... X; = WwW... Wg where 
G, 


X; > w; The first production A > X,X>... X, in P’ is obtained from some 
production A > a@ in P by erasing some (or none of the) nullable variables 


in æ. So A >a Š XX... X, If X; € I then X; = X =w, If X, € Vy 
G G 


then by induction hypothesis, X; Š w; So, we get A = po. Cee ae 
G G 


. . . . * 
wiwa... wp Hence by the principle of induction whenever A > w, we have 


1 


A = w and w # A. Thus (6.6) is completely proved. 


By applying (6.6) to S. we have w € L(G) if and only if w € L(G) and 
w + A. This implies L(G) = L(G) — {A}. 1 


Corollary 1 There exists an algorithm to decide whether A € L(G) for a 
given context-free grammar G. 


Proof A € L(G) if and only if S e W. ie. S is nullable. The construction 
given in Theorem 6.6 is recursive and terminates in a finite number of steps 
(actually in at most |Vy| steps). So the required algorithm is as follows: 
(i) construct W; (ii) test whether S e W. 


Chapter 6: Context-Free Languages & 199 


Corollary 2 If G = (Vy, Ł. P. S) is a context-free grammar we can find an 
equivalent context-free grammar G, = (Vy, E, P, S;) without null productions 
except $5; > A when A is in L(G). If S, — A is in P}. Sı does not appear 
on the R.H.S. of any production in P4. 


Proof By Corollary 1, we can decide whether A is in L(G). 


Case 1 If A is not in L(G), G, obtained by using Theorem 6.6 is the required 
equivalent grammar. 


Case 2 If A is in L(G), construct G’ = (Vx, È. P’, S) using Theorem 6.6. 
L(G’) = L(G) — {A}. Define Gi = (Vy U {S,}, E, Pi, Sı). where P, = PU 
{S, => S. Sı > A}. Sı does not appear on the R.H.S. of any production in 
P,, and so G4 is the required grammar with L(G,) = L(G). 1 


6.3.3 ELIMINATION OF UNIT PRODUCTIONS 


A context-free grammar may have productions of the form A — B, A, B 
E Vy. 

Consider. for example. G as the grammar S > A, A > B, B > C, 
C — a. It is easy to see that L(G) = {a}. The productions S$ > A, A => B, 
B —> Care useful just to replace S by C. To get a terminal string, we need 
C > a. If G is S — a, then L(G) = L(G). 

The next construction eliminates productions of the form A — B. 


Definition 6.10 A unit production (or a chain rule) in a context-free 
grammar G is a production of the form A — B, where A and B are variables 
in G. 

Theorem 6.7 If G is a context-free grammar,we can find a context-free 


grammar G; which has no null productions or unit productions such that 
L(G) = L(G). 


Proof We can apply Corollary 2 of Theorem 6.6 to grammar G to get a 
grammar G’ = (Vy, ÈX, P. S) without null productions such that L(G’) = L(G). 
Let A be any variable in Vy. 


Step 1 Construction of the set of variables derivable from A: 
Define W,(A) recursively as follows: 
W (A) = {A} 
Wi41(A) = W(A) O {B € Vy | C > B is in P with C e W,(A)} 


By definition of W,(A), WA) © Wii(A). As Vy is finite, W..;(A) = WA) 
for some k < |Vy|. So. W,.,(A) = WA) for all j 2 0. Let W(A) = W,(A). Then 
W(A, is the set of all variables derivable from A. 


Step 2 Construction of A-productions in Gj: 


The A-productions in G, are either (i) the nonunit production in G’ or 
Gi) A => a@ whenever B > «& is in G with B e WA) and & g Vy. 
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(Actually, (11) covers (1) as A e W(A)). Now, we define Gi = (Vy, È, Py, ®©, 
where P, is constructed using step 2 for every A € Vy 

Before proving that G; is the required grammar, we apply the construction 
to an éxample. , 


EXAMPLE 6.10) 


Let G be S > AB, A —> a, B > C|b, C> D, D > E and E — a. Eliminate 
unit productions and get an equivalent grammar. 
Solution 
Step 1 Wo(S) = {S} Wi (S) = WOL 9 
Hence W(S) = {S}. Similarly, 
W(A) = {A}, WE) = {E} 
Wo(B) = {B}, W\(B) = {B} V {C} = {B, C} 
W2(B) = {B. C} U {D}. W3(B) = {B, C, D} U {E}, W4(B) = W3(B) 
Therefore, 
WB) = {B, C, D, E} 
Similarly, 
WAC) = {C}, WO = {C, D}. WAC} = {C D, E} = WC) 
Therefore, 
WC) = {C. D, E}, WD) = {D} 
Hence, 
W\(D) = {D, E} = W,(D) 
Thus, 
W(D) = {D, E} 
Step 2 The productions in G; are 
S — AB, A >a, E>a 
Bo>bla Ca, D-a 


By construction. G; has no unit productions. 
To complete the proof we have to show that L(G’) = L(G,). 


Step 3 L(G’) = L(G). If A > ais in P; — P, then it is induced by B — a@ 
in P with B e WA), œ € Vy. B e WA) implies A = B. Hence, A = B 
= a. So, if A = a, then A = a. This proves L(G) c L(G’). 

To prove the ‘reverse inclusion, we start with a leftmost derivation 


S >Q >&... >Q =W 
in G’. me * git £ 
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Let i be the smallest index such that a; 2 QŒ; is obtained by a unit 
production and j be the smallest index greater than 7 such that o; = Œj 1S 


obtained by a nonunit production. So, S$ => a, and œ; 5 Œ can be 
G, cor eae 


written as 
ao = wAB = wAniB >... > wAB > wy Bi = Oa 


A; € W(A;) and A; —> yis a nonunit production. Therefore, A; > y is a 
production in P;. Hence, @; 2 jj. Thus, we have S = Oat 

Repeating the argument whenever some unit production occurs in the 
remaining part of the derivation, we can prove that S$ = a, = w. This proves 
L(G’) c L(G). | | 


Corollary If G is a context-free grammar. we can construct an equivalent 
grammar G’ which is reduced and has no null productions or unit productions. 


Proof We construct G; in the following way: 


Step 1 Eliminate null productions to get G, (Theorem 6.6 or Corollary 2 of 
this theorem). 


Step 2 Eliminate unit productions in G, to get Gə (Theorem 6.7). 


Step 3 Construct a reduced grammar G’ equivalent to G, (Theorem 6.5). G’ 
is the required grammar equivalent to G. 


Note: We have to apply the constructions only in the order given in the 
corollary of Theorem 6.7 to simplify grammars. If we change the order we 
may not get the grammar in the most simplified form (refer to Exercise 6.11). 


6.4 NORMAL FORMS FOR CONTEXT-FREE GRAMMARS 


In a context-free grammar. the R.H.S. of a production can be any string of 
variables and terminals. When the productions in G satisfy certain restrictions, 
then G is said to be in a ‘normal form’. Among several ‘normal forms’ we study 
two of them in this section—the Chomsky normal form (CNF) and the 
Greibach normal form. 


6.4.1 CHOMSKY NORMAL FORM 


In the Chomsky normal form (CNF). we have restrictions on the length of 
R.H.S. and the nature of symbols in the R.H.S. of productions. 


Definition 6.11 A context-free grammar G is in Chomsky normal form if 
every production is of the form A —> a, or A > BC, and S > A is in G if 
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A € L(G). When A is in L(G), we assume that S does not appear on the 
R.HLS. of any production. 

For example, consider G whose productions are $ — AB|A, A > a, 
B —> b. Then G is in Chomsky normal form. 


Remark For a grammar in CNF, the derivation tree has the following 
property: Every node has atmost two descendants—either two internal vertices 
or a single leaf. 

When a grammar is in CNF, some of the proofs and constructions are 
simpler. 


Reduction to Chomsky Normal Form ` 


Now we develop a method of constructing a grammar in CNF equivalent to a 
given context-free grammar. Let us first consider an example. Let G be S > 
ABC | aC, A > a. B > b, C > c. Except S > aC | ABC, all the other 
productions are in the form required for CNF. The terminal a in S — aC can 
be replaced by a new variable D. By adding a new production D —> a, the effect 
of applying S — aC can be achieved by S + DC and D > a. S —> ABC is not 
in the required form. and hence this production can be replaced by $ — AE and 
E — BC. Thus, an equivalent grammar is S$ — AE | DC, E > BC, A > a. 
B >b. C>c, D>a. 

The techniques applied in this example are used in the following theorem. 


Theorem 6.8 (Reduction to Chomsky normal form). For every context-free 
grammar, there is an equivalent grammar G2 in Chomsky normal form. 


Proof (Construction of a grammar in CNF) 
Step 1 Elimination of null productions and unit productions: 


We apply Theorem 6.6 to eliminate null productions. We then apply 
Theorem 6.7 to the resulting grammar to eliminate chain productions. Let the 
grammar thus obtained be G = (Vyp, È, P, S). 


Step 2 Elimination of terminals on R.H.S.: 
We define G, = (Vy, Z, Pi. S^), where P, and Vy are constructed as follows: 


(i) All the productions in P of the form A — a or A — BC are included 
in P,, All the variables in Vy are included in Vy. 

(ii) Consider A > X;X,... X, with some terminal on R.H.S. If X; is a 
terminal, say a; add a new variable Ca, to Vy and C, => @ to Py. 
In production A > X,X>... X,,, every terminal on R.H. S. is replaced 
by the corresponding new yanaple and the variables on the R.H.S. are 
retained. The resulting production is added to Pı. Thus, we get 
G; = (Vn. 2, Pi, S). 

Step 3 Restricting the number of variables on R.H.S.: 


For any production in P;, the R.H.S. consists of either a single terminal (or 
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A in S — A) or two or more variables. We define Ga = (Vx, £, Pa, S) as 
follows: 


(i) All productions in P, are added to P, if they are in the required form. 
All the variables in Vy are added to Vx. 
(ii) Consider A — A,A>... A,,, where m 2 3. We introduce new 


my 


productions A => AC Ci > Axa, -oa Cyr > Am iAm and 
new variables Ci, C>, ..., Cm-2 These are added to P” and Vx. 
respectively. 


Thus, we get Gə in Chomsky normal form. 
Before proving that G is the required equivalent grammar, we apply the 
construction to the context-free grammar given m Example 6.11. 


EXAMPLE 6.11 


Reduce the following grammar G to CNF. G is S$ > aAD, A —> aB | bAB, 
B >b. D >d. l 


Solution 
As there are no null productions or unit productions, we can proceed to step 2. 
Step 2 Let G, = (Vy. {a. b. d}, P;. S). where P; and Vy are constructed 
as follows: 
(i) B > b, D > d are included in P}. 
Gi) $ — aAD gives rise to § > C,AD and C, > a. 
A — aB gives rise to A > C,B. 
A — DAB gives rise to A > C,AB and C, > b. 
Vy = {5. A, B. D. Cz C}. 
Step 3 P, consists of S > C,AD, A > C,B|C,AB, B > b. D > d, C, > a, 
C, >b. 
A > C,B. B > b, D > d, C, > a, C, > b are added to P 
S — C,AD is replaced by $ > C,C; and C; > AD. 
A — C,AB is replaced by A —> C,C> and C» = AB. 
Let 
Go = ({5. A, B, D, Cy, Cy. Cy. Cr}. {a. b, d}, Pa, S) 
where P» consists of S > C,C,. A > C,B|C,C. Ci > AD, C > AB, 
B => b, D > d, Ca > a. Ch > b. Gy is in CNF and equivalent to G. 
Step 4 L(G) = L(G-). To complete the proof we have to show that L(G) = 
L(G;) = L(G;). 
To show that L(G) c L(G,). we start with w € L(G). If A > XiX» . . . Xn 
is used in the derivation of w, the same effect can be achieved by using the 
corresponding production in P; and the productions involving the new 


variables. Hence, A > X)X>... X, Thus, L(G) c L(G)). 
G, 
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Let w e LG). To show that w e L(G), it is enough to prove the 
following: 


A > w ifAe VyA > w (6.7) 
We prove (6.7) by induction on the number of steps in A = w. 


If A > w, then A > w is a production in P;. By construction of P4, w is 
G, 
a single terminal. So A > w is in P, ie. A = w. Thus there is basis for 
induction. ¢ 


: : a k+l 
Let us assume (6.7) for derivations in at most k steps. Let A => w. We can 
G 


split this derivation as A > AjAa... Am 4 Wi © Wp = w such that A; = Wj. 
G, G 


1 l 


Each A; is either in Vy or a new variable, say Cap When A; € Vy. A; 2 wi 
is a derivation in at most k steps, and so by induction hypothesis, A; > Wi. 
When A; = Cap the production C,, > a; is applied to get A; => w, The 
production A — A;A....A,, is induced by a production A > X\X,... Xn 
in P where X; = A; if A; € Vy and X; = w, if Aj = Ca, So A a XiX... Xn 


> wwa... Wp Le A S w. Thus, (6.7) is true for all derivations. 
G G 


Therefore, L(G) = L(G). 

The effect of applying A —> A,|A,...A,, in a derivation for w €e L(G,) 
can be achieved by applying the productions A > ACh} Ci > AC ..., 
C2 > Ap-iA» In P> Hence it is easy to see that L(G,) g UG). 

To prove L(G:) c L(G,), we can prove an auxiliary result 


A>w ifAe VyA Dw (6.8) 
G, 


Condition (6.8) can be proved by induction on the number of steps in A 5 w. 
G, 


Applying (6.7) to S. we get L(G-) c L(G). Thus, 
L(G) = L(G) = L(G) I 


EXAMPLE 6.12 


Find a grammar in Chomsky normal form equivalent to $ —> aAbB, A > 
aAļ|a. B -> bB|b. 
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Solution 
As there are no unit productions or null productions, we need not carry out 


step 1. We proceed to step 2. 


Step 2 Let G, = (Vy {a, b}, Pi. S), where P, and Vy are constructed as 
follows: 

(i) A > a, B —> b are added to P}. 

(ii) $ —> aAbB, A > aA, B > bB yield S ~ C,AC,B, A > C,A, 

Bo CB, G, > a. C, > b. 
Vy = {S, A, B, Cus Cy}. 
Step 3 P, consists. of $ — C,AC,B, A > C,A, B — C,B, Cy > a. 
C, > b, A > a, B > b. 
S — C,AC,B is replaced by $ > C,C), Ci > ACs. Ca > CB 
The remaining productions in P; are added to Pa. Let 
G- = ({S. A, B, Cae Cy, Cy. Ca}. {a. b}, Po. S), 


where Pa consists of S > C,C,, Ci > AC2, Cr —> C,B, A > CA. B > ChB. 
C, > a, C, > b. A > a. and B > b. 
G- is in CNF and equivalent to the given grammar. 


EXAMPLE 6.13 


Find a grammar in CNF equivalent to the grammar 


S> ~S|[S >) Silplq (S being the only variable) 


Solution 


As the given grammar has no unit or null productions, we omit step 1 and 
proceed to step 2. 
Step 2 Let G, = (Vh. E. P4, S). where P, and V’y are constructed as follows: 


(i) S — plq are added to P}. 


(ii) S —> ~ S induces $ — AS and A — ~. 
Gii) S —> [S > S] induces $ — BSCSD, B > [,C > D, D >] 
Vy = {S. A, B, C. D} 

Step 3 P, consists of $ > pļ|q. S > AS, A > ~, B > [,C > >, D >]. 
S > BSCSD. 

S -> BSCSD is replaced by $ ~ BC), Ci > SCs. Ca > CC3, C3 > SD. 
Let 

Gr = ({8, A. B. C, D, Cy. Ca, Cx}. ©, Pa, S) 


where P» consists of $S > p|q|AS|BC,, A > ~. B > [. C > D, D >|, 
C => SC, C 9 CC, C3 — SD. G, is in CNF and equivalent to the given 
grammar. 
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6.4.2 GREIBACH NORMAL FORM 


Greibach normal form (GNF) is another normal form quite useful in some 
proofs and constructions. A context-free grammar generating the set accepted 
by a pushdown automaton is in Greibach normal form as will be seen in 
Theorem 7.4. 


Definition 6.12 A context-free grammar is in Gretbach normal form if every 
production is of the form A > aa where œ e Vy and a € X(a@ may be A), 
and S > A is in G if A e L(G). When A € L(G), we assume that S$ 
does not appear on the R.H.S. of any production. For example, G given by 
S > aAB|A, A > bC, B > b, C > c is in GNF. 


Note: A grammar in GNF is a natural generalisation of a regular grammar. 
In a regular grammar the productions are of the form A — aœ, where a € È 
and ae Vy U {A}, ie. A > aœ, with @Vx and |a| < 1. So for a grammar 
in GNF or a regular grammar, we get a (single) terminal and a string of 
variables (possibly A) on application of a production (with the exception of 
S> A). 

The construction we give in this section depends mainly on the following 
two technical lemmas: 


Lemma 6.1 Let G = (Vy, È, P, S) be a CFG. Let A — Bybe an A-production 
in P. Let the B-productions be B > pil p|... | B,. Define 


P, =(P-{A-> By) o {A > Biy|1 Sis s}. 
Then. G) = (Vy, È. Pi, S) is a context-free grammar equivalent to G. 
Proof If we apply A — By in some derivation for w € L(G), we have to 


apply B — B; for some i at a later step. So A > By. The effect of applying 


A — By and eliminating B in grammar G is the same as applying A > 7 
for some 7 in grammar G,. Hence w € L(G)), i.e. L(G) c L(G,). Similarly, 
instead of applying A — By we can apply A —> By and B —> f; to get 
A > By. This proves L(G) c L(G). 1 


Note: Lemma 6.1 is useful for deleting a variable B appearing as the first 
symbol on the R.H.S. of some A-production, provided no B-production has B 
as the first symbol on R.H.S. 

The construction given in Lemma 6.1 is simple. To eliminate B in A — By, 
we simply replace B by the right-hand side of every B-production. 

For example. using Lemma 6.1, we can replace A —> Bab by A > aAab, 
A > bBab, A — aaab. A —> ABab when the B-productions are B > aA|bB| 
aa| AB. 

The lemma is useful to eliminate A from the R.H.S. of A > AQ. 


Lemma 6.2 Let G = (Vy. È, P, S) be a context-free grammar. Let the set 
of A-productions be A > Aq |... Aœ] Bi|... |B, (Bs do not start with A). 
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Let Z be a new variable. Let G) = (Vy O {Z}, E, Py, S), where P, is defined 
as follows: 


(i) The set of A-productions in P; are A > B,|Bs| ... |B, 
A > B,Z| Z|... [BZ 
(ii) The set of Z-productions in P) are Z > œ || ... |G, 


Z > qz | OZ nae OZ 
(iii) The productions for the other variables are as in P. Then G; is a CFG 
and equivalent to G. 


Proof To prove L(G) ¢ L(G), consider a leftmost derivation of w in G. The 
only productions in P — P, are A > AQ |Aœ ... | AQ. If A > AQ;,, 


A > AQ -n A — Aq, are used, then A -> B; should be used at a later 
stage (to eliminate A). So we have A > BAQ,- œ while deriving w in 
G ` ; 
G. However, : 
A = BZ = BO Ze: ma Bii i, ec Oh 

1.e. 

A => BAG, es Qi, 

Goor i 


Thus. A can be eliminated by using productions in G,. Therefore, w €e L{G)). 

To prove L(G,) & L(G). consider a leftmost derivation of w in G,. The 
only productions in P} — P are A > B Z| BZ ... BZ Z > a... [0n 
Z => @Z\0Z |... 10,Z. If the new variable Z appears in the course of the 
derivation of w, it is because of the application of A > BZ in some earlier 
step. Also. Z can be eliminated only by a production of the form Z > or 


Z — OZ for some i and j in a later step. So we get A 5 pio 0%, E 
l G 

in the course of the derivation of w. But, we know that A > fQ Oi- Oi 

TR 2 ; 


Therefore, w €e L(G). I 


EXAMPLE 6.14 


Apply Lemma 6.2 to the following A-productions in a context-free grammar 
F . 
A > aBD|bDB |c, A > AB|AD 


Solution 
In this example, œ% = B. œ = D, B, = aBD, B. = bDB, p, = c. So the new 
productions are: 


(i) A > aBD|bDB|c. A — aBDZ|bDBZ|cZ 
G) Z > B.Z > D, Z —> BZ| DZ 
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Theorem 6.9 (Reduction to Greibach normal form). Every context-free 
language L can be generated by a context-free grammar G in Greibach normal 
form. 


Proof We prove the theorem when A ¢ L and then extend the construction 
to L having A. 


Case 1 Construction of G (when A € L): 


Step 1 We eliminate null productions and then construct a grammar G in 
Chomsky normal form generating L. We rename the variables as 
A;, Ax, ...,A, with S = A,;. We write G as QA}, Ax, .... Ap}, b P, Aj). 


Step 2 To get the productions in the form A; —> ay or A; > Ajy% where 
j > i, convert the A;-productions (i = 1, 2. ..., n — 1) to the form A; > Aj,y 
such that j > i. Prove that such modification is possible by induction on i. 

Consider A,-productions. If we have some A,-productions of the form 
A; => Ay. then we can apply Lemma 6.2 to get rid of such productions. We 
get a new variable, say Z;. and A,-productions of the form A; > a or A, > Ay’ 
where j > 1. Thus there is basis for induction. 

Assume that we have modified A,-productions, A»-productions ... 
A,-productions. Consider A,,;-productions. Productions of the form 
A; ay required no modification. Consider the first symbol (this will be 
a variable) on the R.H.S. of the remaining A;,;-productions. Let ¢ be the 
smallest index among the indices of such symbols (variables). If £ > 7 + 1, 
there is nothing to prove. Otherwise. apply the induction hypothesis to 
A,productions for + S i So any A;-production is of the form A, > Aj;y 
where j > t or A, > ay’. Now we can apply Lemma 6.1 to Aj,)-production 
whose R.H.S. starts with A, The resulting A;,,-productions are of the form 
Any > A;¥ where j > t (or Ay, > ay’). 

We repeat the above construction by finding ¢ for the new set of 
A,,,-productions. Ultimately, the A;,;-productions are converted to the form 
Ani > Ajy; where j 2 i + 1 or A —> ay’. Productions of the form 
Ain, > Ay can be modified by using Lemma 6.2. Thus we have converted 
A;,;-productions to the required form. By the principle of induction, the 
construction can be carried out for 7 = 1, 2, ..., n. Thus for 7 = 1, 2,..., 
n — 1, any A;-production is of form A; > A;¥ where j > i or A; > ay’. Any 
A,-production is of the form A, > A,y or A, > ay’. 


Step 3 Convert A,-productions to the form A, — ay Here, the productions 
of the form A, — A,y are eliminated using Lemma 6.2. The resulting 
A,-productions are of the form A, —> ay. 


Step 4 Modify the A;-productions to the form A; — ay fori = 1, 2...4, 
n — 1. At the end of step 3, the A,-productions are of the form A, > ay. 
The A,_;-productions are of the form A,_, — ay’ or A,_; > A,y. By applying 
Lemma 6.1. we eliminate productions of the form A,_; — A,y. The resulting 
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A,1-productions are in the required form. We repeat the construction by 
considering Ap Aya... +. Aj: 


Step 5 Modify Z;-productions. Every time we apply Lemma 6.2, we get a 
new variable. (We take it as Z; when we apply the Lemma for A;-productions.) 
The Z,-productlons are of the form Z; > a@Z; or Z — & (where & is obtained 
from A; — A;o), and hence of the form Z; > ay or Z; > A,y for some k. 
At the end of step 4. the R.H.S. of any A,-production starts with a terminal. 
So we can apply Lemma 6.1 to eliminate Z; —> A,y Thus at the end of 
step 5, we get an equivaient grammar G, in GNF. 

It is easy to see that G, is in GNF. We start with G in CNG. In G any 
A-production is of the form A — a or A > AB or A — CD. When we apply 
Lemma 6.1 or Lemma 6.2 in step 2, we get new productions of the form 
A > aa or A > B, where a e VŽ and Be Vyand a e &. In steps 3-5, 
the productions are modified to the form A —> aœ or Z > a'a’, where a. a’ 
c E and œ, g'e VÄ 


Case 2 Construction of G when A € L: 


By the previous construction we get G’ = (Vx, X., Pi. S) in GNF such that 
L(G’) = L — {A}. Define a new grammar G) as 


G, = (Vy U {S’}, E Piu {S > S, S — A}, S’) 


S’ — S can be eliminated by using Theorem 6.7. As S-productions are in the 
required form, S’-productions are also in the required form. So L(G) = L(G,) 
and G; is in GNF. 1 


Remark Although we convert the given grammar to CNF in the first step, 
it is not necessary to convert all the productions to the form required for CNF. 
In steps 2-5. we do not disturb the productions of the form A > aœ aec È 
and œ € VŽ. So such productions can be allowed in G (in step 1). If we apply 
Lemma 6.1 or 6.2 as in steps 2-5 to productions of the form A — œ. where 
ae VÄ and | of| 2 2. the resulting productions at the end of step 5 are in the 
required form (for GNF). Hence we can allow productions of the form A > a, 
where œ e V¥, and [a] 2 2. 

Thus we can apply steps 2-5 to a grammar whose productions are either 
A > ao where a e VX. or A > œ e Vý where |@| 2 2. To reduce the 
productions to the form A — a@ e VÄ where |@| 2 2, we can apply step 2 
of Theorem 6.8. 


EXAMPLE 6.15 


Construct a grammar in Greibach normal form equivalent to the grammar 
S > AAl|a A = SS|b. 
Solution 


The given grammar is in CNF. S and A are renamed as A, and Ao, 
respectively. So the productions are A; > A,A>|a and A, —> AA; lb. As the 
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given grammar has no null productions and is in CNF we need not carry out 
step 1. So we proceed to step 2. 


Step 2 (i) A;-productions are in the required form. They are A; > A2A3| a. 
(ii) A> — b is in the required form. Apply Lemma 6.1 to A, => AA, 
The resulting productions are Az — AAA, Ar > aA, Thus the 
A>-productions are 
Ad < A-A-A], A> => aA, Aa -> b 


Step 3 We have to apply Lemma 6.2 to A -productions as we have 
A, — A,A-A;. Let Z» be the new variable. The resulting productions are 


A, > aA), Ad —- b 
A> —_ aA,Z>, A = bZ 
Z> => AÁ}, Z> =F AA; Za. 


Step 4 (i) The A>-productions are A; — aA |b|aA,Z-| bZ». 

(ii) Among the Aj,-productions we retain A; — a and eliminate 
A, > A-A, using Lemma 6.1. The resulting productions are A; > aA,A)| bAa. 
A, > aA,Z,A2|bZ,A2. The set of all (modified) A,-productions is 


Ay -> a | aA 142 | bA> | aA ,ZoA2 | bZ3A2 


Step 5 The Z.-productions to be modified are Z, — AA} Z2 => Ala 
We apply Lemma 6.1 and get 


Za — aA,A;|bA,|aA,Z,A,|bZ,A, 
Za > aA AZ| bA Z| 4A Z-A ;Z | bZ,A1Z, 
Hence the equivalent grammar is 
G’ = ({A). Ax, Za}, {a, b}, Py, A) 
where P, consists of 
A, > a|aAjA3| bA, | aA,Z>A; | bZ>A> 
A, > aA,|b| aAyZ,| bZ 
Z > aAA; | bA | aA1Z2A] | DZA; 
Za > aA AZ| bA;Z | aA ZAZ: | bZ-A;Z2 


EXAMPLE. 6.16 


Convert the grammar S —> AB, A => BS|b, B — SA|a into GNF. 


Solution 


As the given grammar is in CNF, we can omit step 1 and proceed to step 2 
after renaming S, A, B as A;, A>. Ax, respectively. The productions are A, > 
A-A3. A> => ÁA3Á] |b, Aa = AjA3]a. 
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Step 2 (i) The A,-production A; — A-A, is in the required form. 
(ii) The A>-productions A, — A3A,|b are in the required form. 
(iii) A; — a is in the required form. 


Apply Lemma 6.1 to A, — AA. The resulting productions are A; > A2A2A>. 
Applying the lemma once again to A; > A>,A3A>. we get 


A3 => A3A\A3Ap | DAA>. 


Step 3 The A;-productions are A; > a|bA3A, and A; > A3A,A3A3. As we 
have A; —> A3A;A3Ax. we have to apply Lemma 6.2 to A3-productions. Let 
Z, be the new variable. The resulting productions are 


A; => a|bAxA., A3  aZ3| bA3A-Z3 
Z, —> A\A3A> Z3 > A,A2A2Z;3 
Step 4 (i) The A;-productions are 
Az > a| bA3A -| aZ, | bA:A-Z3 (6.9) 


(ii) Among the A.-productions. we retain A; — b and eliminate A, —> 
AA, using Lemma 6.1. The resulting productions are 


A; > GA, |bA3A2A)|aZ3A | bA3A2Z3A; 
The modified A.-productions are 
As > b|aA,|bAsAsA; | aZqA; | DASA-ZiA; (6.10) 
(iil) We apply Lemma 6.1 to A; — A-A; to get 
A; — bA; | aAA; | bÞA3A-A A3 | aZ3A 143 | DASA2Z 3A} A3 (6.11) 
Step 5 The Z;-productions to be modified are 
Z3 > AjAsA2|A\AxA2Z; 


We apply Lemma 6.1 and get 
Z; > bAsA3A5| DAsAdZ; 
Z3 > aA;A2A3A2| GA\A3A3A2Z3 
Z3—> bA3AA A3434 | DADA A343423 (6.12) 
Z3 > aZA\A;A3A3| aZ3A AAA Z3 
Z3 => bA3A2Z3A\A3A3A2 | DASA2Z3A AzA 3A Z3 


The required grammar in GNF is given by (6.9)-(6.12). 

The following example uses the Remark appearing after Theorem 6.9. In 
this example we retain productions of the form A — aœ and replace the 
terminals only when they appear as the second or subsequent symbol on 
R.H.S. (Example 6.17 gives productions to generate arithmetic expressions 
involving a and operations like +. » and parentheses.) 
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EXAMPLE 6.17 
Find a grammar in GNF equivalent to the grammar 

E> E+T7|T,T > T+F\F. F > Bla 
Solution 
Step 1 We first eliminate unit productions. Hence 
W(E) = {E}. Wi(E) = {£} Y {T} = {E, T} 
WAE) = {E, T} o {F} = {E, T, F} 


So. 
WE) = {E, T, F} 
So, 
WoT) = {T}, WAT) = {T} o {F} = {T. F} 
Thus. 


WT) = {T. F} 
W(F)={F}. WiC) = {F} = WP) 
The equivalent grammar without unit productions is, therefore, G) = (Vy, 
x, Pi, S), where P, consists of 
G E> E+T7|T+#F\(/la 
(ii) T > T+F|(E)la. and 
(iii) F > (Ela 
We apply step 2 of reduction to CNF. We introduce new variables A, B, 
C corresponding to +, *,). The modified productions are 
(i) E > EAT|TBF|(EC\a 
Gi) T => TBF|(EC\a 
Gii) F > (ECla 
G) A> + B> C>) 
The variables A. B. C, F. T and E are renamed as Ay. Aa, A3, Ay. As. Ao 
Then the productions become 
A; => Fy A> — A3 => ). A4 = (AgA3 
A3 > AAA; | (AoA | a 
Ag > AAAs | AsAA4 | (A643 
Step 2 We have to modify only the As- and A¢-productions. As > AA A4 
can be modified by using Lemma 6.2. The resulting productions are 
As = (A¢A3 a. As = (AgA3Zs | aZ5 (6.14) 
Zs = AA4 l AA 3Z5 


a (6.13) 


a 


Ag — AsA2Ay can be modified by using Lemma 6.1. The resulting 
productions are 


Ag > (AgA3A2A4| AAA; | (A6A3Z5A244 | AZAA; 
Ag — (AgA3|a@ are in the proper form. 
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Step 3 Ag — AgA,As can be modified by using Lemma 6.2. The resulting 
productions give all the A¢-productions: 


Ag > (AcA3A2A4| aAA; | (A6A3Z5A -A4 

AER AREAL ENT (6.15) 
Ag > (AçA3A244Z6 | AA2A4Z6 | (A6A3Z5424A4Z6 

Ag > aZAA Zi AAZ | aZe (6.16) 
Ago AAA Az, 


Step 4 The step is not necessary as A;-productions for 7 = 5, 4, 3, 2, 1 are 
in the required form. 


Step 5 The Z;-productions are Z; = A,A4|A2A4Z;. These can be modified 
as 
Zs => * Ag | x A4Zs (6.17) 


The Z,-productions are Zę > A,As|A)A;Zs These can be modified as 
Zs > + Asl+ AsZo (6.18) 
The required grammar in GNF is given by (6.13)-(6.18). 


6.5 PUMPING LEMMA FOR CONTEXT-FREE 
LANGUAGES 


The pumping lemma for context-free languages gives a method of generating 
an infinite number of strings from a given sufficiently long string in a context- 
free language L. It is used to prove that certain languages are not context-free. 
The construction we make use of in proving pumping Jemma yields some 
decesion algorithms regarding context-free languages. 


Lemma 6.3 Let G be a context-free grammar in CNF and T be a derivation 
tree in G. If the length of the longest path in F is less than or equal to k, then 
the yield of T is of length less than or equal to 25, 


Proof We prove the result by induction on k, the length of the longest path 
for all A-trees (Recall an A-tree is a derivation tree whose root has label A). 

When the longest path in an A-tree is of length 1. the root has only one son 
whose label is a terminal (when the root has two sons, the labels are variables). 
So the yield is of length 1. Thus, there is basis for induction. 

Assume the result for k — 1 (k > 1). Let T be an A-tree with a longest path 
of length less than or equal to k. As k > 1, the root of T has exactly two sons 
with labels A; and Aa. The two subtrees with the two sons as roots have the 
longest paths of length less than or equal to k — 1 (see Fig. 6.12). 

If w; and w» are their yields. then by induction hypothesis, |w)| < haa 
[wa] < 25, So the yield of T = wiwa. | mgwa] < 2? + 24 = 21, By the 
principle of induction, the result is true for all A-trees, and hence for all 
derivation trees. 
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A, Ag 


A AA 


Fig. 6.12 Tree T with subtrees 7; and 7p. 


Theorem 6.10 (Pumping lemma for context-free languages). Let L be a 
context-free language. Then we can find a natural number n such that: 


(i) Every z € L with |z| 2 can be written as uvwxy for some strings 
u, V, Wy, Xy 
(ii) fvx| 2 1. 
(iii) Jvwx] <n. 

(iv) uwy € L for all k 2 0. 

Proof By Corollary 1 of Theorem 6.6, we can decide whether or not A € L. 
When A € L, we consider L — {A} and construct a grammar G = (Vy, È, P, S) 
in CNF generating L — {A} (when A ¢ L, we construct G in CNF generating 
L). 

Let |Vy| = m and n = 2”. To prove that n is the required number, we 
start 
with z € L, |z| 2 2”, and construct a derivation tree T (parse tree) of z. If 
the length of a longest path in T is at most m, by Lemma 6.3, < 27™! (since 
z is the yield of T). But |z| 2 2” > 2”"'. So T has a path, say T. of length 
greater than or equal to m + 1. T has at least m + 2 vertices and only the last 
vertex is a leaf. Thus in T all the labels except the last one are variables. As 
|Va;| = m. some label is repeated. 

We choose a repeated label as follows: We start with the leaf of T and 
travel along [ upwards. We stop when some label, say B, is repeated. (Among 
several repeated labels, B is the first.) Let vı and v, be the vertices with label 
B, v; being nearer the root. In T. the portion of the path from v; to the leaf has 
only one label, namely B, which is repeated, and so its length is at most m + 1. 

Let 7, and T» be the subtrees with v, v2 as roots and z,, w as yields, 
respectively. As I is a longest path in 7, the portion of I from v, to the leaf 
is a longest path in T, and of length at most m + 1. By Lemma 6.3, |z; | <2” 
(since zı is the yield of 7)). 

For better understanding. we illustrate the construction for the grammar 
whose productions are $ => AB, A > aB\a, B > bA |b, as in Fig. 6.13. In 
the figure, 


Zz 
x 


T=e§S~ATDBRAARDBAD 
z= ababb, zı = bab, w=b 
v= ba, x= A, u= a, y=b 
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As z and z; are the yields of T and a proper subtree 7, of T, we can write 
z = uzy. As <; and w are the yields of 7, and a proper subtree T» of T,, we 
can write z; = vwx. Also, | vwx| >|w|. So, | vx} 2 1. Thus, we have z = uvwxy 
with | vwx| < nand |vx| 2 1. This proves the points (i)-(iii) of the theorem. 

As T is an S-tree and T,, T» are B-trees, we get $ = uBy, B Š vBx and 
B Š w. As S Š uBy > uwy, wwxy e L. Fork 2 1, S Š uBy > uv*Bxřy 
= uvwxy € L. This proves the point (iv) of the theorem. I 


S 


Fig. 6.13 Tree T and its subtrees 7, and T>. 


Corollary Let L be a context-free language and n be the natural number 
obtained by using the pumping lemma. Then (i) L # Ø if and only if there 
exists w € L with |w] < n, and (ii) L is infinite if and only if there exists 
z € L such that n < |z| < 2n. 
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Proof (i) We have to prove the ‘only if part. If z e L with |z| 2 n, we 
apply the pumping lemma to write z = uvwxy, where 1 < |vx| < n. Also, 
uwy € Land |uwy| < |z|. Applying the pumping lemma repeatedly, we can 
get z € L such that |z| < n. Thus (i) is proved. 

(ii) If z e L such that n < |z| < 2n, by pumping lemma we can write 
z= uvwxy. Also. in‘waty € L for all k 2 0. Thus we get an infinite number 
of elements in L. Conversely, if L is infinite. we can find z € L with |z| Zm. 
If [z| < 2n, there is nothing to prove. Otherwise. we can apply the pumping 
lemma to write z = uvwxy and get uwy € L. Every time we apply the pumping 
lemma we get a smaller string and the decrease in length is at most n (being 
equal to |x|). So, we ultimately get a string z’ in L such that n < |<’| < 2n. 
This proves (ii). I 


Note: As the proof of the corollary depends only on the length of vx, we can 
apply the corollary to regular sets as well (refer to pumping lemma for regular 
sets). 

The corollary given above provides us algorithms to test whether a given 
context-free language is empty or infinite. But these algorithms are not efficient. 
We shall give some other algorithms in Section 6.6. 

We use the pumping lemma to show that a language L is not a context- 
free language. We assume that L is context-free. By applying the pumping 
lemma we get a contradiction. 

The procedure can be carried out by using the following steps: 


Step 1 Assume L is context-free. Let n be the natural number obtained by 
using the pumping lemma. 

Step 2 Choose z e L so that |z| 2 n. Write z = uyway using the pumping 
lemma. 


Step 3 Find a suitable k so that uv'wx'y ¢ L. This is a contradiction, and so 
L is not context-free. 


EXAMPLE 6.18 


Show that L = {a"b"c"|n 2 1} is not context-free but context-sensitive. 


Solution 


We have already constructed a context-sensitive grammar G generating L (see 
Example 4.11). We note that in every string of L, any symbol appears the 
same number of times as any other symbol. Also a cannot appear after b, and 
c cannot appear before b. and so on. 


Step 1 Assume L is context-free. Let n be the natura! number obtained by 
using the pumping lemma. 

Step 2 Let = = a"b’c". Then |z| = 3n > n. Write z = wvwxy, where | vx| 2 1, 
i.e. at least one of v or x is not A. 
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Step 30 wwxy = a'b'c". As 1 < |vx| < n, v or x cannot contain all the three 
symbols a. b. c. So. (i) v or x is of the form ath’ (or bic’) for some i, j such that 
i+j <n. Or (ii) v or x is a string formed by the repetition of only one symbol 
among a. b, c 

When v or x is of the form ah, v? = a‘bla‘b! (or x = albia’b’). As v” isa 
substring of uv-wx7y. we cannot have uv“wx7y of the form abc. So, 
uwy g L. 

When both v and x are formed by the repetition of a single symbol (e.g. 
u = d and y = b for some i and j. i < n, j < n), the string uwy will contain the 
remaining symbol, say a;. Also, aj will be a substring of uwy as a; does not 
occur in v or x. The number of occurrences of one of the other two symbols 
in uwy is less than n (recall uvwxy = a"b"c"), and n is the number of occurrences 
of a). So mwy = uwy g L 

Thus for any choice of v or x, we get a contradiction. Therefore, L is not 
context-free. 


EXAMPLE 6:19 


Show that L = {æ |p is a prime} is not a context-free language. 


Solution 
We use the following property of L: If w e L, then |w] is a prime. 


Step 1 Suppose L = L(G) is context-free, Let n be the natural number 
obtained by using the pumping lemma. 


Step 2 Let p be a prime number greater than n. Then z = a’? € L. We write 
Z = UVWXY. 


Step 3 By pumping lemma, w°wx"y = uwy € L. So |uwy]| is a prime 


number, say q. Let |vx| = r. Then, |uvfwx®y| = q + qr. As q + qr is not a 
prime. wwxy ¢ L. This is a contradiction. Therefore, L is not context-free. 


6.6 DECISION ALGORITHMS FOR CONTEXT-FREE 
LANGUAGES 


In this section we give some decision algorithms for context-free languages and 
regular sets. 


(i) Algorithm for deciding whether a context-free language L is empty. 
We can apply the construction given in Theorem 6.3 for getting 
V\ = W,. Lis nonempty if and only if S$ e Wp 

ii) Algorithm for deciding whether a context-free language L is finite. 
Construct a non-redundant context-free grammar G in CNF generating 
L — {A}. We draw a directed graph whose vertices are variables in 
G. If A > BC is a production. there are directed edges from A to B 
and A to C. L is finite if and only if the directed graph has no cycles. 
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Gii) 


Algorithm for deciding whether a regular language L is empty. 
Construct a deterministic finite automaton M accepting L. We construct 
the set of all states reachable from the initial state go. We find the 


States which are reachable from gg by applying a single input symbol. 


(iv) 


These states are arranged as a row under columns corresponding to 
every input symbol. The construction is repeated for every State 
appearing in an earlier row. The construction terminates in a finite 
number of steps. If a final state appears in this tabular column, then 
L is nonempty. (Actually, we can terminate the construction as soon 
as some final state is obtained in the tabular column.) Otherwise, L 
is empty. 

Algorithm for deciding whether a regular language L is infinite. 
Construct a deterministic finite automaton M accepting L. L is infinite 
if and only if M has a cycle. 


6.7 SUPPLEMENTARY EXAMPLES 


EXAMPLE 6.20 


Consider a context-free grammar G with the following productions, 


S— ASA |B 
B > aCb| bCa 
C> ACA VA 
A—>ajļb 


and answer the following questions: 


(a) 
(b) 
(c) 


(d) 
(e) 
(f) 
(g) 
(h) 


What are the variables and terminals of G? 
Give three strings of length 7 in L(G). 

Are the following strings in L(G)? 

(i) aaa (li) bbb (iii) aba (iv) abb 
True or false: C = bab 

True or false: C 5 bab 

True or false: C 5 abab 

True or false: C = AAA 

Is A in L(G)? 


Solution 


(a) 
(b) 


Vy = {S. A. B. C} and E = {a, b} . 
S Š ASA = ABA = A*aCbA* = A*aAbA* => ababbab 
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So ababbab € L(G). 
S Š A’aAbA? (as in the derivation of the first string) 
= aaaabaa 
S => A*aAbA* => bbabbbb 


So ababbab, aaaabaa, bbabbbb are in L(G). 

(c) S — ASA. If B Š w, then w starts with a and ends in b or vice versa 
and |w| 2 3. If aaa is in L(G), then the first two steps in the 
derivation of aaa should be § = ASA = ABA or S => aBa. The 
length of the terminal string thus derived is of length 5 or more. 
Hence aaa ¢ L(G). A similar argument shows that bbb ¢ L(G). 


S > B= acb = aAb = abb. So abb € L(G) 


(d) False. since the single-step derivations starting with C can only be 
C > ACA orC SA. 

(e) C = ACA = AAA > bab. True 

(f) Let w = abab. If C => w, then C = ACA 5 wor Cs A >w. 
In the first case | w| = 3, 5.7..... As |w] = 4, and A > w if and 
only if w = a or b, the second case does not arise. Hence (f) is false. 

(g) C = ACA = AAA. Hence C => AAA is true. 

(hy) A g L(G). 


EXAMPLE 6.21 


If G consists of the productions S$ > aSa | bSb | aSb | bSa | A, show that L(G) 
is a regular set. 


Solution 


First of all, we show that L(G) consists of the set L of all strings over {a, b}, 
of even length. It is easy to see that L(G) c L. Consider a string w of even 
length. Then, w = ajd ... Qry,_1G>, where each a; is either a or b. Hence 
S= a, Sar, => Q147SAIy_1 Ar, = Ajay es ANYO ER sae An = AA... Ay 
Hence L c L(G). 

Next we prove that L = L(G) for some regular grammar G,. Define 
G; = ({S, S;, $2, S3, Sa}, {a, b}, P. S) where P consists of S > aS,, S; > aS, 
S > aSs, Sy > bS, S > bS, S3 > bS, S > bS4, S4 > aS, S >A 

Then S = a,a.S where a, = a or b and a = a or b. It is easy to see that 
L(G,) = L. As G is regular, L(G) = L(G) is a regular set. 


EXAMPLE 6.22 


Reduce the following grammar to CNF: 
S — ASA | bA. A-> BİS, Boc 
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Solution 


Step 1 Elimination of unit productions: 
The unit productions are A > B, A > S. 


W(S) = {S}, Wi) = {5} U Ø = {S} 
Wo(A) = {A}, W\(A) = {A} U {S, B} = {S, A, B} 
WA) = {S, A, B} U @ = {S, A, B} 
Wo(B) = {B}, W\(B) = {B} U Ø = {B} 
The productions for the equivalent grammar without unit productions are 
S > ASA | bA, B > c 


A > ASA | bA, A >c 


So, G; = ({S, A, B}, {b, c}, P, S) where P consists of S —> ASA | bA, 
B => c, A > ASA | bA |c. 


Step 2 Elimination of terminals in R.HLS.: 


S — ASA, B > c, A > ASA |c are in proper form. We have to modify 
S — bA and A > bA. i 

Replace $ > bA by S > CA. C, — b and A — bA by A > GA, 
C, > b. 

So, G» = ({S. A. B, Cp}. {b, c}, Pa, S) where Pa consists of 


S — ASA | CA 
A => ASA | c| CA 
B> c, CG > b 
Step 3 Restricting the number of variables on R.H.S.: 
S — ASA is replaced by $ => AD, D > SA 
A — ASA is replaced by A - AE, E > SA 
So the equivalent grammar in CNF is 
G3 = ({S. A. B, Cy, D. E}, {b, c}, P3}, 8) 
where P, consists of 
S — CA | AD 
A > c| CA | AE 
B> c, ©, > b, D > SA, E > SA 


EXAMPLE 6.23 


Let G = (Vp, È, P, S) be a context-free grammar without null productions or 
unit productions and k be the maximum number of symbols on the R.H.S. of 
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any production of G. Show that there exists an equivalent grammar G; in 
CNF, which has at most (k — 1)|P| + || productions. 


Solution 
In step 2 (Theorem 6.8). a production of the form A —> X,X,... X% „is 
replaced by A > Y,Y>, ..., Y, where Y; = X; if X; € Vy and Y; is a new 


variable if X; e È. We also add productions of the form Y; —> X; whenever 
X,€ È. As there are | £ | terminals, we have a maximum of | È | productions of 
the form Y; — X; to be added to the new grammar. In step 3 (Theorem 6.8), 
A > Aå» ... A, is replaced by n — 1 productions, A > ADi, Di > AD. | 

. Dy-2 > A,A p Note that n < k. So the total number of new productions 
obtained in step 3, is at most (k — 1)|P|. Thus the total number of productions 
in CNF is at most (k — 1)|P| + |Z]. 


Example 6.24 


Reduce the following CFG to GNF: 
S — ABbla, A > aad, B —> bAb 
Solution 


The valid productions for a grammar in GNF are A — aa, where a € È, 
ae Vy. 
So, § — ABb can be replaced by § > ABC, C > b. 
A — aaA can be replaced by A — aDA, D > a. 
B — bAb can be replaced by B — bAC. C — b. 
So the revised productions are: 
S — ABC | a, A —> aDA, B > bAC. C > b, D >a. 
Name S, A, B, C, D as Aj, Ax, Aa, Aq. As. 
Now we proceed to step 2. 

Step 2 G, = ({A;, A>, A3, Ay, As}, {a, b}, Pi, Ay) where P; consists of 
Á; => ArAxAy | A, A> = aAsAn, Aj => bA-A4, Ay => b, As > a 
The only production to be modified using step 4 (refer to Theorem 6.9) 

is Ay =3 A-A344. 

Replace A; — A+A3Ay by A, > aAsAA3A4. 
The required grammar in GNF is 
Gy = ({A;, Ax, A3, Ag, As}. {a, b}, Po, Ay) where Pa consists of 
A, > aAsAsA, | a 
Ad — aAsA> 
A3 => bA-A4, A4 -> b, As “a 
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EXAMPLE 6.25 


If a context-free grammar is defined by the productions 
S — a| Sa | bSS | SSb | SbS 


show that every string in L(G) has more a’s than b’s. 


Proof We prove the result by induction on | w |, where w € L(G). 

When |w] = 1, then w = a. So there is basis for induction. 

Assume that S > w, |w] < n implies that w has more a’s than b’s. Let 
|w| =n > 1. Then the first step in the derivation $ = w is S = bSS or 
S = SSb or S => SbS. In the first case, $ > DSS => bww = w for some 
wi, w € E* and S > w,, S 5 wa. By induction hypothesis each of w; and 
wa has more a’s than b’s. So wwz has at least two more a’s than b’s. Hence 
bw w> has more a’s than b’s. The other two cases are similar. By the principle 
of induction, the result is true for all w € L(G). 


EXAMPLE 6.26 


Show that a CFG G with productions S > SS|(S)| A is ambiguous. 


Solution 


S = SS = SIS) = AO = AA) = (A) 
Also. - 
S > 8S > (OS > AS > (AM = (A) 


Hence G is ambiguous. 


EXAMPLE 6.27 


Is it possible for a regular grammar to be ambiguous? 


Solution 


Let G = (Vy, È, P, S) be regular. Then every production is of the form 
A > aB or A > b. Let w e L(G). Let S Š w be a leftmost derivation. We 
prove that any leftmost derivation A > w, for every A € Vy is unique by 
induction on |w |. If |w | = 1, then w = a €e T. The only production is A > a. 
Hence there is basis for induction. Assume that any leftmost derivation of the 
form A => w is unique when |w| =n — 1. Let |w] =n and A > w be a 
leftmost derivation. 

Take w = aw). a € T. Then the first step of A = w has to be A => aB 
for some B € Vy. Hence the leftmost derivation A => w can be split into 
4 => aB => av. So. we get a leftmost derivation B 5 w;. By induction 
hypothesis, B => w is unique. So. we get a unique leftmost derivation of w. 
Hence a regular grammar cannot be ambiguous. 
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SELF-TEST 


1. Consider the grammer G which has the productions 
A > a|Aa| bAA|AAb|AbA 


and answer the following questions: 

(a) What is the start symbol of G? 

(b) Is aaabb in L(G)? 

(c) Is aaaabb in L(G)? 

(d) Show that abb is not in L(G). 

(e) Write the labels of the nodes of the following derivation tree T 
which are not labelled. It is given that T is the derivation tree 
whose yield is in {a, b}*. 


Fig. 6.14 Derivation tree for Question 1(e). 


2. Consider the grammar G which has the following productions 
S — aB|bA, A > aS|bAA|a, B > bS|aBB|b. 


and state whether the following statements are true or false. 
(a) L(G) is finite. 

(b) abbbaa € L(G) 

(c) aab g L(G) 

(d) L(G) has some strings of odd length. 

(e) L(G) has some strings of even length. 
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3. 


6.1 


6.3 


State whether the following statements are true or false. 

(a) A regular language is context-free. 

(b) There exist context-free languages that are not regular. 

(c) The class of context-free languages is closed under union. 

(d) The class of context-free languages is closed under intersection. 

(e) The class of context-free languages is closed under 
complementation. 

(f) Every finite subset of {a, b}* is a context-free language. 

(g) {d'b |n 2 1} is a context-free language. 

(h) Any derivation tree for a regular grammar is a binary tree. 


EXERCISES 
Find a derivation tree of a » b + a » b given that a + b + a =» b is in 
L(G), where G is given by S > S + SjS«S,S > ab. 
A context-free grammar G has the following productions: 
S — 0S0|1S1]A, A > 2B3, B > 28313 
Describe the language generated by the parameters. 


A derivation tree of a sentential form of a grammar G is given in 
Fig. 6.15. 


xy 


6.4 


Fig. 6.15 Derivation tree for Exercise 6.3. 


(a) What symbols are necessarily in Vy? 

(b) What symbols are likely to be in £? 

(c) Determine if the following strings are sentential forms: (1) X4X, 

(ii) X-X-X;X-X3X3, and (iii) X-X4X4X2. 

Find (i) a leftmost derivation, (ii) a rightmost derivation, and (iii) a 
derivation which is neither leftmost nor rightmost of abababa, 
given that abababa is in L(G), where G is the grammar given in 
Example 6.4. 
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6.5 


6.6 
6.7 


6.8 


6.9 


6.10 


6.11 


6.13 


6.14 


6.16 


Consider the following productions: 
S —> aB | bA 
A > aS|bAA|a 
B — bS | aBB | b 


For the string aaabbabbba, find 
(a) the leftmost derivation, 

(b) the rightmost derivation, and 
(c) the parse tree. 


Show that the grammar S — a |abSb | aAb, A > bS | aAAb is ambiguous. 


Show that the grammar S — aB|ab, A > aAB|a. B > ABb|b is 
ambiguous. 


Show that if we apply Theorem 6.4 first and then Theorem 6.3 to a 
grammar G, we may not get a reduced grammar. 


Find a reduced grammar equivalent to the grammar S —> aAa, A ~ 
bBB, B —> ab, C > aB. 


Given the grammar S$ —> AB, A > a, B > C |b, C > D, D > E, 
E — a, find an equivalent grammar which is reduced and has no unit 
productions. 


Show that for getting an equivalent grammar in the most simplified 
form, we have to eliminate unit productions first and then the 
redundant symbols. 


Reduce the following grammars to Chomsky normal form: 
(a) S > 1A| OB, A —> 1AA4| OS | 0, B > 0BB| 1S} 1 
(b) G = {S}. {a, b, c}, {S > a|b | cSS}, $) 

(c) S > abSb | a | aAb, A — bS | aAAb. 


Reduce the grammars given in Exercises 6.1, 6.2, 6.6, 6.7, 6.9, 6.10 
to Chomsky normal form. 


Reduce the following grammars to Greibach normal form: 

(a) S > SS, S — 0S1]|01 

(b) S => AB, A —> BSB, A — BB. B —> ab, Boa, A >b 
(c) S ~ AO, A — 0B. B > A0, Bol 


5 Reduce the grammars given in Exercises 6.1, 6.2, 6.6, 6.7, 6.9, 6.10 


to Greibach normal form. 


Construct the grammars in Chomsky normal form generating the 

following: 

(a) {wew |w e 0 {a, b}*}, 

(b) the set of all strings over {a, b} consisting of equal number of a’s 
and b's, 
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6.17 


6.18 


6.19 
6.20 


6.21 


6.22 


6.23 


(c) {a"b" |m +n, m,n > 1}, and 
(d) {a"b"c"|m, n 2 1}. 


Construct grammars in Greibach normal form generating the sets given 
in Exercise 6.16. 


If w e L(G) and |w| = k, where G is in (i) Chomsky normal form, 
(ii) Greibach normal form, what can you say about the number of steps 
in the derivation of w? 


Show that the language {a” |n 2 1} is not context-free. 


Show that the following are not context-free languages: 

(a) The set of all strings over {a, b, c} in which the number of 
occurrences of a, b, c is the same. 

(b) {a"b"c"|m < n < 2m}. 

(c) {a"b"|n = m}. 

A context-free grammar G is called a right-linear grammar if each 

production is of the form A — wB or A > w, where A, B are variables 

and w € L*. (G is said to be left-linear if the productions are of the 

form A > Bw or A > v. G is linear if the productions are of the form 

A -— vBw or A —> w.) Prove the following: 

(a) A right-linear or left-linear grammar is equivalent to a regular 
grammar. 

(b) A linear grammar is not necessarily equivalent to a regular 
grammar. 


A context-free grammar G is said to be self-embedding if there exists 
some useful variable A such that A 5 wAv, where u, v e E*, u, 
v # A. Show that a context-free language is regular iff it is generated 
by a nonselfembedding grammar. 


Show that every context-free language without A is generated by a 
context-free grammar in which all productions are of the form A > a, 
A > aQb. 


Pushdown Automata 


In this chapter we introduce pushdown automaton (pda). We discuss two types 
of acceptance of sets by pushdown automata. Finally, we prove that the sets 
accepted by pushdown automata are precisely the class of context-free 
languages. 


7.1 BASIC DEFINITIONS 


We have seen that the regular languages are precisely those accepted by finite 
automata. If M is a finite automaton accepting L, it is constructed in such a way 
that states act as a form of primitive memory. The states ‘remember’ the 
variables encountered in the course of derivation of a string. (In M, the states 
correspond to variables.) Let us consider L = {a"b"|n 2 1}. This is a context- 
free language but not regular. (S — aSb|ab generates L. Using the pumping 
lemma we can show that L is not regular; cf. Example 5.20.) 

A finite automaton cannot accept L, i.e. strings of the form a’b”, as it has 
to remember the number of a’s in a string and so it will require an infinite 
number of states. This difficulty can be avoided by adding an auxiliary 
memory in the form of a ‘stack’ (In a stack we add the elements in a linear 
way. While removing the elements we follow the last-in-first-out (LIFO) 
basis. i.e. the most recently added element is removed first.) The a’s in the 
given string are added to the stack. When the symbol b is encountered in the 
input string, an a is removed from the stack. Thus the matching of number 
of c's and the number of b’s is accomplished. This type of arrangement where 
a finite automaton has a stack leads to the generation of a pushdown 
automaton. 

Before giving the rigorous definition, let us consider the components of a 
pushdown automaton and the way it operates. It has a read-only input tape, 
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an input alphabet, a finite state control, a set of final states, and an initial state 
as in the case of an FA. In addition to these, it has a stack called the pushdown 
store (abbreviated PDS). It is a read-write pushdown store as we add elements 
to PDS or remove elements from PDS. A finite automaton is in some state 
and on reading, an input symbol moves to a new state. The pushdown 
automaton is also in some state and on reading an input symbol and the 
topmost symbol in PDS, it moves to a new state and writes (adds) a string of 
symbols in PDS. Figure 7.1 illustrates the pushdown automaton. 

We now give a formal definition of a pushdown automaton. 


| . | A 
| Finite store Z Storing Removing 
control aay | direction | direction 
ss 
sl 


Pushdown store 
Fig. 7.1 Model of a pushdown automaton. 


Definition 7.1 A pushdown automaton consists of 


(i) a finite nonempty set of states denoted by Q, 
Gi) a finite nonempty set of input symbols denoted by 2, 
(iii) a finite nonempty set of pushdown symbols denoted by T, 
(iv) a special state called the initial state denoted by qo, 
(v) a special pushdown symbol called the initial symbol on the pushdown 
store denoted by Zp. 
(vi) a set of final states, a subset of Q denoted by F, and 
(vii) a transition function ô from Q x (= U {A}) xT to the set of finite 
subsets of Q x T*. 
Symbolically. a pda is a 7-tuple, namely (Q, E, T, ô go, Zo, F). 


Note: When ôlq. a. Z) = @ for (q. a. Z) € Q x (2 U {A}) xT, we do not 
mention it. 


EXAMPLE 7.1 


Let 


D 


= (Q, a Ts ô, dos Zo- F) 


where 


Q = {qo qe q} E={a b} D= {a Zh F= ta 


E E E EEE oitqeltinled ata 
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and 6 is given by 
5(go, a, Zo) = {(qo. aZo)}. O(qy. b. a) = {q AD} 
6(qo, a, a) = {(Go, aa)}, Êlq A. Zo = {q A} 
d(go. b. a) = {q AD} 


Remarks 1. ô(q, a, Z) is a finite subset of Q x T* The elements of 
d(q, a. Z) are of the form (q, œ, where g € Q. a e T* ô(q, a, Z) may 
be the empty set. 


2. At any time the pda is in some state g and the PDS has some symbols 
from I. The pda reads an input symbol a and the topmost symbol Z in PDS. 
Using the transition function 6, the pda makes a transition to a state q’ and 
writes a string o after removing Z. The elements in PDS which were below 
Z initially are not disturbed. Here (q’, œ) is one of the elements of the finite 
set O(g, a, Z). When œ = A, the topmost symbol, Z. is erased. 

3. The behaviour of a pda is nondeterministic as the transition is given 
by any element of d(g. a, Z). 

4. As dis defined on Q x Œ u {A}) xT, the pda may make transition 
without reading any input symbol (when 6(q, A, Z) is defined as a nonempty 
set for q € Q and Z e T). Such transitions are called A-moves. 


5. The pda cannot take a transition when PDS is empty (We can apply 
6 only when the pda reads an input symbol and the topmost pushdown symbol 
in PDS). In this case the pda halts. 


6. When we write œ = Z,Z....Z,, in PDS. Z is the topmost element, 
Z» is below Z}. etc. and Z„ is below Zi 


In the case of finite automaton, it is enough to specify the current state at 
any time and the remaining input string to be processed. But as we have the 
additional structure, namely the PDS in pda, we have to specify the current 
State, the remaining input string to be processed, and the symbols in the PDS. 
This leads us to the next definition. 


Definition 7.2 Let A = (Q, X. T. 6, qo. Zo, F) be a pda. An instantaneous 
‘description (ID) is (q, x. œ, where g € Q, xe L* andae T* 

For example, (q. @)a. ... am ZZ ... Zm is an ID. This describes the 
pda when the current state is q, the input string to be processed is a,a>... ap 
The pda will process ajaz ... a, in that order. The PDS has Z,, Zs, ..., Zm 
with Z; at the top. Z is the second element from the top, etc. and Z,,, is the. 
lowest element in PDS. 


n 


Definition 7.3 An initial ID is (qo, x. Zp). This means that initially the pda 
is in the initial state go, the input string to be processed is x. and the PDS has 
only one symbol. namely Zp. 


Note: In an ID (q. x. œ). x may be A. In this case the pda makes a A-move. 
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For a finite automaton. the working can be described in terms of change 
of states. In the case of pda, because of its additional structure, namely PDS, 
the working can be described in terms of change of IDs. So we have the 
following definition: 


Definition 7.4 Let A be a pda. A move relation, denoted by |, between IDs 
is defined as 
(q; Gaz... Ay. ZZ... Zn) Fe s, G03 ~~~ ap BZo ... Zn) 
if O(g, a. Z,) contains (q’, B). 
Note: The move relation 
(q; lia o. am ZZ -oe Zm | (Gs aa; ©. Qn BZ -oe Zy) 


can be described as follows: The pda in state q with Z,Z, ... Zm in PDS 
(Z; is at the top) reads the input symbol a,. When (q’, B) € d(q. a, Zi). the 


pda moves to a state q’ and writes P on the top of Z ... Zm» After this 
transition. the input string to be processed is axd3.... dy 
If B = ¥,¥.... Yp then Fig. 7.2 illustrates the move relation. 


Fig. 7.2 An illustration of the move relation. 


Remark As | — defines a relation in the set of all IDs of a pda, we can define 
the reflexive-transitive closure |* which represents a definite sequence of n 
moves, where n is any non-negative integer. 

If (q. x. & |> (g. y. P) represents n moves. we write (q, x. œ) H- 
(q’. v. P). In particular, (q, x. @) H (q, x, @). Also, (q. x, ù F (y B 
can be split as 

(q, x. a) F (his x 1) - z X20) F on FG P) 
for some x), 42, .... € L*. a. Qa, .... € TR 
Note: When we deal with more than one pda, we also specify the pda while 
describing the move relation. For example. a move relation in A is denoted 


by H. 
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The next two results are properties of the relation | and are frequently 

used in constructions and proofs. 
Result 1 If 

Gi GAB) 7.) 
then for every y € &*, 

(gq), xy. D FL (qa y B) (7.2) 
Conversely. if (q1. ay. œ) Æ> (qz y, P) for some y e E*, then (qi, x, @ [FE 
(qa, A, P). 


Proof The result can be easily understood once we refer to Fig. 7.2, 
providing an illustration of the move relation. 

If the pda is in state g, with @ in PDS. and the moves given by (7.1) are 
effected by processing the string x, the pda moves to state q> with B in PDS. 
The same transition is effected by starting with the input string xy and 
processing only x. In this case, v remains to be processed and hence we 
get (7.2). 

We can prove the converse part, i.e. (7.2) implies (7.1) in a similar way. 


Result 2 If 
(q. x. Oe (g. AY (7.3) 

then for every p € T*. 

(q. x. OB) [2 (q’, A. yp) (7.4) 
Proof The sequence of moves given by (7.3) can be split as 

(q. x. OO Gis x o) Fos, BO) Fete Fe AY 

Consider (q; x). Oj) H (Gist. Xab Cay). Let O; = ZZ... Z,, As a result 
of this move, Z, is erased and some string is placed above Z.... Zm So, 
Z> ... Z, is not affected. If we have B below Z, ... Zm then also 


Z,... Z,B is not affected. So we obtain (q, x; 048) FE (dist. Xib Qip) 
Therefore. we get a sequence of moves 


(q; x. OB) LK (que x. 4B) LH -H a A Yp) 
(q. x. aß) > (g. A. yp) 1 


Note: In general. (7.4) need not imply (7.3). Consider, for instance, 


A = ({qo}. {a. b}. {Zo}. 6 qo Zo. Ø) 


where 
5(qo. a. Zo) = {(go. A)}. 8(Go b. Zo) = {(qo: ZoZo)} 


(qo. aab. ZoZoZoZo) 
— (qo, ab. ZoZoZo) 
— (qo. b. ZoZo) 

E> (qo: A. ZZZ) 


232 © Theory of Computer Science 


(qo. aab, ZoZo) |= (qo. As ZoZo) 


However, (qo. aab, Zo) | (qo. ab. A); hence the pda cannot make any more 
transitions as the PDS is empty. This shows that (7.4) does not imply (7.3) 
if we assume @ = ZZoZo. B = Zo. Y= ZoZo- 


. EXAMPLE 7.2 


A = ({qo qi; q}, {a. b, c}, fa, b. Zo}. Ô Go, Zo, (4) 


is a pda, where 6 is defined as 


5(qo. a. Zo) = {(qo, aZo)}, O(go, b. Zo) = {(qo-. bZo)} (7.5) 

ôlqo a. a) = {(qo, aa)}. êlo, b, a) = {(Go. ba)} (7.6) 

6(qo. a. b) = {(qo. ab)}, — O(qo. b, b) = {(qo, bb)} 7.7) 
O(qo. c, Y= {(qi- a)}, O(qo. c. b) = {(q1. B)}. ldo, c. Zo) 

= {q Zo)} (7.8) 

lq. a, a= O(q. b. b) = {(q. AD} (7.9) 

5(q;. A. Zo) = {CaA Zo)} (7.10) 


We can explain 6 as follows: 


If A is in initial ID. then using Rule (7.5), A pushes the first symbol of 
the input string on PDS if it is a or b. By Rules (7.6) and (7.7), the symbols 
of the input string are pushed on PDS until it sees the centre-marker c. By - 
Rule (7.8), on seeing c. the pda moves to state q, without making any changes 
in PDS. By Rule (7.9). the pda erases the topmost symbol if it coincides with 
the current input symbol (i.e. if they do not match, the pda halts). By Rule 
(7.10). the pda reaches the final state g only when the input string is 
exhausted. and then the PDS has only Zp. 

We can explain the concepts of ID. moves, etc. for this pda A. Suppose 
the input string is acab. We will see how the pda processes this string. An 
initial configuration is (qo, bacab, Zp). We get the following moves: 


(qo: bacab, Zo) |— (qo, acab. bZy) by Rule (7.5) 


H (qo, cab, abZo) by Rule (7.7) 
t— (qi. ab, abZp) by Rule (7.8) 
L (qo b, BZ) by Rule (7.9) 
L (q À, Zo) by Rule (7.10) 
— (qa A. Zo) by Rule (7.10) 


(qo: bacab. Zo) H- (ap Zo) 
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Proceeding in a similar way, we can show that 
(qo. wen. Zo H (qp A, Zo) for all w e {a, b}* 
Suppose an initial configuration is (qo. abcbb, Zo). Then, we have 
(qo. abebb. Zo) — (qo. bebb, aZo) by Rule (7.5) 
k- (qo, cbb, baZp) by Rule (7.6) 
-— (qı. bb, baZy) by Rule (7.8) 
— (qi; b. aZo) by Rule (7.9) 


Once the pda is in ID (q;. b, aZo), it has to halt as lq, b. a) = Ø. Hence, 
we have 


(qo. abcbb. Zo) F- (qu. b. aZp) 
As d(go. c. Zo) = Ø, the pda cannot make any transition if it starts with an 


ID of the form (gp, cw. Zp). 


Note: In Example 7.2. each ô(q, a. Z) is either empty or consists of a single 
element. So for making transitions, the pda has only one choice and the 
behaviour is deterministic. 


In general. a deterministic pda can be defined as follows: 


Definition 7.5 A pda A = (Q, E. T. ô. qo. Zp. F) is deterministic if 
(i) 5(qg. a, Z) is either empty or a singleton. and (ii) d(g. A. Z) # Ø implies 
lq. a. Z) = Ø for each a € È. 


Consider the pda given in Example 7.2. d(g. a. Z) given by Rules 
(7.5)-(7.10) are singletons. Also. lq. a. Zo) = Ø and (qı. a, Zp) = Ø for 
all a e ÈZ. So the pda given in Example 7.2 is deterministic. 


7.2 ACCEPTANCE BY pda 


A pda has final states like a nondeterministic finite automaton and has also the 
additional structure, namely PDS. So we can define acceptance of input strings 
by pda in terms of final states or in terms of PDS. 


Definition 7.6 Let A = (Q. E, T, 6. qo, Zo, F) be a pda. The set accepted 
by pda by final state is defined by 


T(A) = {w € E*(go w. Zp) > (gp A oò for some q; € F and a e T*} 


EXAMPLE 7.3 


Construct a pda A accepting L = {wew |w e {a, b}*} by final state. 
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Solution 


Consider the pda given in Example 7.2. Let wcw? e L. Write w = ajay... dps 
where each a; is either a or b. Then, we have 


(Go. aqa ... a cw, Zo) 

E (qo Cw. apani ses) Zo) by Rules (7.5-7.7) — 
H- (Gi, Anani +++ Qs Anang ++. AZo) by Rule (7.8) 

Æ (q. A. Zo) by Rule (7.9) 

k (gp A. Zo) by Rule (7.10) 


Therefore, wew? € T(A), ie. L c TIA). 
To prove the reverse inclusion, it is enough to show that L° c T(A)’. Let 
xe Ll 


Case 1 x does not have the symbol c. In this case the pda never makes a 
transition to q}. So the pda cannot make a transition to qp as we cannot apply 
Rule (7.10). Thus, x € TAY. 


Case 2 


X = Wyjcws, WwW $ wi 


(qo. wicwa. Zo) 


z TZ. 
H (qo. cwz Wy Zp) 


— (Gy, Wo, wi Zp) 


As w» # wï, the pda cannot reach an ID of the form (q1. A. Zp). So we 
cannot apply (7.10). Therefore. x e T(A). 

Thus we have proved L° g TAY. 

The next definition describes the second type of acceptance. 


Definition 7.7 Let A = (Q, ÈZ, T. ô go. Zo, F) be a pda. The set N(A) 
accepted by null store (or empty store) is defined by 


N(A) = {w e E*|(qo w, Zp) LE (q; A, A) for some q € Q} 
In other words, w is in N(A) if A is in initial ID (go, w, Zp) and empties 
the PDS after processing all the symbols of w. So in defining N(A), we 


consider the change brought about on PDS by application of w, and not the 
transition of states. 


| EXAMPLE 7.4 


Consider the pda A given by Example 7.2 with an additional rule: 
O(qn A. Zo) = {lae A} (7.11) 
Then. 
N(A) = {wew™| we {a. b}*} 
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Solution 


From the construction of A, we see that the Rules (7.5)-(7.10) cannot erase 
Zp. We make a provision for erasing Z, from PDS by Rule (7.11). By 
Example 7.2, wċw € T(A) if and only if the pda reaches the ID (gp A, Zo) 
By (7.11), PDS can be emptied by A-moves if and only if the pda reaches the 
ID (gp A. Zo). Hence. 
MA) = {wew |w e {a, b}*} 

In the next theorem we prove that the set accepted by a pda A by null store 

is accepted by some pda B by final state. 


Theorem 7.1 If A = (Q, X, T, ô qo. Zp, F) is a pda accepting L by empty 
store. we can find a p“a 
B = (Q. X, T’, ds. qdo. Zos F’) 
which accepts L by final state, ie. L = N(A) = T(B). 
Proof B is constructed in such a way that (i) by the initial move of B, it 
reaches an initial ID of A. (ii) by the final move of B, it reaches its final state, 
and (iii) all intermediate moves of B are as in A. 
Let us define B as follows: 
B= (Z. x, T’, Ôp. do: Z'o. F) 
where 
qo iS a new state (not in Q). 
F’ = {q}. with qp as a new state (not in Q). 
Q' =Q U {qh aft: 
Zo is a new start symbol for PDS of B. 
=T O {Z}. and 
6, is given by the rules Rj, Ro, R3 


with 

Ri: õlga A. Zo) = {qo ZoZo). 

R~: ôglq, a, Z) = lq. a, Z) for all (q, a, Z) in Q x Œ U {A) xT 

R3: Op(q. A. Zo) = {qa A)} forall ge Q. 

By R;. the pda B moves from an initial ID of B to an initial ID of A. 
R, gives a A-move. As a result of R;, B moves to the initial state of A with 
the start symbol Zo on the top of PDS. 

R, is used to simulate A. Once B reaches an initial ID of A, R, can be used 
to simulate moves of A. We can repeatedly apply R- until Z% is pushed to the 
top cf PDS. As Z% is a new pushdown symbol, we have to use R3. 

R, gives a A-move. Using R3. B moves to the new (final) state qp erasing 
Zh in PDS. 

Thus the behaviour of B and A are similar except for the A-moves given 
by R, and R}. Also, w € T(B) if and only if B reaches qp Le. if and only 
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if the PDS has no symbols from T (since B can reach qp only by the 
application of R3). This suggests that 7(B) = MA). 

Now we prove rigorously that N(A) = 7(B). Suppose w € N(A). Then by 
the definition of M(A), (qo. w. Zp) H- (q. A. A) for some q € Q. Using Ra, 
we see that 


(qo. w, Zo) Ge (4, A, A) 
By Result 2, ` 
(qo. W. ZoZ'o) Fy (g, A. Zo) (7.12) 
By R,. 
(ab. As Zo) be o A. ZoZ0) 
By Result 1, we have 
(qo w. Zo) hy (Go. W: ZoZo) (7.13) 
By Rs, 
(q. A. Zo) H e A, A) (7.14) 
Combining (7.12)-(7.14). we have 
(do w, ZD He (qp A, A) 


T(B), i.e. N(A) c TB). 
N(A), we start with w c T(B). Then 


This proves that w 
To prove 7(B) 


N m 


(qo. w. Zo) Er (ap A, œ) (7.15) 


But B can reach q; only by the application of R3. To apply R3. Zo should be 
the topmost element on PDS. Zh is placed initially, and so when it is on the 
top there are no other elements in PDS. So @ = A, and (7.15) actually reduces 
to 


(do w ZoD Ge (ap A. A) (7.16) 


In (7.16), the initial and final steps are effected only by A-moves. The 
intermediate steps are induced by the corresponding moves of A. So (7.16) can 
be split as (qo, Aw. Zo) Lp (qo. w ZoZo) He (4. A, Zo) for some 
q € Q. Thus, (gh, Aw, Zo) Ke (do w: ZoZo) HE (a: A, Zo) be (Gp A, A). 
As we get (qo. w. ZoZo) Hy (q. A. Zo) by applying R> several times and Rə 
does not affect Z at the bottom, we have (qo, w. Zo) H (q. A, A). By the 
construction of Ra. we have (qo. w. Zo) $ (q. A. A). which means w e N(A). 
Thus. T(8) c NA). and hence T(B) = MA) =L. I 
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Note: From the construction of B, it is easy to see that B is deterministic if 
and only if A is deterministic. 


-EXAMPLE 7.5 


Consider the pda A given in Example 7.1 (Take F = 9). Determine N(A). 
Also construct a pda B such that 7(B) = N(A). 


Solution 


A = ({qo. qi}. {a b}, {a. Zo}. & qo, Zo. Ø). 
where 6 is given by 
Ry: ldo, a. Zo) = {(qo; aZo)} 
R-: Ôlqo, a. a) {(qo. aa)} 
R3: ôlqo. b. a) {(q;. A)} 
Ry: lq. b. a) = {q A} 
Rs: 6(q;, A. Zo) = {(qi. AD} 


R, is used to store a in PDS if it is the first symbol of an input string. 
R, can be used repeatedly to store a” in PDS. When b is encountered for the 
first time in the input string, a is erased (in PDS) using Ra. Also, the pda 
makes a transition to state qı. After processing the entire input string, if Zo 
remains in PDS, it can be erased using the null move given by Rs. So, if 
w = ab", then we have 


ul 


(qo. ab". Zo) Fe (qo. b", a'Zp) by applying R; and R3 
H} (qi. A. Zo) by applying R, and R4 
— (ais A, A) by applying Rs 
Therefore. a'b” € NA). 

If we MA). then (go. w, Zo) FE (qir, A, A). (Note that the PDS can be 
empty only when A is in state q;.) Also, w should start with a. Otherwise, we 
cannot make any move. We store the symbol a in PDS if the current input 
symbol is a and the topmost symbol in PDS is a or Zp. On seeing the input 
symbol b, the pda erases the symbol a in PDS. The pda enters the ID (q;, A. A) 
only by the application of Rs. The pda can reach the ID (qi. A, Zo) only 
by erasing the a’s in pda. This is possible only when the number of b’s is 


equal to number of a's. and so w = a'b”. Thus. we have proved that 
MA) = {a"b"|n 2 1}. 
Now let 


B = (QO. {a. b}. T’, ô qo. Zo F^) 
where 


Q’ = {qo qh: qi qj). F = {qi}. I“ = {a. b. Zo} 
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and ds is defined by 
5p(qo, A. Zo) = {go ZoZo)} 


6p(q1. a, Zo) = {(qo; aZo)} 
ôs(qo: a. 4) = {(qo. aa)} 
õslqo b, a) = {(q1, A} 

ôs(qı, b, a) = {qi AD} 

sld A, Zo) = {q A} 

Og(qo. A, Zo) = {qs A)} 


ôslq A. Zo) = {Cap AD} 
Thus. 
T(B) = N(A) = {a"b"|n 2 1} 
The following theorem asserts that the set accepted by a pda A by final 


State is accepted by some pda B by null store. 


Theorem 7.2 If A = (Q. ÈX, I, ô qo, Zo: F) accepts L by final state, we can 
find a pda B accepting L by empty store; i.e. L = T(A) = M(B). 


Proof B is constructed from A in such a way that (i) by the initial move of 
B an initial ID of A is reached, Gi) once B reaches an initial ID of A, it 
behaves like A until a final state of A is reached, and (iii) when B reaches a 
final state of A, it guesses whether the input string is exhausted. Then B 
simulates A or it erases all the symbols in PDS. 

The actual construction of B is as follows: 


B = (Q L {qo d}. E.T O {Zo}, dz, qo Zo 0) 


where qh is a new state (not in Q), d is a new (dead) state, and Zo is the new 
start symbol for PDS of B. 
Oz is defined by rules Rj, Rə, R3 and R; as 


Ry: Op (qo; A. Zo) = {(qo. ZoZo)} 


Rs: dg(q, a, Z) = Hq, a, Z) for alla e E qe Q, Zer 
R3: Op(q, A. Z) = Hg. A, Z U {(d, A)} for all Ze TU {Zo} andge F 
Ry: Sq. A. Z) = {(d. A)} for all Ze T U {Zh} 


Using R,, B enters an initial ID of A and the start symbol Zp is placed on top 
of PDS. 

Using Ra, B can simulate A until it reaches a final state of A. On reaching 
a final state of A, B makes a guess whether the input string is exhausted or 
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not. When the input string is not exhausted, B once again simulates A. 
Otherwise, B enters the dead state d. Rule Ry gives a A-move. Using these 
A-moves, B erases all the symbols on PDS. 

Now w e T(A) if and only if A reaches a final state. On reaching a final 
state of A, the pda can reach the state d and erase all the symbols in the PDS 
by A-moves. So, it is intuitively clear that w € T(A) if and only if w € N(B). 
We now prove rigorously that 7(A) = M(B). 

Suppose w € 7(A). Then for some q € F, œ e I%*, 


(qo. w, Zo) H @ A, œ) 
Using Ra, we get 
(qo. w, Zo) Gr (4: A, œ) 
Applying Result 2, we obtain 
(qo. w, ZoZo) H (a. A, aZo) (7.17) 
As 
(qo A. Z'o) hy (Go: A: ZoZo) 


using Result 1. we get 


(qo w: Zo) Lp (do w, ZoZo) (7.18) 
From (7.18) and (7.17), we can deduce 
(qdo w. Zo) H (4. A, GZ) (7.19) 


By applying R, once and R, repeatedly, we get 
(q4. A. @Z6) H (d. A, A) (7.20) 


Relations (7.19) and (7.20) imply that (go, w. ZO) ie (d, A. A). Thus we 


have proved 7(A) c N(B). 
To prove that M(B) c T(A), we start with w €e N(B). This means that for 
some state q of B, 


(qo. w. Zo) Ee (q. A. A) (7.21) 


As the initial move of B can be made only by using R;. the first move of 
(7.21) is (qo. Aw. Zo) Ee (do w. ZoZo). 

Zh in the PDS can be erased only when B enters d; B can enter d only 
when it reaches a final state g of A in an earlier step. So (7.21) can be split as 


(qo. Aw, Zo) Ke Go: w. ZoZo) Le (4 A. aZ) Hr (a A, A) 
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for some q € F and œ e T* But (qo. w, ZZ) Ly (q, A. @Z'o) can be 


obtained only by the application of Rə. So the moves involved are those 
induced by the moves of A. As Z% is not a pushdown symbol in A, Zh lying 
at the bottom is not affected by these moves. Hence 


(qo. Aw, Zo) rg. A. ), qe F 
So w € T(A) and MB) c T(A). Thus, 
L = NB) = T(A) 


-EXAMPLE 7.6 


Construct a pda A accepting the set of all strings over {a, b} with equal 
number of a’s and b's. 


Solution 
Let 
A = ({q}. fa. b]. [Zo a, b], Ô, q, Zo: É) 


where 6 is defined by the following rules: 
6(q. a. Zo) = {(q, aZo)} 5(g. b, Zo) = {(q, bZo)} 
5(q, a, a) = {(q. aa)} O(g, b. b) = {(q. bb)} 
6(g. a. b)= {(q. A)} 6(g. b, © = {(q. AY} 
6(q. A, Zo) = {(q. AV} 


The construction of 6 is similar to that of the pda given in Example 7.2. 
But here we want to match the number of occurrences of a and b; so, the 
construction is simpler. We start by storing a symbol of the input string and 
continue storing until the other symbol occurs. If the topmost symbol in PDS 
is a and the current input symbol is b. a in PDS is erased. If w has equal 
number of a’s and b's, then (q. w. Zo) > (g, A. Zo) |—(q, A, A). So 
w € NA). We can show that N(A) is the given set of strings over {a. b} using 
the construction of 6. 


7.3 PUSHDOWN AUTOMATA AND CONTEXT-FREE 
LANGUAGES 


In this section we prove that the sets accepted by pda (by null store or final 
state) are precisely the context-free languages. 


Theorem 7.3 If Lis a context-free language, then we can construct a pda 
A accepting L by empty store, i.e. L = NA). 
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Proof We construct A by making use of productions in G. 
Step 1 (Construction of A) Let L = L(G), where G = (Vy, E, P, S) is a 
context-free grammar. We construct a pda A as 
A = (q), E Vy U È, ô q. S, Ø) 
where 6 is defined by the following rules: 
R: 6(q, A. A) = {(g. Q| A > & is in P} 
Rx: d(g. a, a) = {(q, A)} for every a in E 

We can explain the construction in the following way: The pushdown 
symbols in A are variables and terminals. If the pda reads a variable A on the 
top of PDS, it makes a A-move by placing the R.H.S. of any A-production (after 
erasing A). If the pda reads a terminal a on PDS and if it matches with the 
current input symbol, then the pda erases a. In other cases the pda halts. 

If w e L(G) is obtained by a leftmost derivation 

S=> Wj;A,% = Ut HA0 0 =>... Ə W, 

then A can empty the PDS on application of input string w. The first move 
of A is by a A-move corresponding to S$ 4 u,A,0,. The pda erases $ and 
stores 114104. Then using R+. the pda erases the symbols in u, by processing 
a prefix of w. Now, the topmost symbol in PDS is A;. Once again by applying 
the A-move corresponding to A; — IAO, the pda erases A, and stores 
IAQ above œ. Proceeding in this way, the pda ou the PDS by 
processing the entire string w. 


Before proving that L(G) = MA) (step 2). we apply the construction to 
an example. 


EXAMPLE 7.7 


Construct a pda A equivalent to the following context-free grammar: S > 
OBB. B > 0S|1S5|0. Test whether 010* is in M(A). 


Solution 
efine pda A as follows: 


= ({qg}. {0. 1}. {5. B. 0. 1}. ô q. S, Ø) 
ô is defined by the following rules: 


Ri: lq. A. S) = {(q, OBB)} 

Rx ôlq. A. B)= {(4. 09). (¢. OS). (q. 0)} 
R: 6¢.00=1¢ 0) © 

Ry: ôq. 1, D = {(g, A} 


242 & Theory of Computer Science 


(q, 010*, $) 

+ (4, 010", OBB) by Rule R, 

— (q. 10°, BB) by Rule R, 

L(g, 10") 15B) by Rule R since (q, 15) € a(q, A, B) 
L (q. 0*, SB) by Rule Ry 

— (q. 0", OBBB) by Rule R; 

— (q, 0°, BBB) by Rule R; 

H 4. 0°, 000) by Rule R- since (q, 0) € atg, A, B) 
H- (4. A, A) by Rule R, 


Thus. 
0107 c MA) 


Note: After entering (q. 10*. BB), the pda may halt for a different sequence 
of moves, for example, (q, 10*, BB) | (q, 10*, 0B) | (q, 10°, 00). As 
ôlq, 1, 0) is the empty set, the pda halts. 

Let us continue with the proof of the theorem. 
Step 2 (Proof of the construction, i.e. L(G) = N(A)). First we prove L(G) 
c N(A). Let w € L(G). Then it can be derived by a leftmost derivation. Any 
sentential form in a leftmost derivation is of the form HAG, where u € &*, 
Aé Vy and œ € (Vy U E)*. We prove the following auxiliary result: If 
S = uAa by a leftmost derivation. then 

(q, uv. S) > (q. v, Aœ) for every v e &* (7.22) 

We prove (7.22) by induction on the number of steps in the derivation of 
wAa. If S 2> uA, then u = A, & = A, and S = A. As (q. v, S) |} (q. v, S), there 
is basis for induction. 

Suppose $ 5 uAQ by a leftmost derivation. This derivation can be split 
as $ S u;A;Q = uA0. If the A,-production we apply in the last step is 
Ay -> UA, then u = lila, © = ŒQ. 


As S S u,;A,0;. by induction hypothesis, 


(q, muv, S) FY (q, uv, A101) > (7.23) 


As A; > wAQ is a production in P, by Rule R; we get (q, A, Ay) F— 
(q. A, u2Ao2). Applying Results 1 and 2 in Section 7.1, we get 


(q. uv, A101) | (q, uw. U2A020%) 
| (4. y, Aœ) by Rule R, 


Hence, 
(q. uv, A10) F (q. v, A00) (7.24) 
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But uju = u and 6a = a So from (7.23) and (7.24), we have 
(q, uv, $) Fe (q, v, AO) 


Thus (7.22) is true for S ja uAa. By the principle of induction, (7.22) is true 
for any derivation. Now we prove that L(G) c MA). Let w € L(G). Then, 
w can be obtained from a leftmost derivation, 
S Š vwAv > w'v=w 

From (7.22). 

(q, uwv, S) = (q, wv, Av) 
As A => x is in P, 

(q, wv, Av) © (g, uv, u'y) 
By Rule Ro, 

(q, wv, wv) E (q, A, A) 
Therefore, 

w = uuv € N(A) proving L(G) c MA) 

Next we prove 


MA) c L(G) 
Before proving the inclusion, let us prove the following auxiliary result: 
S Š uœ if (aw, SJE (q, v, œ) (7.25) 


We prove (7.25) by the number of moves in (q. uv, S) = (q, v, œ). 


0 
If (q, uv, S) |© (q. v, 0. then u = A, S = œ; obviously, S > Aa. Thus 
there is basis for induction. 
Let us assume (7.25) when the number of moves is n. Assume 


(q, uv, S) FË (q, v. a) (7.26) 
The last move in (7.26) is obtained either from (q, A, A) — (4. A, a’) or 
from (q. a, a) |> (q, A. A). In the first case, (7.26) can be split as 
(q, wv. S) PL (q, v, AQ) H (q, y, %0) = (q, v. o) 


By induction hypothesis, S$ Š uA@ and the last move is induced by 
A => a, Thus, $ => uvAQ implies a0, = œ. So, 


S Š uA > u0 = ua 
In the second case, (7.26) can be split as 
(g. uv, S) PL (q, av. aœ) | (q, y, œ) 


Also. u = u'a for some w e E. So, (q, rav, S) H- (q, av, ad) implies (by 
induction hypothesis) S =>. waœ = wat. Thus in both the cases we have shown 
that $S 5 wa By the principle of induction, (7.25) is true. 
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Now. we can prove that if w e N(A) then w e L(G). As w e MA), 
we have (g. w, S) [= (q, A, A). By taking u = w, v = A, œ = A and applying 
(7.25), we get S > wA = w, ie. w € L(G). Thus, 


L(G) = N(A) 


Theorem 7.4 If A = (Q, 2. T, ô qo. Zp. F) is a pda, then there exists a 
context-free grammar G such that L(G) = N(A). 


Proof We first give the construction of G and then prove that N(A) = L(G). 
Step 1 (Construction of G). We define G = (Vy. È, P, $), where 
Vy = {5S} Y {Ig Z, gla ge Q, Ze T} 


i.e. any element of Vy is either the new symbol S acting as the start symbol 
for G or an ordered triple whose first and third elements are states and the 
second element is a pushdown symbol. 

The productions in P are induced by moves of pda as follows: 


R: S-productions are given by S — [go. Zo, q] for every q in Q. 

R»: Each move erasing a pushdown symbol given by (q’, A) € 6(q, a, Z) 
induces the production [g. Z, q] > a. 

Rx. Each move not erasing a pushdown symbol given by (qi, ZiZa ... Zm 
e ôlq, a. Z) induces many productions of the form 


[a Z. qg] > alqı. Zs qalige Ze, g3} = % [Qins Zm ql 


where each of the states g’, go. . . .. gy, can be any state in Q. Each move yields 
many productions because of R} We apply this construction to an example 
before proving that L(G) = N(A). 


EXAMPLE 7.8 


Construct a context-free grammar G which accepts M(A), where 
A = ({qo qi}. {a b}. {Zo. Z}. 6 qos Zo, Ø) 
and ô is given by 
5(qo. b. Zo) = {(Go. ZZo)} 
5(qo, A, Zo) = {qo AD} 
5(qo, b. Z) = {(qo. ZD} 
d(qo. a. D= {q D} 
ôlqi. b. D= ((q1. A} 
ôlqi. a. Zo) = {(Go. Zo)} 
Solution 


Let : 
G = (Vy. {a. b}. P. S) 
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where Vy consists of S, [go; Zo: dol. [go Zo Gils lgo. Z. qol; [go Z qil, 
[qi Zo qol [q Zo qil (a1. Z qol [qo Z qil. 
The productions are 


Pi: S > [qo 4: qo] 
P>: S > [qo. 4: qı] 
ldo. b. Zo) = {(qo. ZZo)} yields 
Px: [qo. Zo, qo] > blo. Z. qollgo- 
Pa: (Go: Zo Gol > ldo. Z qligi 
Ps: [qo Zo qi] > bilgo. Z. qollgo- 
Po: [qo Zo qı] > bilgo. Z. qilla. 


N 
Q 
ro) 
a 


S 


6(go. A. Zo) = {(qo. A)} gives 
Ps: (qo. Zo: Go] > A 
O(go. b. Z) = {(do. ZZ)} gives 
Z. qol 
Po: (do. Z. dol > bigo. Z. qligi Z. qol 
Pio: (qo. Z. qi] > bigo Z. dollgo. Z. qil 
Pitt [go Z q] > bigo Z qlig Z ql] 


Ps: [qo Z. qol > blo. Z. gollao- 


lgo a. Z) = {(qy. Z} yields 
Pix: (go. Z. qo] > alqi. Z. qo] 
Pis: (go. Z. q] > alqi, Z ail 
6(q,. b. D = {(q. A)} gives 


Pix [qg Z Gil —> b 
Ôlqi a. Zo) = {(qo. Zo) } gives 
Pis: [qis Zo. Gol — algo: Zo. Gol 


Pig: [qi Zo qi] > algo, Zo, qı] 


P-P, give the productions in P. 
Using the techniques given in Chapter 6. we can reduce the number of 
variables and productions. 


Step 2 Proof of the construction. i.e. MA) = L(G). 

Before proving that N(A) = L(G), we note that a variable [q. Z, q’] indicates 
tat for the pda the current state is g and the topmost symboi in PDS is Z. In 
the course of a derivation. a state g’ is chosen in such a way that the PDS is 
emptied ultimately. This corresponds to applying R>. (Note that the production 
given by R replaces a variable by a terminal.) 
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To prove N(A) = L(G), we need an auxiliary result, i.e. 


iq. Z, q1 > w (7.27) 
if and only if 
(q. w, DEL a. A, A) (7.28) 


We prove the ‘if’ part by induction on the number of steps in (7.28). If 
(q, w, 2 = (q’, A, A), then w is either a in £ or a in A. So, we have 


(7, A) € 4(q, w, Z) 


By R» we get a production [q, Z, q] > w. So, [q, Z, q] = w. Thus there 
is basis for induction. i 

Let us assume the result, namely that (7.28) implies (7.27) when the 
former has less than k moves. Consider (g, w, Z) H (q’, A, A). This can be 
split as 


(q, aw’, D (qr W, ZZ». Za) FE A A) (7.29) 


where w = aw’ and a € E or a = A, depending on the first move. 

Consider the second part of (7.29). This means that the PDS has Z,Z,... 
Z,, initially, and on application of w, the PDS is emptied. Each move of pda 
can either erase the topmost symbol on the PDS or replace the topmost symbol 
by some non-empty string. So several moves may be required for getting on the 
top of PDS. Let w; be the prefix of w such that the PDS has ZZ; ... Zm after 
the application of w,. We can note that the string Z-Z; ...Z,, is not disturbed 
while applying w,;. Lel w; be the substring of w such that the PDS has 
Zii ... Z, on application of w;. Zin ... Z,, 18 not disturbed while applying 
Wy}, Wa. wi The changes in PDS are illustrated in Fig. 7.3. 


Fig. 7.3 illustration of changes in pushdown store. 
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In terms of IDs, we have 
(qi, Wis Z) => (qii A, A) for i = 1, De us » M, m+ = “i (7.30) 


As each move in (7.30) requires less than k steps, by induction hypothesis we 
have 


[gn Zn Gai] S w fori=1,2,....m (7.31) 
G 
The first part of (7.29) is given by (q;, ZZ ... Z,) € 6(g, a, Z). By R3 
we get a production 
Iq. Z, q] 5 alqı, Zi, qzjlgz, Za, q3] EA [dni Lys q] (7.32) 
From (7.31) and (7.32), we get 
ia Z, qd] > aww ... Wp = Ww 
By the principle of induction, (7.28) implies (7.27). 

We prove the ‘only if part by induction on the number of steps in the 
derivation of (7.27). Suppose [q, Z, q] = w. Then [q. Z. q] > w is a 
production in P. This production is obtained by Ra. Sow = A or w € È and 
(q’. A) € lq. w, Z). This gives the move (q, w, Z) }~ (q, A, A). Thus there 
is basis for induction. 

Assume the result for derivations where the number of steps is less than k. 
Consider [g, Z. q] 45 w. This can be split as 

, z kl 
[q, Z. q] > alqı, Zi qall¢2, Zo, q3] a [am Zrv q] >w (7.33) 
As G is context-free, we can write w = aww... Wm, where 
[4 Zi qis] = we and Gma = 
By induction hypothesis, we have 
(qi, Wi, Zi) FE (Qm A, A); for i = 1, 2, ...,m (7.34) 
By applying Results 1 and 2, we get 
(qi Wi ZZ oe Zm E (ist: Ay Zit ooo Zp) 
(qi Wig) ee Wim Zi i Zm) = (ist Wish ore Woe Zi pres Zm) (7.35) 
By combining the moves given by (7.35), we get 
(qı, WIW o.. Wip Zi cas Zn) =~ K, A, A) (7.36) 
The first step in (7.33) is induced by (q,, Z,Z> ... Z,,) € O(g, a. Z). The 
corresponding move is 
(q, a, Z) = (qi, A, ZZ aie Zin) 
By applying the Result 1, we get 


(q; awi.. Way Z) F CIE Wi eee Wim Zi KAS Za) (7.37) 
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From (7.37) and (7.36). we get (q. w. Z) Æ} (¢. A, A) . By the principle 
of induction, (7.27) implies (7.28). 
Thus we have proved the auxiliary result. In particular, 


[qo Zo ql Š w iff (go. w. Z) EE A A) (7.38) 
Now w e L(G) 
itf S Sw 


iff S => [qo Zo. g) => w (for some q’ by R}) 

iff (qo, w. Zo) © (g. A. A) by the auxiliary result 

iff w e MA) 
Thus. M(A) = L(G). I 
Corollary If A is a pda, then there exists a context-free grammar G such that 
T(A) = L(G). 


Proof By Theorem 7.2 we can find a pda A’ such that T(A) = MA’. By 
Theorem 7.4 we can construct G such that MA’) = L(G). Thus F(A) = L(G). 1I 


| EXAMPLE 7.9 


Construct a pda accepting {a"b”a"|m. n 2 1} by null store. Construct the 
corresponding context-free grammar accepting the same set. 
Solution 
The pda A accepting {a"b"a"| m. n 2 1} is defined as follows: 
A = (qo. qi}. ta. b}. fa, Zo}. 6 Go. Zo. Ø) 

where 6 is defined by 

Ri: lgo, a, Zo) = {(qo. aZo)} 
Rx: O(qo. a. a= {(qo. aay} 

Rx: O(qo. b. a= {q O} 

Ry dig. b. a) = (qi. a} 

Rs: lq. a aj= {q A)} 

Rg: lq. À. Zo) = ACIE Aj} 
This is a modification of 6 given in Example 7.2. 

We start storing a’s until a b occurs (Rules R, and Ra). When the current 

input symbol is b. the state changes, but no change in PDS occurs (Rule R3). 


Once all the b’s in the input string are exhausted (using Rule R4). the 
remaining a’s are erased (Rule Rs). Using Ro. Zp is erased. So, 


(qo. a'b"a", Zo) > (q; A. Zo) (qu. A. A) 
This means that aba" € N(A). We can show that 


N(A) = {a"b"a"| m. n 2 1} 
by using Rules R;—-R¢. 
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Define G = (Vy, {a, b}, P. ©, where Vy consists of 


5( qo: 


Ola. 


(Go. 


Note: 


[qo Zo: Go]. lai: Zo. Gol. [do a, dol. (gi. a. qo] 
(go. Zo qil gi. Zo ql [go a qil [gi @ qil 


The productions in P are constructed as follows: 
The S-productions are 


Pi: S — [qo Zo. ol, 


a. Zo) = {(qo. aZo)} induces 


3: [do Zo. qol > 


Py [qo Zo Gol > 
Ps: [qo Zo qı] > 


Pe: [qo Zo qı] > 


a. a) = {(qọ. aa)} yields 


P3: [qo 
Ps: [go 
Po: {qo. 
Pio: lgo. 


b, a) = (q;. a)} gives 
Pit: [go a. 
Pix go. a, 
i b, a) = {(q;; a)} yields 
Pig: 
Pig: [q a, 
„a. a) = {(q. A)} gives 


a 


a 


d. 


a 


[ 


: ql > 
> qo) > 
ql > 


q] > 


Px S —> [qo Zo q1] 


alqo, a. Gollgo, Zo: gol 


alqo a, q 


Ilq1. Zo go] 


algo, a. qollqo Zo: 91] 


alqo, a. q 


algo: 4. qol 


ilgi; Zo ai] 


[qo; 4, qo] 


alqo; a. qilildi; a, qol 
alqo. a. qollgo a. qil 
algo. a. qilqi. a, qi] 


qı: a, gol > biq 


q 


il > big 


qol > biq. a. qo] 


ql > bla. a, qı] 


a, qol 


a, qi] 


Pis: [qi; a, qıl >a 


o A. Zp = {(q;; A)} yields 
Pig: [qi Zo qg] OA 


When the number of states is a large number, it is neither necessary 
nor advisable to write all the productions. We construct productions involving 
those variables appearing in some sentential form. Using the constructions in 
Chapter 6, we can simplify the grammar further. 


Theorem 7.5 The intersection of a context-free language L and a regular 
language R is a context-free language. 
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Proof Let L be accepted by a pda A = (Qu, È, T. 64, Go. Zo, Fy) by final 
state and R by DFA M = (Qu, È, Oy, Po. Fu) 

We define a pda M’ accepting L A R by final state in such a way that M 
simulates moves of A on input a in £ and changes the state of M using dy. On 
input A, M’ simulates A without changing the state of M. Let 


M = (Ou x Ou, È, T, Ô, [Po qol, Zo; Fy x Fa) 
where 6 is defined as follows: 

O({p. q]. a, X) contains ([P*%, q]. Y when dp, a) = p’ and lq, a, X) 
contains (q, y). O({p, q], A, X) contains ([P, g], Y when 6,(g, A. X) 
contains (q’, y). 

To prove T(M’) = L A R we need an auxiliary result, ie. 

(Po. Gol, w, Zo) x (Up. gs A, y») (7.39) 


if and only if 
(qo. w, Zo) Hr (a A. Y) and Supo w) =p (7.40) 


We prove the ‘only if part by induction on i (the number of steps). If 
i = 0, the proof is trivial (In this case, p = po. q = Yo. w = A and y= Zo). Thus 
there is basis for induction. Let us assume that (7.39) implies (7.40) when the 
former has 7 — 1 steps. 


Let ([po; qol. w'a, Zo) H ([p. q], A. 7). This can be split into ([po. qol, 
wa, Zo) fe (p; q1. a, P) Ee (ip. gl, A, y), where w =-w’a and a is in X 
or a = A depending on the last move. By induction hypothesis, we have 
(go: w’, Zo) i (q. A, B) and 6p’, w) = p’. By definition of ô, ([p’, q), 
a, B) ke (lp. ql, A. yY) implies (g, a, B) he @ A, Y) and ôy, a) = p. 
(Note: p’ = p when a = A.) So, dsp, wa) = dip’, a) = p. By combining 
the moves of A, we get (qo, wa, Zo) E (g.a, B) H (q, A, Y), Le. (qo, W, 
Zo) H (q, A, y). So the result is true for 7 steps. 


By the principle of induction the ‘only if part is proved. 
We prove the ‘if? part also by induction on i. It is trivial to see that there 
is basis for induction. 


Let us assume (7.40) with i — 1 steps. Assume that (qo, w, Zo) H- (q, A, Y) 
and ôy(po, wW) = p. Writing w as w'a and taking dy{pp. w’) as p’, we get 
(qo. wa, Z) FE. œ P hr (a A, Y). So, (Go, w, Zo) E (a, A, P 

By induction hypothesis, we get ([po. qo]. wW, Zo) É ([p’. gl. A, D. 
Also, ôy. a) = p and (q’, a, P) K (q; A, Y) implies (Ip, q), œ. B) hr 
(Ip, ql A, Y) 
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Combining the moves. we get ([po. qol, w. Zo) H (Ip, ql, A, y). 


> 


Thus the result is true for í steps. By the principle of induction, the ‘if 
part is proved. 
Note: In Chapter 8 we will prove that the intersection of two context-free 
languages need not be context-free (Property 3. Section 8.3). 


7.4 PARSING AND PUSHDOWN AUTOMATA 


In a natural language, parsing is the process of splitting a sentence into words. 
There are two types of parsing, namely the top-down parsing and the bottom- 
up parsing. Suppose we want to parse the sentence “Ram ate a mango.” If NP, 
VP, N, V, ART denote noun predicate, verb predicate. noun. verb and article, 
then the top-down parsing can be done as follows: 
S— NPVP 

— Name VP 

— Ram V NP 

— Ram ate ART N 

—> Ram ate a N 

— Ram ate a mango 


The bottom-up parsing for the same sentence is 


Ram ate a mango + Name ate a mango 
Name verb a mango 
Name V ART N 
NP VN P 

NP VP 

S 

In the case of formal languages. we derive a terminal string in L(G) by 
applying the productions of G. If we know that w e E* in L(G), then S > w. 
The process of the reconstruction of the derivation of w is called parsing. 
Parsing is possible in the case of some context-free languages. 

Parsing becomes important in the case of programming languages. If a 
statement in a programming language is given. only the derivation of the 
statement can give the meaning of the statement. (This is termed semantics.) 

As mentioned earlier. there are two types of parsing: top-down parsing and 
bottom-up parsing. 

In top-down parsing. we attempt to construct the derivation (or the 
corresponding parse tree) of the input string. starting from the root (with label 
S) and ending in the given input string. This is equivalent to finding a leftmost 
derivation. On the other hand. in bottom-up parsing we build the derivation 
from the given input string to the top (root with label S). 


Lab A ade 
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7.4.1 TOP-DOWN PARSING 


In this section we present certain techniques for top-down parsing which can 
be applied to a certain subclass of context-free languages. We illustrate them 
by means of some examples. We discuss LL(1) parsing, LL(k) parsing. left 
factoring and the technique to remove left recursion. 


EXAMPLE 7.10 


Let G = ({S, A, B}, {a, b}, P, S) where P consists of S > aAB, S — DBA, 
A > bS, A > a, B > as, B > b. w = abbbab is in L(G) . Let us try to 
get a leftmost derivation of w. When we start with § we have two choices: 
S —> aAB and S — bBA. By looking at the first symbol of w, we see that 
S — bBA will not yield w. So we choose S — GAB as the production to be 
applied in step 1 and we get $ = aAB. Now consider the leftmost variable 
A in the sentential form aAB. We have to apply an A-production among the 
productions A — bS and A > a. A > a will not yield w subsequently since 
the second symbol in w is b. So, we choose A —> bS and get $ = adAB => 
abSB. Also, the substring ab of w is a substring of the sentential form abSB. 
By looking ahead for one symbol, namely the symbol b, we decide to apply 
S — bBA in the third step. This leads to $ = aAB = abSB = abbBAB. The 
leftmost variable in the sentential form abbBAB is B. By looking ahead for 
one symbol which is b. we apply the B-production B — b in the fourth step. 
On similar considerations, we apply A > a and B — b in the last two steps 
to get the leftmost derivation. 


S = aAB = abSB = abbBAB = abbbAB => abbbaB = abbbab 


Thus in the case of the given grammar, we are able to construct a leftmost 
derivation of w by looking ahead for one symbol in the input string. In order 
to do top-down parsing for a general string in L(G). we prepare a table called 
the parsing table. The table provides the production to be applied for a given 
variable with a particular look ahead for one symbol. 

For convenience, we denote the productions S > aAB, S — bBA, A -> 
bS, A > a, B > aS and B > b by Pi, Po. ..., Ps Let E denote an error. 
It indicates that the given input string is not in L(G). The table for the given 
grammar is given in Table 7.1. 


TABLE 7.1 Parsing Table for Example 7.10 


A b 
S E P, Po» 
A E Ps P3 
B E Ps Ps 


For example, if A is the leftmost variable in a sentential form and the first 
symbol in unprocessed substring of the given input string is b, then we have to 


apply Ph. 
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A grammar possessing this property (by looking ahead for one symbol in 
the input string we can decide the production to be applied in the next step) 
is called an LL(1) grammar. 


EXAMPLE 7.11 


Let G be a context-free grammar having the productions S > F + S, S > 
F = S, S => F and F > a. Consider w = a + a a. This is a string in L(G). 
Let us try to get the top-down parsing for w. 

Looking ahead for one symbol will not help us. For the string a + a +a, 
we can apply F — a on seeing a. But if a is followed by + or +, we cannot 
apply a. So in this case it is necessary to look ahead for two symbols. 

When we start with S we have three productions S ~ F + S, S ~ F#S$ 
and § — F. The first two symbols in a + a + a are a +. This forces us to 
apply only S > F + S and not other S-productions. So, $ —> F + S. We can 
apply F — a now to get $ > F + S = a + S. Now the remaining part of 
wisa» a. The first two symbols a » suggest that we apply S > F =» S in 
the third step. So. S 5 a+ § =a +F» S. As the third symbol in w is a, 
we apply F —> a, yielding S > a+F=S=a+ans S. The remaining part 
of the input string w is a. So. we nave to apply S — F and F — a. Thus the 
leftmost derivation of a+a*aisS$ > F+tS>Sat+SDRatF * 
S-=ata*s*SpRatax*FpRBat+ata. 

As in Example 7.10, we can prepare a table (Table 7.2) which enables us 
to get a leftmost derivation for any input string. P,, Pa, Pa and P, denote the 
productions S => F + S, S => F » $. S > F and F > a. E denotes an error. 


TABLE 7.2 Parsing Table for Example 7.11 


A a + % aa at ae 
S E Pa E E E P, Pz 
F a Py E E E Pa Pa 
+a ++ + xa s+ em 
E Ẹ E: E E E 
F E E E. E Ẹ E 


For example, if the leftmost variable in a sentential form is F and the next 
two symbols to be processed are a», then we apply Pa i.e. F > a. When we 
encounter » a as the next two symbols, an error is indicated in the table and 
so the input string is not in L(G). 

A grammar G having the property (by looking ahead for k symbols we 
derive a given input string in L(G)), is called an LL(k) grammar. The grammar 
given in Example 7.11 is an LL(2) grammar. 
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In Examples 7.10 and 7.11 for getting a leftmost derivation, one 
production among several choices was obtained by look ahead for k symbols. 
This kind of nondeterminism cannot be resolved in some grammars even by 
looking ahead. 

This is the case when a grammar has two A-productions of the form A — 
aB and A> ay By a technique called ‘left factoring’, we resolve this 
nondeterminism. Another troublesome phenomenon in a context-free grammar 
which creates a problem is called left recursion. A variable A is called left 
recursive if there is an A-production of the form A — Aœ. Such a production 
can cause a top-down parser into an infinite loop. Left factoring and technique 
for avoiding left recursion are provided in Theorems 7.6 and 7.7. 


Theorem 7.6 Let G be a context-free grammar having two A-productions of 
the form A —> gf and A — ay If A > af and A > ay are replaced by 
A > OA’. A’ — Band A’ > y. where A’ is a new variable then the resulting 
grammar is equivalent to G. 

Proof The equivalence can be proved by showing that the effect of applying 
A —> aß and A > oy in a derivation can be realised by applying A > aA’, 
A’ — B and A’ > yand vice versa. 

Note: The technique of avoiding nondeterminism using Theorem 7.6 is 
called left factoring. 

Theorem 7.7 Let G be a context-free grammar. Let the set of all 
A-productions be {A > AQ. ..., A > AQ, A > By. ....A > Ba}. Then 
the grammar G’ obtained by introducing a new variable A’ and replacing all 
A-productions in G by A > B,A’,....A > BA’, A > OA, A A’ 
and A’ > A is equivalent to G. 


Proof Similar to proof of Lemma 6.3. 


Theorems 7.6 and 7.7 are useful to construct a top-down parser only for 
certain context-free grammars and not for all context-free grammars. We 
summarize our discussion as follows: 


Construction of Top-Down Parser 


Step 1 Eliminate left recursion in G by repeatedly applying Theorem 7.7 to 
all left recursive variables. 


Step 2 Apply Theorem 7.6 to get left factoring wherever necessary. 


Step 3 If the resulting grammar is LL(k) for some natural number k, apply 
top-down parsing using the techniques explained in Examples 7.10 and 7.11. 


EXAMPLE 7.12 


Consider the language consisting of all arithmetic expressions involving +, *, 
( and ) over the variables v1 and x2. This language is generated by a grammar 
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G = (CT, F. E} X, P, Æ). where © = {x. 1, 2. +, =» (,)} and P consists of 


E> E+T F> (5) 
E>T Foxl 
ToTs«F F => x2 
T> F 


Let us construct a top-down parser for L(G). 


Step 1 We eliminate left recursion by applying Theorem 7.7 to the left 
recursive variables E and T. We replace E > E + T and E > T by E > TE’. 
E’ > + TE’ and E’ > A (E£’ is a new variable). Similarly, T => T » F and 
T — F are replaced by T — FT’, T’ > « FT’ and T’ > A. The resulting 
equivalent grammar is 

G; = QT. F, E, T’, E’}, ©, P’. E). where P’ consists of 


E = TE’ TOA 

E -> +TE’ F> (E) 
E> A F -> xl 

T— FT’ Fo x2 
T > «FT 


Step 2 We apply Theorem 7.6 for left factoring to F —> x1 and F -» x2 to 
get new productions F > xN > N > l and N > 2. 
The resulting equivalent grammar is 


Ga = UT. F, E. T, EY. ©, P”, E) where P” consists of 


Pi E > TE Po: T’> A 
Pek rE P,: F > (EB) 
Py BY >A Pe F Sean 
Py. T > FT’ P: N>! 
Ps: T” = s FT Poi N >2 


Step 3 The grammar G- obtained in step 2 is an LL(1) grammar. The 
parsing table is given in Table 7.3. 


TABLE 7.3 Parsing Table for Example 7.12 


\ x 1 2 + ( ) 
E E P, = E = E P; E 
T = Pa Ẹ E: E E Ps E 
F E Pe E = E E P3 E 
p Pa E E E E P; £ Ps 
E P; Ẹ E E P> E E P3 
N E E Po Pig E E Ẹ E 
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7.4.2 TOP-DOWN PARSING USING DETERMINISTIC pda’s 


We have seen that pda’s are the accepting devices for context-free languages. 
Theorem 7.3 gives us a method of constructing a pda accepting a given context- 
free language by empty store. In certain cases the construction can be modified 
in such a way that a leftmost derivation of a given input string can be obtained 
while testing to know whether the given string is accepted by the pda. This 
is the case when the given grammar is LL(1). We illustrate this by 
constructing a (deterministic) pda accepting the language given in 
Example 7.10 and a leftmost derivation of a given input string using the pda. 


EXAMPLE 7.13 


For the grammar given in Example 7.10, construct a deterministic pda 
accepting L(G) and a leftmost derivaiton of abbab. 
Solution 


We construct a pda accepting L(G)S ($ is a symbol indicating the end of the 
input string). This is done by using Theorem 7.3. The transitions are 


lq. A, A)= {(q. MIA > ais in P} 
ôlq. t, t) = {(g, A)} for every f in È 


This pda is not deterministic as we have two S-productions, two 
A-productions. etc. In Example 7.10 we resolved the nondeterminism by 
looking ahead for one more symbol in the input string to be processed. In the 
construction of pda this can be achieved by changing the state from q to qa 
on reading a. When the pda is in state q, and the current symbol is § we 
choose the transition resulting in (q, aAB). Now the deterministic pda 
accepting L(G)S by null store is 


A = ({P. q; du Gn} (a, b. S}, {S, A. B. a, b, Zo}, ô p, Zo, 9) 
where 6 is defined by the following rules: 
R, : lp. A, Zo) = (q. $) 
Rə : 6(g, a. A) = (Gy, A) 
Rz: ôlqa A. @ = (q, £) 
Ry: Ôlq. b. A) = (qn A) 
R; : O(q,. A. b) = (q. e) 
Re : O(q,, A, S) = (Gg. QAB) 
Ry: S(qy. A. S) = (gy BBA) 
Rg : 6(qu, A, A) = (dus 0) 
Ry : lan A, A) = (qa, BS) 
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Rio : O(4e A, B) = (qas as) 
Ry; : 6(gy. A, B)= (qp. b) 
Ri : 6(q, $. Zo) = (4. A) 


Here R, changes the initial ID (p, w, Z) into (q, w, SZ). R, and R, are for 
remembering the next symbol. R,—-R;, are simulating the productions. R, and R; 
are for matching the current input symbol and the topmost symbol on PDS and 
for erasing it (in PDS). Finally, R)» is a move for erasing Z and making the 
PDS empty when the last symbol $ of the input string is read. 

To get a leftmost derivation for an input string w, apply the unique 
transition given by R; to Ri When we apply Rẹ to Ry), we are using a 
corresponding production. By recording these productions we can test whether 
w e L(G) and get a leftmost derivation. The parsing for the input string 
abbbab is given m Table 7.4. 

The last column of Table 7.4 gives us a leftmost derivation of abbbab. It 
is S = aAB = abSB = abbBAB => abbbAB = abbbaB = abbbab. 


TABLE 7.4 Top-down Parsing for w of Example 7.13 


Step State Unread input Pushdown stack Transition Production 
used applied 
1 abbbab$ Zo — — 
2 g abbbab$ SZo R; 
3 da bbbab$ SZ Rz 
4 Qa bbbab$ aABZy Re S > aAB 
5 bbbab$ ABZo R3 
6 Fp bbab$ ABZ, R4 
7 go bbab$ bSBZ, Rg A > bS 
8 q bhab$ SBZp Rs 
9 Ob babs SBZ, Ra 
0 ds bab$ bBABZ, R; S > bBA 
11 q bab$ BABZ, Rs 
12 Os ab$ BABZ, R; 
3 Qs abş bABZ, Ry Bob 
14 g ab$ ABZ, Rs 
15 qa b$ ABZ, R> 
19 Ge b$ aBZy Rs A>a 
17 g b$ BZo R3 
18 qe $ BZp R4 
19 go $ bZo Ry Bob 
29 q $ Zo Rs 
21 q A A R42 
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7.4.3 BOTTOM-UP PARSING 


In bottom-up parsing we build the derivation tree from the given input string 
to the top. (the root with label $). For certain classes of grammars, called weak 
precedence grammars, we can construct a deterministic pda which acts as a 
bottom-up parser. We illustrate the method by constructing the parser for the 
grammar given in Example 7.12. 

In bottom-up parsing we have to reverse the productions to get § finally. 
This suggests the following moves for a pda acting as bottom-up parser. 


(i) lp. A. of) = {(P, A)|there exists a production A > a} 
GD lp, ©. A) = {(p. ©} for all o in E. 


Using (i) we replace a on the basis by A when A —> @ is a production. 
The input symbol o is moved onto the stack using (ii). For acceptability, we 
require some moves when the PDS has S or Zo on the top. 

As in top-down parsing we construct the pda accepting L(G)$. Here we 
will have two types of operations, namely shifting and reducing. By shifting 
we mean pushing the input symbol onto the stack (moves given by (1i)). By 
reducing we mean replacing a by A when A — @ is a production in G 
(moves given by (i)). 

At every step we have (i) to decide whether to shift or to reduce (ii) to 
choose the prefix of the string on PDS for reducing, once we have decided to 
reduce. For (i) we use a relation P called a precedence relation. If (a, b) € P 
where a is the topmost symbol on PDS and b is the input symbol then we 
reduce. Otherwise we shift b onto the stack. Regarding (ii), we choose the 
longest prefix of the string on the PDS of the form a” to be reduced to A (when 
A —> & is a production). 

We illustrate the method using the grammar given in Example 7.12. 


EXAMPLE 7.14 


Construct a bottom-up parser for the language L(G)$. where G is the grammar 
given in Example 7.12. 

Here the productions are E > E+ T.E > T.T >T: FLT >F, 
F => (E). F > xl] and F — x2. Using these productions, we can construct 
the precedence relation P. It is given in Table 7.5. If (a, b) is in P, then we 
have a tick mark ‘v’ in the (a, b) cell of the table. Using Table 7.5 we can 
decide the moves. For example, if the stack symbol is F and the next input 
symbol is «, then we apply reduction. If the stack symbol is E, then any input 
symbol is pushed onto the stack. 
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TABLE 7.5 The Precedence Relation for Example 7.14. 


Stack symboi/ xX ( 4 1 2 + x $ 
Input symbol 

Zo 

X 

{ 

) v v v v 
1 v y v we 
2 v v s v 
E 

7 j 7 2 
F v v 


Using the precedence relation and the moves given at the beginning of this 
section we can construct a deterministic pda. As in the construction of top-down 
parser, when we look ahead for one symbol we ‘remember’ it by changing state. 

The deterministic pda which acts as a bottom-up parser is 


A =(0. X.T. ô p. Zo. 9) 
where 
X= U {$}. Q = {p} v {po oe X} 


T= ({£, TEPU L U {Z, $} 
and 6 is given by the following rules: 
R, : p. © A) = (p. A) 
R> : (ps. A. a) = (p, ca) for all (2. o) € P 
R; : O(pg: A, T + E = (po. E) when T. o) e P 
R; : lpo. A, Ta) = (Po, Ea) when (T, 0) € P and a € T — {+} 
Rs : lpo: A, F«T) = (pg. T) when (F. 0) € P 
Re + O(pg. A. Fa) = (po. Ta) when (F. 0) e P and a € F- {+} 
R- : d(pg. A, EO = (po. F) when (L o) © P 
Ry : lpo. A. lx) = (pg. F) when (1, 0) € P 
Ro : lpo. A. 2x) = (pg, F) when (2. 0) € P 
Rig: Ops. A, E) = (ps. A) 
Ry: O(ps. A. Zo) = (ps. A) 


As A is deterministic, we have dropped parentheses on the R.H.S. of 
R- Ri Using the pda A. we can get a bottom-up parsing for any input string 
w. The bottom-up parsing for xl + (x2) is given in Table 7.6. 
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Table 7.6 Bottom-up Parsing for xi + (x2) 


Step State Unread Pushdown Rule Production 
input stack used applied 
1 p xl + (x2) Zo _— 
2 Py | + (x2) Zo R, 
3 p 1 + (x2) Zo Rə 
4 p + (x2) xXZo R4 
5 p + (x2) 1xZa Ro 
6 Ds + (x2) 1xZo Ry 
7 Ds + (x2) FZo Rg F -> x1 
8 Di + (x2) TZo Re T>F 
9 p+ + (x2) EZ R4 E> T 
10 p (x2) +EZo Rə 
11 Pi x2) +EZo Ry 
12 p x2) (+EZy R2 
13 Py 2) (tEZp Rı 
14 p 2) x(+EZo Ro 
15 D> ) x(+EZo R4 
16 p ) 2x(+EZp Rə 
17 P $ 2x(+EZo R, 
18 P $ F(+EZo Ro F => x2 
19 P) $ T(+EZp Rs Tor 
20 D $ E(+EZ, Ra E>T 
21 p $ JE(+EZo Rə 
22 Ds A JE(+EZ, R, 
23 Ds A F+tEZ, R F -» (E) 
24 Ps A TH+EZy Rs Tor 
25 Ps A EZ R3 E> E+T 
26 Ps A Zo Rio 
27 Ps A A Ry 


By backtracking the productions that we applied, we get a rightmost 
derivation E > E + T > E + F > E+(E)SE+(N DS E+ (FP) => E+ (2) 
> T + (2) => F + QD = xl + 2). 

In Chapter 8 we will discuss how LR(k) grammars are amenable for 
parsing. 


7.5 SUPPLEMENTARY EXAMPLES 


Construct a pda accepting all palindromes over {a, b}. 


Solution 


Let L = {w e {a, b}*|w = w’}. Before constructing the required pda, note 
that L consists of palindromes of odd or even length. If w in L is of odd 
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length, there is a middle symbol which need not be compared with any other 
symbol. If w in L is of even length, the rightmost symbol of the first half is 
the same as the leftmost symbol of the second half. The key idea of the 
construction is to store the symbols in the first half (or the symbols lying to 
the left of the middle of the input string) and matching them with the symbols 
in the second half (or the symbols to right of the middle of the input string). 
If there is no matching. the machine halts. 
We define the pda M as follows: 


M= ({qo: fis q2}, {a, b}, {a, b, Zo}, ô, qo: Zo: {q>}) 
where 6 is defined by 


5(qo. a, Zo) = {(Go, AZo). (qi; Zo)} (7.41) 
Ôlqo, b, Zo) = {(qo. Zo). (qi; Zo)} (7.42) 
ôlqo a. 4) = {(qo; aa), (q O} (7.43) 
ôlqo. b. a) = {(qo. ba), (q. D} (7.44) 
8(qo. a. by = {(qo, ab), (qu, 5} (7.45) 
6(qo. b. b) = {(qo; bb). (qi. 5)} (7.46) 
ôlqo A. Zo) = {q Zo)} (7.47) 
ôlqo. A, a= {G1 @} (7.48) 
O(go, A. by = {(q). b)} (7.49) 
lq a. a) = {(q;. A} (7.50) 
ôlq. b. D= {(q, A} (7.51) 
5(qi. A. Zo) = {q2 Zo)} (7.52) 


Obviously, M is a nondeterministic pda. (7.41)-(7.46) give us two 
choices. The first choice can be used for storing the input symbol without 
changing the state. (7.47)-(7.49) are used for indicating that the first half of 
the input string is over: there is change of state in this case. The second choice 
of (7.41)-(7.46) is used when w is a palindrome of odd length and the middle 
symbol of w is reached: in this case, we ignore the middle symbol and make 
no change in PDS. (7.50) and (7.51) are used to match symbols of the input 
string (second half) and cancel the symbol in PDS when they match. (7.52) 
is used to move to the final state q» after reaching the bottom of PDS. 

We can prove that L is accepted by M by final state. The reader can take 
an odd palindrome and an even palindrome and check that the final state qə 
is reached. 


EXAMPLE 7.16 


Construct a deterministic pda accepting L = {w e {a, b}* | the number of a’s 
in w equals the number of b’s in w} by final state. 
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Solution 
We define a pda M as follows: 

M = ({q, qı}. {a. b}. {a. b. Zo}. Ô qo Zo fai) 
where 6 is defined by 


O(go, a. Zo) = {qi Zo} (7.53) 
O(qo. b. Za) = {(go. bZo)} (7.54) 
ôlqo a. b)= {(Go. A} (7.55) 
O(qo, b. b) = {(go. bb)} (7.56) 
O(q;, a. Zo) = {(qy. aZo)} (7.57) 
ôlqiı. b. Zo) = {(qo. aZo)} (7.58) 
lq a, a = {(q), aa)} (7.59) 
6, b. d= (a D) (7.60) 


The construction can be explained as follows: 

If the pda M is in the final state qı, it means it has seen more a’s than 
b's. On seeing the first a. M changes state (from qo to qı) ((7.53)). Afterwards 
it stores the a's in PDS without changing state ((7.57) and (7.59)). It stores 
the initial b in PDS ((7.54)) and also the subsequent b's ((7.56)). The pda 
cancels a in the input string, with the first (topmost) b in PDS ((7.55)). If all 
b’s are matched with stored a’s, and M sees the bottom of PDS, M moves 
from q; to qo ((7.58)). The b’s in the input string are cancelled on seeing a 
in the PDS (7.60)). 

M is deterministic since 6 is not defined for input A. The reader is advised 
to check that q, is reached on seeing an input string w in L. 


EXAMPLE 7.17 
EK} 


Construct a pda M accepting L = {dhbt |i = j or j = k} by final state. 


Solution 
We define pda M as follows: 


M = (qo. qs +++ qoh, {a, b, c}. {Zo, X}. 6 qdo Zo, {41 93}) 
where 6 is given by 
O(qo. A. Zo) = {qi Zo). (G2. Zo) (q3: Zo)} (7.61) 
O(q;. c Zo) = iq. Zo} (7.62) 
O(g>, a. Zo) = {(q2 XZo)} (7.63) 
O(gr, a. X)= {iq XXK} (7.04) 
6(q>, b, X) = (qa b. X = {qa Ad} (7.65) 
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d(q2. a. Zo) = {q3 Zo)} (7.67) 
ôlq3 b. Zo) = {(qs. XZo)} (7.68) 
ôlqs. b. X) = {(gs. XX)} (7.69) 
O(qs. c X) = lgo c. X) = {qs A)} (7.70) 
lgo A. Zo) = {(gx. A)} (7.71) 


The states qu, qo. qa stand for a°b°c*, albic’, abid respectively where 
i> 0,7 2 0. k 2 0. (7.61) indicates the initial guess. The three choices 
correspond to the three cases. 


(go. Í. Zp) = (qo Ack. Zo) H (gu. c Zo) |— (aie Ay Zo) 
by (7.61) and (7.62). As q, is a final state. cS € T(M). 

The pda in state qa will not change state and stores a’s in the input string 
as X's in PDS ((7.63) and (7.64)). On seeing the first b after many a's. M 
changes its state to q4 and cancels X in PDS for subsequent b's ((7.64)). If 
it reaches the bottom of PDS. M goes back to qı. which is an accepting state 
((7.76)). So M accepts abi. Tt continuous to be in state g; on seeing c's 
subsequently ((7.62)). So. M accepts a'b'c*. 

For dealing with a‘b’c’, M makes the initial guess using (7.61) and reaches 
state qa. It simply reads a’s without changing state or PDS ((7.67)). 
M subsequently replaces b with X and changes to state qs. Afterwards M 
goes on changing b's to X's ((7.69)). On seeing a c, M changes state. 
Subsequent c’s are matched with X's (which correspond to b’s read earlier) 
and X's in PDS are cancelled. On reaching the bottom of PDS, M reaches qa, 
a final state ((7.71)). 

Thus. abe, adic albicl e T(M) for i > 0, 7 2 0. k = O. Hence. 
TIM) = L 


EXAMPLE 7.18 


Convert the grammar S -» aSb|A, A > bSa|S|A to a pda that accepts the 
same language by empty stack. 


Solution 
We construct a pda A as 
A = ({q}. ta. b}. {S. A. a, b}. ô q, S. Ø) 
where 6 is defined by the following rules 
A, S)= ((g. asb), (q. AD} 
. AL A)= {(q; BSA). (q. S). (q. Aj} 
Sq. a. a= {lq A)} 
S(q. b. b)= {(q AV} 
and A is the required pda. 


2 o 
sS £ 
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EXAMPLE 7.19 


If A is a pda, then show that there is a one-state pda A, such that 
N(A) = N(A;). 


Solution 


By Theorem 7.4, we get a context-free grammar G such that L(G) = N(A). 
Denote G by (Vy. X, P, S). By Theorem 7.3, we can get a one-state pda A, 
given by 

A, = {q}, E, Vy U E, ô q. S. Ø 
such that N(A;) = L(G). 


SELF-TEST 


Choose the correct answer to Questions 1-6. 
1. If lq, a;. Zı) contains (q’. B), then 
(a) (q; ajax, ZZ) | (q’, a, PZ) 
(b) (q. aaz ZZ) / (d. ajas, BZ) 
(c) (q; qaz Z) | (C. ap Zp 
(d) (q. aaz ZZ) — (g. an ZZ) 
2. In a deterministic pda. | 6(g, a. Z)| is 
(a) equal to 1 
(b) less than or equal to 1 
(c) greater than 1 
(d) greater than or equal to 1 


3. In a deterministic pda: 
(a) 6(q. a. D = 6 > Hq, A, 2) 4 
(b) 6, a ZD #0 => KG, A, 2 =O 
(c) 6g. A, #9 => Hq. a. DO 
(d) 6(q. A, 24% 0 > Hq. a Z = 
4. {a’b"|n 2 1} is accepted by a pda 
(a) by null store and also by final state. 
(b) by null store but not by final state. 
(c) by final state but not by null store. 
(d) by none of these. 


5. {a'b""|n 2 1} is accepted by 
(a) a finite automaton 
(b) a nondeterministic finite automaton 
(c) a pda 
(d) none of these. 


Chapter 7: Pushdown Automata & 265 


6. 


The intersection of a context-free language and a regular language is 
(a) context-free 

(b) regular but not context-free 

(c) neither context-free nor regular. 

(d) both regular and context-free. 


Fill up the blanks: 


7. 


8. 


10. 


7.1 


7.3 


= 
in 


7.6 


In bottom-up parsing, we build the deviation from to 


In LR(1) grammar, we can decide the production to be applied in the 
next step by _... 


. w € T(A). where A is a pda if (qo, w. Zo) |e i 


w e MA), where A is a pda if (qo. w, Zo) F a 


EXERCISES 


If an initial ID of the pda A in Example 7.2 is (qo. aacaa. Zo), what 
is the ID after the processing of aacaa? If the input string is (i) abcba, 
(ii) abcb, (iii) acba, (iv) abac. (v) abab. will A process the entire 
string? If so, what will be the final ID? 


, What is the ID that the pda A given in Example 7.5 reaches after 


processing (i) ab. (ii) eb. (iii) a, (iv) b5. (v) Pa, (vi) ababab if 
A starts with the initial ID? 

Construct a pda accepting by empty store each of the following 
languages. 

(a) {a"b"a"|m, n 2 1} 

(b) {ab |n 2 1} 

(c) {a"b"c"| m, n 2 I} 

(d) {a"b"|m > n 2 1} 

Construct a pda accepting by final state each of the languages given in 
Exercise 7.3. 

Construct a context-free grammar generating each of the following 
languages, and hence a pda accepting each of them by empty store. 
(a) {a"b"|n 2 1} O {a"b"|m 2 1} 

(b) {a"b"a"|m. n 2 1} O f{a'c"|n 2 1} 

(c) fa"b"c"d" | m, n 2 1} 

Let L = {da"b"| n < m}. Construct (i) a context-free grammar accepting 
L, (ii) a pda accepting L by empty store, and (iii) a pda accepting L 
by final state. 
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7.7 


7.8 


7.9 


7.10 


7.11 


7.12 


7.13 


7.14 


7.15 


7.16 


Do Exercise 7.6 by taking L to be the set of all strings over fa, b} 
consisting of twice as many a’s as b's. 


Construct a pda accepting the set of all even-length palindromes over 
{a. b} by empty store. 


Show that the set of all strings over {a, b} consisting of equal number 
of a’s and b's is accepted by a deterministic pda. 


Apply the construction given in Theorem 7.4 to the pda M given in 
Example 7.1 to get a context-free grammar G accepting N(M). 


Apply the construction given in Theorem 7.4 to the pda obtained by 
solving Exercise 7.4. 


Show that {a"b"| n 2 1} U {a"b™" lm 2 1} cannot be accepted by a 
p y 
deterministic pda. 


Show that a regular set accepted by a deterministic finite automaton 
with 7 states is accepted to final state by a deterministic pda with n 
states and one pushdown symbol. Deduce that every regular set is a 
deterministic context-free language. 

(A context-free language is deterministic if it is accepted by a determi- 
nistic pda.) 

Show that every regular set accepted by a finite automaton with n states 
is accepted by a deterministic pda with one state and n pushdown 
symbols. 


If L is accepted by a deterministic pda A, then show that L is accepted 
by deterministic pda A which never adds more than one symbol at a 


time (ie. if lq, a. z) = (q. y). then | y| < 2). 


If L is accepted by a deterministic pda A, then show that L is accepted 
by a deterministic pda A which always (1) removes the topmost symbol. 
or (ii) does not change the topmost symbol, or (iii) pushes a single 
symbol above the topmost symbol. 


l LR(k) Grammars 


In this chapter we study LR(k) grammars (a subclass of context-free grammars) 
which play an important role in the study of programming languages and the 
design of compilers. For example, a typical programming language such as 
ALGOL has LR(1) parser. 


8.1 LR(k) GRAMMARS 


In Chapters 4 and 6 we were mainly interested in generating strings using 
productions and in performing the membership test. In the design of 
programming languages and compilers, it is essential to develop the parsing 
techniques, i.e. techniques for obtaining the ‘reverse derivation’ of a given 
string in a context-free language. In other words, we require techniques to find 
a derivation tree for a given sentence w in a context-free language. 

To find a derivation tree for a given sentence w, we can start with w and 
replace a substring, say w; of w, by a variable A if A —-> w is a production. We 
repeat the process until we get S. But this is more easily said than done, for at 
every stage there may be several choices and we have to choose one among 
them. If we make a wrong choice, we will not get S$, and in this case we have 
to backtrack and try some other substring. However, for a certain subclass of 
context-free grammars, it is possible to carry out the process, i.e. getting the 
derivation in the reverse order for a given string w in a deterministic way. LR(k) 
grammars form one such subclass. Here, LR(«) stands for left-to-right scan of 
the input string producing a rightmost derivation using the k symbol look- 
ahead on the input string. 

Before discussing the LR(k) grammars, we should note that although 
parsing gives only the syntactical structure of a string, it is the first step in 
understanding the ‘meaning’ of the sentence. 
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Consider some sentential form gpw of a context-free grammar G, where 
a, B € (Vy U X)* and w e E*. Suppose we are interested in finding the 
production applied in the last step of the derivation for oBw. If A — Bisa 
production, it is likely that A — B is the production applied in the last step, 
but we cannot definitely say that this is the case. If it is possible to assert that 
A — ß is the production applied in the last step by looking ahead for k 
symbols (i.e. k symbols to the right of B in aw), then G is called an LR(A) 
grammar. The production A —> $ is called a handle production and £ is called 
a handle. 

We write œ = Bif Bis derived from œ by a right-most derivation. Before 


giving the rigorous definition of an LR(k) grammar, let us consider a grammar 
for which parsing is possible by looking ahead for one symbol. 


EXAMPLE 8.1 


Let G be S + AB, A > aAb, A > A, B —> Bb, B —> b. It is easy to see 
that L(G) = {a"b"|n > m 2 1}. Some sentential forms of G obtained by 
right-most derivations are AB. ABD‘. a"Ab™b*, a"b™**, where k 2 1. AB 
appears as the R.H.S. of S — AB. So AB may be a handle for AB or ABD, 
If we apply the handle to AB, we get S 7 AB. If we apply the handle to ABD, 


we get Sbt = ABb". But Sb" is not a sentential form. So to decide whether 
AB can be a handle, we have to scan the symbol to the right of AB. If it is 
A, then AB serves as a handle. If the next symbol is b, AB cannot be a handle. 
So only by looking ahead for one symbol we are able to decide whether AB 
is a handle. Let us consider a~b*. As we scan from left to right. we see that 
the handle production A — A may be applied. A can serve as a handle only 
when it is taken between the rightmost a and the leftmost b. In this case we 
get aAb* z ab’, and we are able to decide that A + A is a handle 


production only by looking ahead of one symbol! (to the right of A). If A is 
taken between two a's, we get aAab = ab”. But aAab” is not a sentential 


form. Similarly. we can see that the correct handle production can be 
determined by looking ahead of one symbol for various sentential forms. 

A rigorous definition of an LR(k) grammar is now given. 
Definition 8.1 Let G = (Vy. È. P, S) be a context-free grammar in which 
S 5S only when n” = 0. G is an LR(k) grammar (k > 0) if 

(i) S > aAw => aßw, where œ Be Ve. w e I*, 

R 
(ii) 5 > A'W z a’ Bw, where o”, B’ e V*, w e I*, and 
(iii) the first |@B| + k symbols of aBw and a’B’w”" coincide. Then a = a’, 
A=A’, B= Bp’ 

Remarks 1. If oBw or a’ Bw’ have less than |aB) + k symbols. we add 
some ‘blank symbols’, say S. on the right and compare. 
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2. It is easy to see how we can get the derivation tree for a given 
terminal string. For getting the derivation tree. we want to get the derivation 
“in the reverse order”, Suppose a sentential form ofw is encountered. We can 
get a right-most derivation of Bw in the following way: If A > B is a 
production. then we have to decide whether A — £ is used in the last step of 
a right-most derivative of of. On seeing k symbols beyond f in aBw, we 
are able to decide that A — f is the required production in the first step. For, 
if o’B’w" is another sentential form satisfying condition (iii), then we can 
apply A’ — p’ in the last step of a right-most derivation of @’B’w’. But by 
definition it follows that A = A’, B = B’ and œ = œ. So A —> $ is the only 
possible production we can apply and we are able to decide this after ‘seeing’ 
the k symbols beyond £ We repeat the process until we get S. 

3. If G is an LR(k) grammar, it is an LR(A’) grammar for all k’ > k. 


EXAMPLE 8.2 


Let G be the grammar S — aA, A —> Abb |b. Show that G is an LR(O) 
grammar, 


Solution 

It is easy to see that any element in L(G) is of the form ab™*i, The sentential 
forms of G. are aA. aAb-”. ab™*!, Let us find out the last production applied 
in the derivation of ab-"*!. As aA, Abb, b are the possible right-hand sides 
of productions. only A — b can be the last production: we are able to decide 
this without looking at any symbol to the right of b. Similarly. the last 
productions for aAb™ and aA are A — Abb and S — aA, respectively. (We 
are able to say that A — Abb is the last production for any sentential form 
aAb™ for all n 2 1.) Thus. G is an LR(O) grammar. 


EXAMPLE 8.3 


Consider the grammar G given in Example 8.1. Show that G is an LR) 
grammar, but not an LR(O) grammar. Also. find the derivation tree for a7b*. 


Solution 


In Example 8.1 we have shown that for sentential forms of G we can determine 
the last step of a right-most derivation by looking ahead of one symbol. So G 
is LR(1). We have also seen that $ —> AB is a handle production for the 
sentential form AB, but not for ABb*. In other words. the handle production 
cannot be determined without looking ahead. So G is not LR(0). 

To get the derivation tree for a"b*, we scan a7b* from left to right. After 
scanning a, we look ahead. If the next symbol is a, we continue to scan. If 
the next symbol is b. we decide that A > A is the required handle production. 
Thus the last step of the right-most derivation of a-b* is 


a Ab* ra a Abt 
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To get the last step of a“Ab*, we scan aAb* from left to right. aAb is a 
possible handie. We are able to decide that this is the right handle without 
looking ahead and so we get 


aAbb- => aAbt* 
R 
Once again using the handle aAb, we obtain 
Ab” => aAbb" 
R 


To get the last step of the rightmost derivation of Ab", we scan Ab’. A possible 
handle production is B — b. We also note that this handle production can be 
applied to the first b we encounter, but not to the last b. So, we get 
ABb > AV. 

For ABb, a possible a-handle is Bb. Hence, we get AB Fi ABb. Finally, 


we obtain $ 7 AB. Thus we have the following derivations: 
a-Ab* = a Ab? by looking ahead of one symbol 
aAbb- = a Ab* by not looking ahead of any symbol 
Ab- Fe aAbb- by not looking ahead of any symbol 
ABb = Ab by not looking ahead of any symbol 
AB 7 ABb by not looking ahead of any symbol 
S FA AB by looking ahead of one symbol 


+ a + . . x 
The derivation tree for abt is as shown in Fig. 8.1. 


S 


Fig. 8.1 Derivation tree for a*b*. 


8.2 PROPERTIES OF LR(k) GRAMMARS 


In this section we give some important properties of LR(k) grammars which 
are useful for parsing and other applications. 
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Recall the definition of an ambiguous grammar. A grammar G is 
ambiguous if there exists w € L(G) which has two derivation trees. The next 
theorem gives the relation between LR(A) grammars and unambiguous 
grammars. 


Property 1 Every LR(k) grammar G is unambiguous. 


Proof We have to show that for any x e È*, there exists a unique right-most 
derivation. Suppose we have two rightmost derivations for x, namely 


S ScAw = afw =x (8.1) 
R R 

S SaAw sdbw =x (8.2) 
R R 


As a@Bw = a’ B’w’, from the definition it follows that œ = œ’, A = A’ and 
B= B. As aBw = a’ Bw’, we get w = w’, and so Aw = a’A’w’. Hence the 
last step in the derivations (8.1) and (8.2) is the same. Repeating the arguments 
for the other sentential forms derived in the course of (8.1) and (8.2), we can 
show that (8.1) is the same as (8.2). Therefore. G is unambiguous. 1 


We have seen that the deterministic and the nondeterministic finite 
automata behave in the same way in so far as acceptability of languages is 
concerned. The same is the case with Turing machines. But the behaviour of 
deterministic and nondeterministic pushdown automata is different. In 
Chapter 7 we have proved “that any pushdown automaton accepts a context- 
free language and for any context-free language L, we can construct a 
pushdown automaton accepting L. The following property gives the relation 
between LR(k) grammars and pushdown automata. 


Property 2 If G is an LR(k) grammar, there exists a deterministic pushdown 
automaton A accepting L(G). 


Property 3 If A is a deterministic pushdown automaton A, there exists an 
LR(1) grammar G such that L(G) = MA). 


Property 4 If G is an LR(k) grammar, where k > 1, then there exists an 
equivalent grammar G, which is LR(1). In so far as languages are concerned, 
it is enough to study the languages generated by LR(0) grammars and LR(1) 
grammars. 


Definition 8.2 A context-free language is said to be deterministic if it is 
accepted by a deterministic pushdown automaton. 


Property 5 The class of deterministic languages is a proper subclass of the 
class of context-free languages. 
The class of deterministic languages can be denoted by cq. 


Property 6 Zan is closed under complementation but not under union and 
intersection. 

The following definition is useful in characterizing the languages accepted 
by an LR(O) grammar. 
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Definition 8.3 A context-free language has prefix property if no proper 
prefix of strings of L belongs to L. 


Property 7 A context-free language is generated by an LR{0) grammar if 
and only if it is accepted by a deterministic pushdown automaton and has 
prefix property. 


Property 8 There is an algorithm to decide whether a given context-free 
grammar is LR(k) for a given natural number k. 


8.3 CLOSURE PROPERTIES OF LANGUAGES 


We discussed closure properties under union, concatenation, and so on in 
Chapter 4. In this section we will discuss closure properties under intersection, 
complementation, etc. Recall that zg, 4..). tof). 4; are the families of type 0 


languages. context-sensitive languages. context-free languages and regular 
languages, respectively. 


Property 1 Each of the classes g, #..). 4-4; 18 closed under union, 


concatenation, closure and transpose operations (Theorems 4.5—4.7). 


Property 2 4, is closed under intersection and complementation (Theorems 
5.7 and 5.8). 


Property 3 4, is not closed under intersection and complementation. 


i 


We establish property 3 by a counter-example. We have already seen that 
L, = {db"d |n 2 1. i 2 0} and Ly = {b"e |n 2 1, j 2 0} are context-free 
languages (Examples 4.8 and 4.9). L A L» = {a'b"c"| n 2 1}. In Example 6.18, 
we have shown that {a"b"c"|n 2 1} is not context-free. Thus, Æg is not 
closed under intersection. 

Using DeMorgan’s law, we can write L O La = (Li U LS). We have 
proved in Chapter 4 that z. is closed under union. If 2, were closed under 
complementation. then L, A L, turns out to be context-free which is not true. 
Hence. Z is not closed under complementation. 


8.4 SUPPLEMENTARY EXAMPLES 


EXAMPLE 8.4 ° 


Show that the grammar S$ — aAc, A — Abb |b is an LR(O) grammar. 


Solution 


It is easy to see that L(G) = {ab""*'c | n 2 0}. The sentential forms of G are 
aAc, aAb-"c, ab-"*'c. We consider the last production applied in the derivation 
of ab-"*'c, As aAc, Abb and b are the possible right-hand sides of productions, 
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only A —> b can be the last production in the rightmost derivation of ab7"*"c. 
(We do not have adc and Abb as substrings of ab?"*'c). Similarly the last 
productions for aAc and aAb“"c are S —> aAc and A — Abb respectively. 
Hence G is an LR(O) grammar. 


EXAMPLE 8.5 


Show that S > aAb, A — cAc|c is not LR(A) for any natural number k. 


Solution 


It is easy to see that 
L(G) = {ac7"*!b | n 2 0} 


Consider accch e L(G). The last production is A —> c. But we can apply this 
handle only by knowing the entire string. This can be applied to the middle c 
but this is known only after looking at two symbols beyond the c which 
replaces A. Continuing this argument, we can decide the handle of ac™*!b by 
only looking at n + 1 symbols beyond the c which replaces A. So it is not 
LRéA) for any k. 


EXAMPLE 8.6 


Give an example of a language which can be generated by an LR(A) grammar 
for some k and also by a grammar that is not LR(é) for any k. 


Solution 


Consider {ac"*'b|n 2 0}. This is generated by the grammar S — aAb, 
A — cAc|c which is not LR(A) for any Ñ. 

This language can also be generated by the grammar S$ — aAb, 
A —> Acc|c. This is LR(O). (This grammar is similar to the grammar in 
Example 8.4.) 


SELF-TEST 


Choose the correct answer to Questions 1-5: 


1. An LRfk) grammar has to be 
(a) a type 0 grammar 
(b) a type 1 grammar 
(c) a type 2 grammar 
(d) none of these. 


2. An LR(k) grammar is 

(a) always unambiguous 

(b) always ambiguous 

(c) need not be unambiguous 
(d) none of these. 
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3. 


8.1 


8.2 
8.3 
8.4 


8.5 


8.6 
8.7 


A handle is 

(a) a string of variables and terminals 
(b) a string of variables 

(c) a string of terminals 

(d) a production. 


. The automaton corresponding to an LR(k) grammar is 


(a) a deterministic finite automaton 
(b) a nondeterministic finite automaton 
(c) a deterministic PDA 

(d) a nondeterministic PDA. 


- ae is closed under 


(a) union 

(b) complementation 
(c) intersection 

(d) none of these. 


EXERCISES 


Show that the grammar S > aAb, A > aAb | a is an LR(1) or is it an 
LR(0)? 

Show that the grammar S > 0A2, A —> 1A1, A > 1 is not an LR(0). 
Is $ => AB, S > aA, A > aA, A > a, B > a an LR(&) for some k? 


Show that {a’”"b"c"|m, n2 1} O {a"b"c" |m, n 2 1} cannot be generated 
by an LR(A) grammar for any k. 


Are the following statements true? (a) If G is unambiguous, it is LR(k) 
for some k. (b) If G is unambiguous. it is LR(x) for every k. Justify your 
answer. 

Is S > CiD, C > aC |b, D > aD |an LR(O)? 


For a production A > B of a context-free grammar G and w in £*$* 
($ is a symbol not in Vy O Ð), define R,(w) to be the set of all strings 
of the form oBw such that A > f is a handle for a@Bww’ for some w 


in &* $* and S$ = aAww" a aww’. (In other words, a string oBw is 
in R,(w) if we get a penultimate step of a rightmost derivation of @Bwv’ 
for some w.) Show that R.(w) is a regular set. 
[Hint: Define G’= (Vy Vy O D, P’, S^), where 
Vy= {[A, w]]A € Vy we D*$ and lw] = k} 
S= [S, $%] 
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8.8 


8.9 


Also show that each production in P induces a production in P’ in the 

following manner: 

(a) If A > x is in P, where x e L*, then [A, w] — xw is included in 
PY 

(b) If A > XXa ee Xp is in P, X © Vis Xie. Xp = ww for 
some w^, w” in E*$* with |w’| = k, then [A, w] > Bi ... Bu 
(B;, w’] is included in P’ 

As the productions in P’ have either a terminal string or a terminal string 

followed by a variable on R.H.S., G’ can be reduced to an equivalent 

regular grammar. Use the principle of induction to show that 


M 


[S. $4] È [A, w] if and only if for some w’S$! 5 Aww’. 


This will establish L(G’) = Rw). 

Prove that a context-free grammar G is an LR(&) if and only if the 
following holds: A string y in Rą(w) corresponding to a production 
A, — ĝı is a substring of some element 6 in R,(w’) corresponding to a 
production A; > f- implies y = 6, A; = A>, Bi = pr. 

(Hint: The proof follows from the definition of LR(k) grammars.| 
Prove Property 2 of Section 8.2. 


Solution We give an outline of the construction of the required dpda 
A. A accepts a string w if S$‘ remains in the stack after the processing 
of w. For this purpose, A has to simulate the reverse derivation of w. 
This is achieved by finding suitable handles. R,(w)’s are defined 
precisely for this purpose (refer to Exercise 8.7). As R,(w)’s are regular, 
there exist deterministic finite automata M,(w) corresponding to R,(w). 

For our deterministic pda A to contain the information regarding the 
finite automata. the pushdown store of A is required to have an additional 
track. In the first track, symbols from Vy U È are written or erased. In the 
additional track, the information regarding M,(w)’s is stored in the form 
of maps. The map Ng gives the states of finite automata M,(w) after the 
processing of a string & for all productions in G and strings w in L*$* 
of length k. The existence of a suitable handle is indicated by a final state 
of M.(w) Gn the second track). 

We can describe the way A acts as follows: A is capable of reading 
k+1 symbols on PDS, where / is the length of the longest R.H.S. of 
productions of G. (This can be achieved by modifying the finite control.) 
A reads the top m symbols on track 1 for some m < k + l. The second track 
is suitably manipulated. For example. if X; ... X,, is in track 1, then 
track 2 stores the maps Ny|Nyux2... Nyy... xm If a suitable handle is 
found, then a sentential form is obtained by replacing the R.HLS. of the 
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handle of its L.H.S. in the given string on track 1. As G is LR(&), this 
can be done in almost one way. 

The above process is repeated until it is no longer possible. If m 
symbols are not sufficient to carry out the process. more symbols are read 
and placed on the stack (track 1). 

If stack 1 has S$* at a particular stage, A accepts the corresponding 
string. A is the required dpda accepting L(G). 


Turing Machines 
_and Linear Bounded 
Automata 


In the early 1930s, mathematicians were trying to define effective computation. 
Alan Turing in 1936, Alanzo Church in 1933, S.C. Kleene in 1935, Schonfinkel 
in 1965 gave various models using the concept of Turing machines, A-calculus, 
combinatory logic, post-systems and -recursive functions. It is interesting to 
note that these were formulated much before the electro-mechanical/electronic 
computers were devised. Although these formalisms, describing effective 
computations, are dissimilar, they turn to be equivalent. 

Among these formalisms, the Turing’s formulation is accepted as a model 
of algorithm or computation. The Church—Turing thesis states that any 
algorithmic procedure that can be carried out by human beings/computer can be 
carried out by a Turing machine. It has been universally accepted by computer 
scientists that the Turing machine provides an ideal theoretical model of a 
computer. 

Turing machines are useful in several ways. As an automaton, the Turing 
machine is the most general model. It accepts type-0 languages. It can also be 
used for computing functions. It turns out to be a mathematical model of partial 
recursive functions. Turing machines are also used for determining the un- 
decidability of certain languages and measuring the space and time complexity 
of problems. These are the topics of discussion in this chapter and some of the 
subsequent chapters. 

For formalizing computability, Turing assumed that, while computing, 
a person writes symbols on a one-dimensional paper (instead of a two- 
dimensional paper as is usually done) which can be viewed as a tape divided 
into cells. 

One scans the cells one at a time and usually performs one of the three 
simple operations, namely (i) writing a new symbol in the cell being currently 
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scanned, (ii) moving to the cell left of the present cell. and (iii) moving to the 
cell right of the present cell. With these observations in mind, Turing proposed 
his “computing machine.’ 


9.1 TURING MACHINE MODEL 


The Turing machine can be thought of as finite control connected to a R/W 
(read/write) head. It has one tape which is divided into a number of cells. The 
block diagram of the basic model for the Turing machine is given in Fig. 9.1. 


Tape divided into cells 
and of infinite length 


Finite control 


Fig. 9.1 Turing machine model. 


Each cell can store only one symbol. The input to and the output from the finite 
state automaton are effected by the R/W head which can examine one cell at 
a time. In one move, the machine examines the present symbol under the 
R/W head on the tape and the present state of an automaton to determine 


(i) anew symbol to be written on the tape in the cell under the R/W head, 
(ii) a motion of the R/W head along the tape: either the head moves one 
cell left (L). or one cell right (R), 
(iii) the next state of the automaton, and 
(iv) whether to halt or not. 


The above model can be rigorously defined as follows: 


Definition 9.1 A Turing machine M is a 7-tuple, namely (Q, E, T, ô, go. b. F), 
where 
1. Q is a finite nonempty set of states, 
2. T is a finite nonempty set of tape symbols, 
3. b e T is the blank, 
4. È is a nonempty set of input symbols and is a subset of T and b € È, 
5. 6 is the transition function mapping (q, x) onto (q’, y, D) where D 
denotes the direction of movement of R/W head: D = L or R according 
as the movement is to the left or right. 
6. qo E€ Q is the initial state, and 
7. F © Q is the set of final states. 
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Notes: (1) The acceptability of a string is decided by the reachability from the 
initial state to some final state. So the final states are also called the accepting 
states. 

(2) 6 may not be defined for some elements of Q xT. 


9.2 REPRESENTATION OF TURING MACHINES 


We can describe a Turing machine employing (i) instantaneous descriptions 
using move-relations. (ii) transition table, and (ili) transition diagram (transition 
graph). 


9.2.1 REPRESENTATION BY INSTANTANEOUS DESCRIPTIONS 


‘Snapshots’ of a Turing machine in action can be used to describe a Turing 
machine. These give ‘instantaneous descriptions’ of a Turing machine. We have 
defined instantaneous descriptions of a pda in terms of the current state, the 
input string to be processed, and the topmost symbol of the pushdown store. 
But the input string to be processed is not sufficient to be defined as the ID of 
a Turing machine, for the R/W head can move to the left as well. So an ID of a 
Turing machine is defined in terms of the entire input string and the current 
State. 


Definition 9.2 An ID of a Turing machine M is a string apy, where p is the 
present state of M, the entire input string is split as ary, the first symbol of yis 
the current symbol a under the R/W head and yhas all the subsequent symbols 
of the input string, and the string œ is the substring of the input string formed 
by all the symbols to the left of a. 


EXAMPLE 9.1 


A snapshot of Turing machine is shown in Fig. 9.2. Obtain the instantaneous 
description. 


R/W head 


State 
93 


Fig. 9.2 A snapshot of Turing machine. 


Solution 


The present symbol under the R/W head is a,. The present state is g3. So a, 
is written to the right of qa. The nonblank symbols to the left of a, form the 
string @4q@,d2d\d-a2, which is written to the left of q3. The sequence of nonblank 
symbols to the right of a, is aa». Thus the ID ts as given in Fig. 9.3. 
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aga, 49448744 
Left sequence / (a sequence 
Present Symbol under 
state R/W head 


Fig. 9.3 Representation of ID. 


Notes: (1) For constructing the ID, we simply insert the current state in the 
input string to the left of the symbol under the R/W head. 

(2) We observe that the blank symbol may occur as part of the left or right 
substring. 


Moves in a TM 


As in the case of pushdown automata, 6(q, x) induces a change in ID of the 
Turing machine. We call this change in ID a move. 

Suppose (q, x;) = (p, y, L). The input string to be processed is x,x2 ... Xm 
and the present symbol under the R/W head is x,. So the ID before processing 
x; IS 


After processing x; the resulting ID is 
Xi eo Xia PRG os Xn 


This change of ID is represented by 


XX wa Xim q Xi KUE Ay = Xi oy Xia PXi-4 VX 44 arses Xn 
If i = 1, the resulting ID is py x2x3.... Xp 
If d(qg, x) = (p, y. R), then the change of ID is represented by 


XX 0 Xaq oy Xp H aks Xia Y Pi ep o Xn 
If i = n, the resulting ID is xx. ... X1 ypb. 
We can denote an ID by J; for some j. J; — 4, defines a relation among IDs. 
So the symbol > denotes the reflexive—transitive closure of the relation |—. 
In particular, J; = Jj. Also, if 4 H} J, then we can split this as 1; |— h H 
LH- FJ, for some IDs, In, ..., Ly 


Note: The description of moves by IDs is very much useful to represent the 
processing of input strings. 


9.2.2 REPRESENTATION BY TRANSITION TABLE 


We give the definition of ô in the form of a table called the transition table. If 
O(q, 2) = (y, a B), we write apy under the o-column and in the q-row. So if 
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we get Py in the table, it means that œ is written in the current cell, 6 gives 
the movement of the head (L or R) and ydenotes the new state into which the 
Turing machine enters. 

Consider, for example, a Turing machine with five states q),..., gs, where 
qı is the initial state and g; is the (only) final state. The tape symbols are 0. 1 
and b. The transition table given in Table 9.1 describes 6. 


TABLE 9.1 Transition Table of a Turing Machine 


Present state Tape symbol 
b 0 1 
ack 1Lq2 ORq 
92 bRqs OLqe 1Lqe 
q3 bRq4 bRqQs 
q4 ORq5 ORG, 1Rq, 


OLg2 


As in Chapter 3, the initial state is marked with — and the final state 
with ©. 


EXAMPLE 9.2 


Consider the TM description given in Table 9.1. Draw the computation 
sequence of the input string 00. 


Solution 

We describe the computation sequence in terms of the contents of the tape and 
the current state. If the string in the tape is aja2... ajaj4; -+ @, and the TM 
in state q is to read aj,), then we write ajax... jq Qjay <- Gy 


For the input string 00b, we get the following sequence: 
qı00b |— 0q,0b |— 00g\b | 09201 | g,001 
— q2b001 — bq3001 |— bbq4,01 - bbog4l |— bbolq4b 
H bb010g5 | bbOlq:00 | bb0q:100 — bbq:0100 
— bq2b0100 — bbg30100 |— bbbq,100 |— bbb,q400 
| bbb10g40 | bbb100q,b |— bbb1000q5b 
— bbb100q:00 |— bbb10q:000 — bbb1gq20000 
|— bbbq:10000 |— bbq:b10000 }— bbbg310000 |~ bbbbqs0000 


9.2.3 REPRESENTATION BY TRANSITION DIAGRAM 


We can use the transition systems introduced in Chapter 3 to represent Turing 
machines. The states are represented by vertices. Directed edges are used to 
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represent transition of states. The labels are triples of the form (a, p. y), where 
a, B.e Tand ye {L, R}. When there is a directed edge from q; to q; with label 
(œ, P. y). it means that 
6(q;. 0) = (q; B. ¥) 

During the processing of an input string, suppose the Turing machine enters 
q; and the R/W head scans the (present) symbol œ. As a result, the symbol B 
is written in the cell under the R/W head. The R/W head moves to the left or 
to the right, depending on y, and the new state is qj. 

Every edge in the transition system can be represented by a 5-tuple (q; Œ, 
P. Y. qì). So each Turing machine can be described by the sequence of 5-tuples 
representing all the directed edges. The initial state is indicated by — and any 
final state is marked with O. 


EXAMPLE 9.3 


M is a Turing machine represented by the transition system in Fig. 9.4. Obtain 
the computation sequence of M for processing the input string 0011. 


(b, b, R) 


(0, 0, L) 
Fig. 9.4 Transition system for M. 


Solution 

The initial tape input is b0011b. Let us assume that M is in state q) and the 
R/W head scans 0 (the first 0). We can represent this as in Fig. 9.5. The figure 
can be represented by . 


L 
bool 1b 
qı 
From Fig. 9.4 we see that there is a directed edge from q to q2 with the label 
(0. x, R). So the current symbol 0 is replaced by x and the head moves right. 
The new state is go. Thus. we get 


bxO11b 
q2 
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The change brought about by processing the symbol 0 can be represented as 


J $ 
booLlb O82. bxOllb 
qı 4 


qz 
ee 


R/W head 


State 
% 
Fig. 9.5 TM processing 0011. 


The entire computation sequence reads as follows: 


v , 4 l l 
boolib 2&2. bxollb 222%), bxOllb 
qi q2 q2 


{ 
(yL) bxOvib (0.0.L) bxOvlb (xR) bxOv1b 
q3 da qı 


(Ox.R) . (wy) l xL) 1 ? 
—— > hxxvlb ——> bxxylb ——~—> bxxyyb 
Gi 2 q3 


CREL L (X.R) (R) 
——— > bxxyvb ——> bxxyyb ———> bxxyyb 


43 qs qs 

(yw R) 4 
NERS (b.b. R} 

-=——> bxxyyb ——> bxxyybb 

qs 46 


9.3 LANGUAGE ACCEPTABILITY BY TURING 
MACHINES 


Let us consider the Turing machine M = (Q, £, T. 6. qo, b, F). A string w in 
2* is said to be accepted by M if qow | opoh for some p € F and œ, œ 
e T* 

M does not accept w if the machine M either halts in a nonaccepting State 
or does not hait. 
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It may be noted that though there are other equivalent definitions of 
acceptance by the Turing machine, we will be not discussing them in this text. 


EXAMPLE 9.4 


Consider the Turing machine M described by the transition table given in 
Table 9.2. Describe the processing of (a) 011, (b) 0011, (c) 001 using IDs. 
Which of the above strings are accepted by M? 


TABLE 9.2 Transition Table for Example 9.4 


Present state Tape symbol 
0 1 x y b 
>q AXRQ2 bRqs 
q2 ORq2 yLq3 yRq2 
B OLqg4 xRqs5 yLq3 
q4 OLq. xRQ; 
q5 yxRqs DR. 
© 
Solution 


(a) qOll | xq211 H gaxyl H xgsyl | aygsl 
As 6(qs. 1) is not defined, M halts; so the input string 011 is not accepted. 
(b) q,0011 | xq2011 — x0g211 | xq30vl — q4x0yl | xq) Oyl. 
fe xxgayl Fe xxyg2l j xxgayy H xq3xvy | xxqsyy 
H xxvgsy [— xxyygsb — axvybqe 
M halts. As qo is an accepting state, the input string 0011 is accepted by M. 
(c) q,001 — xq201 -- x0g21 H xq30¥ | qax0y 
| xq,0y F- xxgav F aya 


M halts. As q> is not an accepting state, 001 is not accepted by M. 


9.4 DESIGN OF TURING MACHINES 


We now give the basic guidelines for designing a Turing machine. 


G) The fundamental objective in scanning a symbol by the R/W head is 
to `know` what to do in the future. The machine must remember the 
past symbols scanned. The Turing machine can remember this by 
going to the next unique state. 

(ii) The number of states must be minimized. This can be achieved by 
changing the states only when there is a change in the written symbol 
or when there is a change in the movement of the R/W head. We shall 
explain the design by a simple example. 
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EXAMPLE 9.5 


Design a Turing machine to recognize all strings consisting of an even number 
of I's. 


Solution 


The construction is made by defining moves in the following manner: 
(a) qı is the initial state. M enters the state qə on scanning | and writes b. 
(b) If M is in state q> and scans 1, it enters q, and writes b. 
(c) qı is the only accepting state. 


So M accepts a string if it exhausts all the input symbols and finally is in 
state qı. Symbolically, 


M = ({qı; q2}, {1. b}, {1, b}. ô q, b. {q} 
where 6 is defined by Table 9.3. 


TABLE 9.3 Transition Table for Example 9.5 


Present state 1 
>@) bqoR 
q2 bq R 


Let us obtain the computation sequence of 11. Thus, q)11 — bq21 | bbq. 
As qı is an accepting state. 11 is accepted. q)111 |- bq211 | bbq] | bbbq2. 
M halts and as q» is not an accepting state, 111 is not accepted by M. 


EXAMPLE 9.6 


Design a Turing machine over {1, b} which can compute a concatenation 
function over X = {1}. If a pair of words (w, wə) is the input. the output has 
to be Wiwa. 

Solution 


Let us assume that the two words w, and wə are written initially on the input 
tape separated by the symbol b. For example, if w; = 11, wa = 111, then the 
input and output tapes are as shown in Fig. 9.6. 


zeit |i fel |s[s[os Tonno nn: 
Fig. 9.6 Input and output tapes. 


We observe that the main task is to remove the symbol b. This can be done 
in the following manner: 


(a) The separating symbol b is found and replaced by 1. 
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(b) The rightmost 1 is found and replaced by a blank b. 
(c) The R/W head returns to the starting position. 


A computation is illustrated in Table 9.4. 


TABLE 9.4 Computation for 116111 


Qoltb111 H 1901b111 H t1q9b111 H 11191111 

H 11119111 11114944 H 111111qib H 11111q21b 
H 1111gs1bb H 1119311bb |— 1193111bb / 1q31111bb 
}— g311111bb |- g3b11111bb - bqr11111bb 


From the above computation sequence for the input string 115111, we can 
construct the transition table given in Table 9.5. 
For the input string 1b1, the computation sequence is given as 


qolbl | lgobt |— Lgl |— 11iqıb | 11gb |— 1q31bb 
L— q311bb |— q3b11bb |— bali bb. 


TABLE 9.5 Transition Table for Example 9.6 


Present state Tape symbol 
1 b 
>Q 1Rqo 1Rq; 
qı 1Rq, bLqe 
qo bls Ta 
q3 1Lq5 bRq; 
= = 


EXAMPLE 9.7 


Design a TM that accepts 
{O"l" la > 1}. 


Solution 
We require the following moves: 


(a) If the leftmost symbol in the given input string w is 0, replace it by x 
and move right till we encounter a leftmost 1 in w. Change it to y and 
move backwards. 

(b) Repeat (a) with the leftmost 0. If we move back and forth and no 0 or 
1 remains. move to a final state. 

(c) For strings not in the form 0"1”, the resulting state has to be nonfinal. 
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Keeping these ideas in our mind, we construct a TM M as follows: 


M= (Q, L, T, ô, qo. b. F) 


where 
Q = {qo q I» Fs HY) 
F= {ar} 
£= {0. 1} 


T= {0, 1, x.y, b} 


The transition diagram is given in Fig. 9.7. M accepts {0"1"|n 2 1}. The moves 
for 0011 and 010 are given below just to familiarize the moves of M to the 


reader. 


t 
(y, y; R) qs) oe 


Fig. 9.7 Transition diagram for Example 9.7. 


qoO011 |-— xq,011 |— x0q;11 |— xq20y1 
H qoxOvl |— xqo0y1 |— rxxgyyl |— xxyqi 1 
k xxgavv H xqoxyy | xxgoyy H xxyqay 


-— xxyyg3 = xxvygab |— xxyybq4b 


Hence 0011 is accepted by M. 
qo010 — xq) 10 -— gqrxyO | xqov0 — x9q30 
As 6(g3. 0) is not defined, M halts. So 010 is not accepted by M. 


-EXAMPLE 9.8 


Design a Turing machine M to recognize the language 
ed 
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Solution 


Before designing the required Turing machine M, let us evolve a procedure for 
processing the input string 112233. After processing, we require the ID to be 
of the form bbbbbbq-. The processing is done by using five steps: 


Step 1 q; is the initial state. The R/W head scans the leftmost 1, replaces 1 
by b, and moves to the right. M enters qə. 


Step 2 On scanning the leftmost 2, the R/W head replaces 2 by b and moves 
to the right. M enters q3. 


Step 3. On scanning the leftmost 3. the R/W head replaces 3 by b, and moves 
to the right. M enters q4- 


Step 4 After scanning the rightmost 3, the R/W heads moves to the left until 
it finds the leftmost 1. As a result. the leftmost 1. 2 and 3 are replaced by b. 


Step 5 Steps 1—4 are repeated until all 1's, 2’s and 3’s are replaced by blanks. 
The change of IDs due to processing of 112233 is given as 


q,112233 — bq212233 |— blq22233 |— b1bq3233 |— b1b24333 
|— b1b2bq43 |— bl b2qg5b3 |— b1bgs2b3 |— blqsb2b3 |— bqs1b2b3 
L— ggb1b2b3 |— bqı1b2b3 |— bbgq2b2b3 |— bbbq22b3 
|— bbbbq3b3 |— bbbbbq:3 |— bbbbbbq,b |— bbbbbq-bb 
Thus. 
qı112233 |> qbbbbbb 


As q- is an accepting state, the input string 112233 is accepted. 
Now we can construct the transition table for M. It is given in Table 9.6. 


TABLE 9.6 Transition Table for Example 9.7 


Present state Input tape symbol 
| 2 3 b 

>q bRq2 bRq; 

2 1Rq2 bRq3 bRq2 

q3 2Rqs bRqa4 bRq3 

a 3Lq5 bLq; 

qs 1Lgs 2Lq5 bLqs 

qs 1Lqe bRq, 
@ 
© 


Tt can be seen from the table that strings other than those of the form 0"1"2" 
are not accepted. It is advisable to compute the computation sequence for 
strings like 1223, 1123, 1233 and then see that these strings are rejected by M. 
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9.5 DESCRIPTION OF TURING MACHINES 


In the examples discussed so far, the transition function 6 was described as a 
partial function (function 6: Q x T > Q xT x {L, R} is not defined for all 
(q. x)) by spelling out the current state, the input symbol, the resulting state, the 
tape symbol replacing the input symbol and the movement of R/W head to the 
left or right. We can call this a formal description of a TM. Just as we have the 
machine language and higher level languages for a computer, we can have a 
higher level of description, called the implementation description. In this case 
we describe the movement of the head, the symbol stored etc. in English. For 
example, a single instruction like ‘move to right till the end of the input string’ 
requires several moves. A single instruction in the implementation description 
is equivalent to several moves of a standard TM (Hereafter a standard TM 
refers to the TM defined in Definition 9.1). At a higher level we can give 
instructions in English language even without specifying the state or transition 
function. This is called a high-level description. 

In the remaining sections of this chapter and later chapters, we give 
implementation description or high-level description. 


9.6 TECHNIQUES FOR TM CONSTRUCTION 


In this section we give some high-level conceptual tools to make the 
construction of TMs easier. The Turing machine defined in Section 9.1 is called 
the standard Turing machine. 


9.6.1 TURING MACHINE WITH STATIONARY HEAD 


In the definition of a TM we defined (q, a) as (q’, y, D) where D = L or R. 
So the head moves to the left or right after reading an input symbol. Suppose, 
we want to include the option that the head can continue to be in the same cell 
for some input symbol. Then we define d(g, a) as (q’, y, S). This means that 
the TM, on reading the input symbol a, changes the state to g’ and writes y in 
the current cell in place of a and continues to remain in the same cell. In terms 
of IDs, 
wqax | wq’yx 

Of course, this move can be simulated by the standard TM with two moves, 

namely 
wqax -- wyq"x — wa’yx 

That is, 6(g, a) = (q’, y, S) is replaced by ô(q. a) = (q”, y, R) and 6(q”, X) = 
(q. v, L) for any tape symbol X. 

Thus in this model 6(g. a) = (q¢’. y, D} where D = L, R or S. 
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9.6.2 STORAGE IN THE STATE 


We are using a state, whether it is of a FA or pda or TM, to ‘remember’ things. 
We can use a state to store a symbol as well. So the state becomes a pair 
(q, a) where q is the state (in the usual sense) and a is the tape symbol stored 
in (q. a). So the new set of states becomes O XT. 


EXAMPLE 9.9 


Construct a TM that accepts the language 0 1* + 1 0%. 


Solution 


We have to construct a TM that remembers the first symbol and checks that it 
does not appear afterwards in the input string. So we require two states, qo, qj. 
The tape symbols are 0, 1 and b. So the TM, having the ‘storage facility in 
state”. is 

M = ({qo. qı} X {0. 1, b}, {0, 1}, {0, 1, b}. ô [go bl, {igi BI) 


We describe 6 by its implementation description. 

1. In the initial state, M is in gg and has b in its data portion. On seeing 
the first symbol of the input sting w, M moves right, enters the state 
g, and the first symbol, say a, it has seen. 

. M is now in [q;, a]. (G) If its next symbol is b, M enters [q;, b], an 
accepting state. (ii) If the next symbol is a. M halts without reaching 


nN 


the final state (i.e. 6 is not defined). (iii) If the next symbol is a 
(a =0ifa= 1 and q =1 if a=0), M moves right without changing 
state. 

3. Step 2 is repeated until M reaches [q;, b] or halts (6 is not defined for 
an input symbol in w). 


9.6.3 MULTIPLE TRACK TURING MACHINE 


In the case of TM defined earlier, a single tape was used. In a multiple track 
TM. a single tape is assumed to be divided into several tracks. Now the tape 
alphabet is required to consist of k-tuples of tape symbols. k being the number 
of tracks. Hence the only difference between the standard TM and the TM with 
multiple tracks is the set of tape symbols. In the case of the standard Turing 
machine, tape symbols are elements of T; in the case of TM with multiple track, 
it is I*. The moves are defined in a similar way. 


9.6.4 SUBROUTINES 


We know that subroutines are used in computer languages, when some task has 
to be done repeatedly. We can implement this facility for TMs as well. 
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First, a TM program for the subroutine is written. This will have an initial 
state and a ‘return’ state. After reaching the return state. there is a temporary 
halt. For using a subroutine, new states are introduced. When there is a need 
for calling the subroutine, moves are effected to enter the initial state for the 
subroutine (when the return state of the subroutine is reached) and to return to 
the main program of TM. 

We use this concept to design a TM for performing multiplication of two 
positive integers. 


EXAMPLE 9.10 


Design a TM which can multiply two positive integers. 


Solution 


The input (m. n), m, n being given, the positive integers are represented by 

010". M starts with 0”10" in its tape. At the end of the computation, 

0”"(mn in unary representation) surrounded by b’s is obtained as the ouput. 
The major steps in the construction are as follows: 


1. O”10"1 is placed on the tape (the output will be written after the 
rightmost 1). 
The leftmost O is erased. 
A block of n O's is copied onto the right end. 
Steps 2 and 3 are repeated m times and 1010" is obtained on the 
tape. 
The prefix 10”1 of 1010" is erased. leaving the product mn as the 
output. 

For every 0 in 0". 0" is added onto the right end. This requires repetition 
of step 3. We define a subroutine called COPY for step 3. 

For the subroutine COPY. the initial state is g, and the final state is gs. ô 
is given by the transition table (see Table 9.7). 


wD 


wa 


TABLE 9.7 Transition Table for Subroutine COPY 


State Tape symbol 
0 1 2 b 
qi Q22R gail _ = 
q2 q20R QIR = q30L 
q3 q30L gsi qi2R E 
q4 = gs1R q40L = 
qs = < = = 


The Turing machine M has the initial state qọ. The initial ID for M is 
qo0™”10”1. On seeing 0. the following moves take place (qę is a state of M). 
qo” 10°1 H bg!” 10"1 > BO" 'g, 10" L | bO” 1q,0”1. q; is the initial state 
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of COPY. The TM M, performs the subroutine COPY. The following moves 
take place for My: q,0"1 |— 2g20"'1 20"! 1gsb F-20310 H 2g,0"'10. 
After exhausting O`s, g, encounters 1. M, moves to state gy. All 2’s are 
converted back to 0’s and M, halts in gs. The TM M picks up the computation 
by starting from gs. The gp and ge are the states of M. Additional states are 
created to check whether each 0 in 0” gives rise to O”-at the end of the 
rightmost 1 in the input string. Once this is over, M erases 10"1 and finds 0°” 
in the input tape. 
M can be defined by 


M = ({qo: Gir ses quiz}: {0. 1}, {0. l, 2; b}, ô, qo» b, {qi2}) 
where 6 is defined by Table 9.8. 


TABLE 9.8 Transition Table for Example 9.10 


0 1 2 b 

qo qgbR = or = 
qs WOR qiR = = 
gs q70L = | = 
q; = gail EE ia 
qs JOL a — Qib R 
qs WOL = _ QobR 

10 ee qa bR SI FE 
qn qybR Gi2bR = = 


Thus M performs multiplication of two numbers in unary representation. 


9.7 VARIANTS OF TURING MACHINES 


The Turing machine we have introduced has a single tape. d(q, a) is either a 
single triple (p, y. D), where D = R or L, or is not defined. We introduce two 
new models of TM: 
(t) a TM with more than one tape 
(ii) a TM where ô(q. a) = (Pi; yi; Di), Pa V2. Dd), -n Ørn Yn Dy) }. The 
first model is called a multitape TM and the second a nondeterministic 
TM. 


9.7.1 MULTITAPE TURING MACHINES 


A multitape TM has a finite set Q of states, an initial state qo, a subset F of Q 
called the set of final states. a set P of tape symbols, a new symbol b, not in 
P called the blank symbol. (We assume that 2 c I and b € È.) 
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There are k tapes, each divided into cells. The first tape holds the input 
string w. Initially, all the other tapes hold the blank symbol. 

Initially the head of the first tape (input tape) is at the left end of the input 
w. All the other heads can be placed at any cell initially. 

6 is a partial function from Q x Tl into Q x T* x {L, R, S}. We use 
implementation description to define 6. Figure 9.8 represents a multitape TM. 
A move depends on the current state and k tape symbols under k tape heads. 


Finite 
control 


Fig. 9.8 Multitape Turing machine. 


In a typical move: 


G) M enters a new state. 
Gi) On each tape. a new symbol is written in the cell under the head. 
(iii) Each tape head moves to the left or right or remains stationary. The 
heads move independently: some move to the left, some to the right 
and the remaining heads do not move. 


The initial ID has the initial state go, the input string w in the first tape 
(input tape), empty strings of b’s in the remaining k — 1 tapes. An accepting ID 
has a final state, some strings in each of the k tapes. 


Theorem 9.1 Every language accepted by a multitape TM is acceptable by 
some single-tape TM (that is, the standard TM). 


Proof Suppose a language L is accepted by a k-tape TM M. We simulate M 
with a single-tape TM with 24 tracks. The second. fourth, . . .. (24)th tracks hold 
the contents of the k-tapes. The first. third, ..., (2k ~ Dth tracks hold a head 
marker (a symbol say X) to indicate the position of the respective tape head. 
We give an ‘implementation description’ of the simulation of M with a single- 
tape TM M,. We give it for the case k = 2. The construction can be extended 
to the general case. 

Figure 9.9 can be used to visualize the simulation. The symbols A, and B; 
are the current symbols to be scanned and so the headmarker X is above the two 
symbols. 
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Finite 
contro 


Fig. 9.9 Simulation of multitape TM. 


Initially the contents of tapes 1 and 2 of M are stored in the second and 
fourth tracks of M,. The headmarkers of the first and third tracks are at the cells 
containing the first symbol. 

To simulate a move of M. the 2k-track TM M, has to visit the two 
headmarkers and store the scanned symbols in its control. Keeping track of the 
headmarkers visited and those to be visited is achieved by keeping a count and 
storing it in the finite control of M;. Note that the finite control of M; has also 
the information about the states of M and its moves. After visiting both head 
markers. M, knows the tape symbols being scanned by the two heads of M. 

Now M, revisits each of the headmarkers: 


(i) It changes the tape symbol in the corresponding track of M, based 
on the information regarding the move of M corresponding to the state 
(of M) and the tape symbol in the corresponding tape M. 
(ii) It moves the headmarkers to the left or right. 
(iii) M, changes the state of M in its control. 


This is the simulation of a single move of M. At the end of this, M, is ready 
to implement its next move based on the revised positions of its headmarkers 
and the changed state available in its control. 

M, accepts a string w if the new state of M, as recorded in its control at 
the end of the processing of w, is a final state of M. 


Definition 9.3 Let M be a TM and w an input string. The running time of M 
on input w, is the number of steps that M takes before halting. If M does not 
halt on an input string w, then the running time of M on w is infinite. 


Note: Some TMs may not halt on all inputs of length n. But we are interested 
in computing the running time. only when the TM halts. 


Definition 9.4 The time complexity of TM M is the function T(n), n being the 
input size, where T(n) is defined as the maximum of the running time of M over 
all inputs w of size n. 


Theorem 9.2 If M; is the single-tape TM simulating multitape TM M, then 
the time taken by M, to simulate n moves of M is O(n’). 
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Proof Let M be a k-tape TM. After n moves of M, the head markers of M, 
will be separated by 2n cells or less. (At the worst. one tape movement can be 
to the left by n cells and another can be to the right by n cells. In this case the 
tape headmarkers are separated by 2n cells. In the other cases, the ‘gap’ 
- between them is less). To simulate a move of M, the TM M, must visit all the 
k headmarkers. If M starts with the leftmost headmarker. M, will go through all 
the headmarkers by moving right by at most 2n cells. To simulate the change 
in each tape. M, has to move left by at most 27 cells; to simulate changes in 
k tapes, it requires at most two moves in the reverse direction for each tape. 
Thus the total number of moves by M, for simulating one move of M is 
atmost 4n + 2k. (2n moves to right for locating all headmarkers, 2n + 2k moves 
to the left for simulating the change in the content of k tapes.) So the number 
of moves of M, for simulating n moves of M is n(4n + 2k). As the constant k 
is independent of n, the time taken by M, is O(n’). 


9.7.2 NONDETERMINISTIC TURING MACHINES 


In the case of standard Turing machines (hereafter we refer to this machine as 
deterministic TM). 6(q;. a) was defined (for some elements of Q x T`) as an 
element of Q x T x {L, R}. Now we extend the definition of ô. In a 
nondeterministic TM. (qı. a) is defined as a subset of Q x T x {L, R}. 


Definition 9.5 A nondeterministic Turing machine is a 7-tuple (Q, E, T. 6, qo, 
b, F) where 
. Q is a finite nonempty set of states 
. T is a finite nonempty set of tape symbols 
. b e T is called the blank symbol 
4. È is a nonempty subset of T. called the set of input symbols. We 
assume that b € È. 
5. go is the initial state 
6. F c Q is the set of final states 
7. 6 is a partial function from Q x T into the power set of Q x T x 
{L. R}. 
Note: If g € Q and x eT and ôlq. x) = {(q). vj}. Dy). (qo, v2, Do)... 
(Gus Yne Da)} then the NTM can chose any one of the actions defined by 
(qi yp D) fori = 1.2. ...07. 

We can also express this in terms of | relation. If 6(g. x) = {(q;. ya Dp| 
i=1,2.....m} then the ID cgxw can change to any one of the n IDs specified 
by the n-element set d(q. x). 

Suppose 0(q. x) = {(q1. Yr D. (G2, y2 R). (Ga: Va. L)}. Then 


WwW Dh 


SiS eee TRONS pay os Sp FR S152 oe SS See + +e Sh 
or 

Ir e es EQN Spa ss Sy Fe Si a See oe Sh 
or 

Z2 ee GMS ee = Sy FR TIE eee DRAGII + Se 
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So on reading the input symbol, the NTM M whose current ID is z)z.... 
ZeGXZk4) +++ J, Can change to any one of the three IDs given earlier. 


Remark When 6(q, x) = {(q;, yn Dj) |i = 1, 2... .. n} then NTM chooses any 
one of the 7 triples totally (that is. it cannot take a state from one triple, another 
tape symbol from a second triple and a third D(L or R) from a third triple, etc. 


Definition 9.6 w €e X* is accepted by a nondeterministic TM M if qow H} 
xq for some final state qg. 
The set of all strings accepted by M is denoted by T(M). 


Note: As in the case of NDFA, an ID of the form xqy (for some q ¢ F) may 
be reached as the result of applying the input string w. But w is accepted by M 
as long as there is some sequence of moves leading to an ID with an accepting 
state. It does not matter that there are other sequences of moves leading to an 
ID with a nonfinal state or TM halts without processing the entire input string. 


Theorem 9.3 IfM is a nondeterministic TM. there is a deterministic TM M, 
such that TM) = T(M,). 


Proof We construct M, as a multitape TM. Each symbol in the input string 
leads to a change in ID. M, should be able to reach all IDs and stop when an 
ID containing a final state is reached. So the first tape is used to store IDs of 
M as a sequence and also the state of M. These IDs are separated by the symbol 
* (included as a tape symbol). The current ID is known by marking an x along 
with the ID-separator * (The symbol * marked with x is a new tape symbol.) 
All IDs to the left of the current one have been explored already and so can be 
ignored subsequently. Note that the current ID is decided by the current input 
symbol of w. 


Figure 9.10 illustrates the deterministic TM M4. 


Finite 
control 


x 


Tape 1 r 
P ID, «ID, + ID3 + ID4 + IDs + IDo + ... 


Tape 2 


Fig. 9.10 The deterministic TM simulating M. 


To process the current ID, M4 performs the following steps. 


1. M, examines the state and the scanned symbol of the current ID. Using 
the knowledge of moves of M stored in the finite control of M,. M, 
checks whether the state- in the current ID is an accepting state of M. 
In this case M, accepts and stops simulating M. 
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2. If the state q say in the current ID xgay is not an accepting state of M, 
and 6(q, a) has k triples, M, copies the ID xgay in the second tape and 
makes k copies of this ID at the end of the sequence of IDs in tape 2. 

3. M, modifies these k IDs in tape 2 according to the k choices given by 
ôq. a). 

4. M, returns to the marked current ID. erases the mark x and marks the 
next [D-separator * with x (to the * which is to the left of the next ID 
to be processed). Then M, goes back to step 1. 


M, stops when an accepting state of M is reached in step 1. 

Now M, accepts an input string w only when it is able to find that M has 
entered an accepting state, after a finite number of moves. This is clear from 
the simulated sequence of moves of M, (ending in step 1) 

We have to prove that M, will eventually reach an accepting ID (that is, 
an ID having an accepting state of M) if M enters an accepting ID after n 
moves. Note each move of M is simulated by several moves of M}. 

Let m be the maximum number of choices that M has for various (q, @)’s. 
(It is possible to find m since we have only finite number of pairs in Q x T.) 
So for each initial ID of M. there are at most m IDs that M can reach after one 
move, at most m IDs that M can reach after two moves. and so on. So 
corresponding to n moves of M. there are at most 1 + m +m? +++» +m” moves 
of M,. Hence the number of IDs to be explored by M, is at most nm”. 

We assume that M, explores these IDs. These IDs have a tree structure 
having the initial ID as its root. We can apply breadth-first search of the nodes 
of the tree (that is. the nodes at level 1 are searched. then the nodes at level 2, 
and so on.) If M reaches an accepting ID after n moves. then M, has to search 
atmost nm’ IDs before reaching an accepting ID. So, if M accepts w, then M, 
also accepts w (eventually). Hence 7(M) = T(M,). 


9.8 THE MODEL OF LINEAR BOUNDED AUTOMATON 


This model is important because (a) the set of context-sensitive languages is 
accepted by the model. and (b) the infinite storage is restricted in size but not 
in accessibility to the storage in comparison with the Turing machine model. It 
is called the linear bounded automaton (LBA) because a linear function is used 
to restrict (to bound) the length of the tape. 

In this section we define the model of linear bounded automaton and 
develop the relation between the linear bounded automata and context-sensitive 
languages. It should be noted that the study of context-sensitive languages is 
important from practical point of view because many compiler languages lie 
between context-sensitive and context-free languages. 

A linear bounded automaton is a nondeterministic Turing machine which 
has a single tape whose length is not infinite but bounded by a linear function 
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of the length of the input string. The models can be described formally by the 
following set format: 


M = (Q. X, T. ô. qo. b, È $, F) 


All the symbols have the same meaning as in the basic model of Turing 
machines with the difference that the input alphabet È contains two special 
symbols Ç and $. Ẹ is called the left-end marker which is entered in the left- 
most cell of the input tape and prevents the R/W head from getting off the left 
end of the tape. $ is called the right-end marker which is entered in the right- 
most cell of the input tape and prevents the R/W head from getting off the right 
end of the tape. Both the endmarkers should not appear on any other cell within 
the input tape, and the R/W head should not print any other symbol over both 
the endmarkers. 

Let us consider the input string w with |w| = n — 2. The input string w can 
be recognized by an LBA if it can also be recognized by a Turing machine 
using no more than dn cells of input tape, where k is a constant specified in the 
description of LBA. The value of k does not depend on the input string but is 
purely a property of the machine. Whenever we process any string in LBA, we 
shall assume that the input string is enclosed within the endmarkers {and $. 
The above model of LBA can be represented by the block diagram of Fig. 9.11. 
There are two tapes: one is called the input tape, and the other, working tape. 
On the input tape the head never prints and never moves to the left. On the 
working tape the head can modify the contents in any way, without any 
restriction. 


~—_———__ ncells 


ES ae ee ee 


R head moving to the right only 


Input 
tape m 
Finite state ‘as 
control —— 
tf 
kn cells 
pe ee 
begat 
— 


\ 
Working tape 
Fig. 9.11 Model of linear bounded automaton. 


In the case of LBA, an ID is denoted by (q, w. k), where qe O. we T 
and k is some integer between 1 and n. The transition of IDs is similar except 
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that k changes to k — 1 if the R/W head moves to the left and to k + 1 if the 
head moves to the right. 
The language accepted by LBA is defined as the set 


{we Z(G So. OS. DE | œ i 
for some q € F and for some integer 7 between 1 and 7}. 


Note: As a null string can be represented either by the absence of input string 
or by a completely blank tape, an LBA may accept the null string. 


9.8.1 RELATION BETWEEN LBA AND CONTEXT-SENSITIVE 
LANGUAGES 


The set of strings accepted by nondeterministic LBA is the set of strings 
generated by the context-sensitive grammars, excluding the null strings. Now 
we give an important result: 


If L is a context-sensitive language, then L is accepted by a linear bounded 
automaton. The converse is also true. 


The construction and the proof are similar to those for Turing machines 
with some modifications. 


9.9 TURING MACHINES AND TYPE 0 GRAMMARS 


In this section we construct a type 0 grammar generating the set accepted by 
a given Turing machine M. The productions are constructed in two steps. In 
step 1 we construct productions which transform the string [q;¢ w$] into the 
string [q2b]. where q; is the initial state. qz is an accepting state, (is the left- 
endmarker. and $ is the right-endmarker. The grammar obtained by applying 
step 1 is called the transformational grammar. In step 2 we obtain inverse 
production rules by reversing the productions of the transformational grammar 
to get the required type 0 grammar G. The construction is in such a way that 
w is accepted by M if and only if w is in L(G). 


9.9.1 CONSTRUCTION OF A GRAMMAR CORRESPONDING 
TO TM 


For understanding the construction. we have to note that a transition of ID 
corresponds to a production. We enclose IDs within brackets. So acceptance of 
» by M corresponds to the transformation of initial ID [g, € w $} into [qb]. 
Also, the ‘length’ of ID may change if the R/W head reaches the left-end or the 
right-end. i.e. when the left-hand side or the right-hand side bracket is reached. 
So we get productions corresponding to transition of IDs with (i) no change in 
length, and (ii) change in length. We assume that the transition table is given. 
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We now describe the construction which involves two steps: 
Step 1 (Gi) No change in length of IDs: (a) Right move. a,Rq; corresponding 
to q;-row and a;-column leads to the production 
GiGi > ai 
(b) Left move. a,Lq; corresponding to q,-row and a,-column yields several 


productions 
Ay Gi > [An for all ap € T 


Gi) Change in length of IDs: (a) Left-end. a,Lq, corresponding to q;row 
and a-column gives 
[q;a; > [qiba; 


When b occurs next to the left-bracket, it can be deleted. This is achieved 
by including the production [b => [. 

(b) Right-end. When b occurs to the left of ], it can be deleted. This is 
achieved by the production 


a;b] > aj] for all aq; € T 


When the R/W head moves to the right of ], the length increases. 
Corresponding to this we have a production 


qil > q;b] for all q; € Q 


Gii) Introduction of endmarkers. For introducing endmarkers for the input 
string, the following productions are included: 


a; > [q Ca; for a;e T.a;#b 
a; > as] for all ae F, a, # b 
For removing the brackets from [gob], we include the production 
[a:b] > S 
Recall that q; and q» are the initial and final states, respectively. 


Step 2 To get the required grammar, reverse the arrows of the productions 
obtained in step 1. The productions we get can be called inverse productions. 
The new grammar is called the generative grammar. We illustrate the 
construction with an example. 


EXAMPLE 9.11 


Consider the TM described by the transition table given in Table 9.9. Obtain 
the inverse production rules. 


Solution 
In this example. q is both initial and final. 


Step 1 (i) Productions corresponding to right moves 


a> Çq, qgl> bqa ql > ba (9.1) 
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(ti) (a) Productions corresponding to left-end 
[b> [ (9.2) 
(b) Productions corresponding to rig’:t-end 
bb] > b} =lbl)o> 1, glob). =a nb] (9.3) 
(iii) 1 > [qt], 1 > 1$], Igb] > S (9.4) 


TABLE 9.9 Transition Table for Example 9.11 


Present state ¢ b 1 
->@) ÇRqı bRa2 
q2 bRq, 


Step 2 The inverse productions are obtained by reversing the arrows of the 
productions (9.1)-(9.4). 


tq, > a bq. > qıl, bq > ql 
[ — [b, b] — bb], 1] — 1d} 
qib > qi). qb > qr). in¢1—- 1 
1$] > 1, S —> [qb] 


Thus we have shown that there exists a type 0 grammar corresponding to 
a Turing machine. The converse is also true (we are not proving this), i.e. given 
a type 0 grammar G, there exists a Turing machine accepting L(G). Actually, 
the class of recursively enumerable sets, the type 0 languages, and the class of 
sets accepted by TM are one and the same. We have shown that there exists 
a recursively enumerable set which is not a context-sensitive language (see 
Theorem 4.4), As a recursive set is recursively enumerable, Theorem 4.4 gives 
a type 0 language which is not type 1. Hence. £4 c 4 (ef Property 4, 
Section 4.3) is established. 


9.10 LINEAR BOUNDED AUTOMATA AND LANGUAGES 


A linear bounded automaton M accepts a string w if. after starting at the initial 
state with R/W head reading the left-endmarker, M halts over the right-end- 
marker in a final state. Otherwise, w is rejected. 

The production rules for the generative grammar are constructed as in the 
case of Turing machines. The following additional productions are needed in 
the case of LBA. 


aiggs > gy for all a; € T 


dS > Cap da; > qr 
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EXAMPLE 9.12 


Find the grammar generating the set accepted by a linear bounded automaton 
M whose transition table is given in Table 9.10. 


TABLE 9.10 Transition Table for Example 9.12 


Present state Tape input symbol 

¢ $ 0 1 
>q ÇRq: 1Lqp ORqe 
q2 CRq, 1Rq3 La, 
93 $Lqy 1Rq3 1Rq3. 

(Gey Halt OL OR 
(9) 94 q4 

Solution 


Step 1 (A) (i) Productions corresponding to right moves. The seven right 
moves in Table 9.10 give the following productions: 


gE —> dq. 930 > lqz 

ql => 0q». qzl => 1q3 (9.5) 
pË > qa qual > 0q4 

q0 > lqz 


Gi) Productions corresponding to left moves. There are four left moves in 
Table 9.10. Each left move yields four productions (corresponding to the four 
tape symbols). These are: 


(a) 1Lq> corresponding to qı-row and 0-column gives 

€q,0 > q-¢1, $q,0 > q-$1, 0g,0 > 9-01, 1q,0 > q-11 (9.6) 
(b) 1Lq, corresponding to g,-row and 1-column yields 

Cqel > q,@1, Sql > g)$1, Ogrl > g)0l. 1q-1 > q;11 (9.7) 
(c) $Lq, corresponding to qg3-row and $-column gives 

C¢q3$ > qd S, $q38 > g,$$, 0g3$ > g,08, 1q3$ > q,1$ (9.8) 
(d) OLg, corresponding to q4-row and 0-column yields 

Èq40 > q,¢0, Sq40 > q,$0, 0q40 > q400, 1g,0 > q410 (9.9) 


(B) There are no productions corresponding to change in length. 
(C) The productions for introducing the endmarkers are 


¢> iaf Cs] 


$ > [a C$. $ — $$] (9.10) 
0 = [q;¢0, 0 — 0S] 


[qs] > S (9.11) 
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(D) The LBA productions are 


CqsS > 4S. Cq$ > Cay 

$4q4$ > q4$, ai > q4 (9.12) 
Ogu > aS. 

1g4$ > qu 


Step 2 The productions of the generative grammar are obtained by reversing 
the arrows of productions given by (9.5)-(9.12). 


9.11 SUPPLEMENTARY EXAMPLES 


EXAMPLE 9.13 


Design a TM that copies strings of I's. 

Solution 

We design a TM so that we have ww after copying w e {1}*. Define M by 
M = ({qo: Gis q2 Qa} {1}. {1. b}, & qo, b. {93} 

where ô is defined by Table 9.11. 


TABLE 9.11 Transition Table for Example 9.13 


Present state Tape symbol 
1 b a 
qs goa qbL _ 
q: ql q3bR QIR 
q2 QIR q íL = 
q3 = 7 = 


The procedure is simple. 

M replaces every 1 by the symbol a. Then M replaces the rightmost a by 
1. It goes to the right end of the string and writes a 1 there. Thus M has added 
a 1 for the rightmost 1 in the input string w. This process can be repeated. 

M reaches qı after replacing all I’s by a’s and reading the blank at the end 
of the input string. After replacing a by 1, M reaches q». M reaches q3 at the 
end of the process and halts. If w = 1”. than we have 1°” at the end of the 
computation. A sample computation is given below. 


qoli | aqol |— aaggb | aqya 

| alq:b |- aqıll | qall 

| lq:11 | llg:1 H lila: 
|- llq:11 | 1q,111 

H ql 111 - ql | q31111 
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EXAMPLE 9.14 


Construct a TM to accept the set L of all strings over {0,1} ending with 010. 


Solution 


L is certainly a regular set and hence a deterministic automaton is sufficient to 
recognize L. Figure 9.12 gives a DFA accepting L. 


Fig. 9.42 DFA for Example 9.14. 


Converting this DFA to a TM is simple. In a DFA M, the move is always to 
the right. So the TM’s move will always be to the right. Also M reads the input 
symbol and changes state. So the TM M, does the same; it reads an input 
symbol. does not change the symbol and changes state. At the end of the 
computation, the TM sees the first blank b and changes to its final state. The 
initial ID of M, is qow. By defining 6(qo. b) = (qı, b, R), M, reaches the initial 
state of M. M, can be described by Fig. 9.13. 


(0, 0, R) 


(1, 1, R) 
(1, 1, R) 


Fig. 9.13 TM for Example 9.14. 


Note: qs is the unique final state of M,. By comparing Figs. 9.12 and 9.13 it 
is easy to see that strings of L are accepted by Mj. 


EXAMPLE 9.15 


Design a TM that reads a string in {0, 1}* and erases the rightmost symbol. 


Solution 
The required TM M is given by 


M = (qo; dis 423 Was qa}. {0, i}. {0. 1, b}. ô. do: b, {qa}) 
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where 6 is defined by 


(qo. 0) = (qi, 0. R) 6(qo. D = (qi, 1, R) (Ry) 
5(q;. 9) = (qı, 0, R) d(q. 1) = (q, 1, R) Ra) 
6(q,, b) = (qa b, D (R3) 
6(q2, 0) = (q3, b. L) ôlqa, 1) = (q3. b, L) (Ry) 
6(q3. 9) = (q3, 0, L) 6(93, 1) = (qa. 1, L) (Rs) 
6(q3, b) = (qa, b, R) (Ro) 


Let w be the input string. By (R,) and (R,), M reads the entire input string 
w. At the end, M is in state q,. On seeing the blank to the right of w, M reaches 
the state qə and moves left. The rightmost string in w is erased (by (Ry)) and 
the state becomes q3. Afterwards M moves to the left until it reaches the left- 
end of w. On seeing the blank b to the right of w, M changes its state to q4, 
which is the final state of M. From the construction it is clear that the rightmost 
symbol of w is erased. 


EXAMPLE 9.16 


Construct a TM that accepts L = {07' | n 2 0}. 


Solution 
Let w be an input string in {0}*. The TM accepting L functions as follows: 


1. It writes b (blank symbol) on the leftmost O of the input string w. This 
is done to mark the left-end of w. 
. M reads the symbols of w from left to right and replaces the alternate 
O's with x’s. 
. If the tape contains a single 0 in step 2, M accepts w. 
4. If the tape contains more than one 0 and the number of 0’s is odd in 
step 2, M rejects w. 
5. M returns the head to the left-end of the tape (marked by blank b in 
step 1). 
6. M goes to step 2. 


No 


Ww 


Each iteration of step 2 reduces w to half its size. Also whether the number 
of O's seen is even or odd is known after step 2. If that number is odd and 
greater than 1, w cannot be 07” (step 4). In this case M rejects w. If the number 
of O's seen is 1 (step 3), M accepts w (In this case 0°" is reduced to 0 in 
successive stages of step 2). 

We define M by 


M = (do. qi; q2 q3. qa qr Gh, {0}, {0, x, b}, 6, qo, b. {q}) 
where 6 is defined by Table 9.12. 


ati Ee acetate 
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TABLE 9.12 Transition Table for Example 9.16 


Present state Tape symbol 
0 b x 

Jo bRq, DRG: xRqr 
qı xRqQ2 bRq; RQ, 

2 ORg3 bRq4 xRq2 
Q3 xRQ2 BRds xRQ3 
qa OLq, bRq, La 
q; = can N 
qe ay == a 


From the construction, it is apparent that the states are used to know 
whether the number of 0’s read is odd or even. 
We can see how M processes 0000. 


qo0000 — bg,000 |— bxq200 |— bxq30 — bxOxq2b 

H- bxOgyxb — bxqs0xb H bqax0xb |— qybxOxb 
H bqıxOxb |— bxq\Oxb | bxxqaxb | bxxxqrb 
H- bxxqaxb | bxqaxxb |— bayxxxb |— qabxxxb 
H| bayxxxb — bxqyxxb |— bxxqyxb |— bxxxqąıb 


— baxxb q f 


Hence M accepts w. 

Also note that M always halts. If M reaches qp the input string w is 
accepted by M. If M reaches g,. w is not accepted by M; in this case M halts 
in the trap state. 


EXAMPLE 9.17 
Let M = ({qo, qi, g2}. {0. 1}, {0, 1, b}. & go. tanh) 


where 6 is given by 


6(qo: 0) = (qi, 1, R) (Ry) 
O(q;. 1) = (go. 0, R) (R2) 
6(q). b) = (qr, b, R) (R) 
Find NM). 
Solution 


Let w e T(M). As d(go, 1) is not defined, w cannot start with 1. From (R;) 
and (R>). we can conclude that M starts from qq and comes back to qo after 
reaching 01. 

So. go(O1)" H (10)"qo. Also, qoO0b | 1q,b — 1bq2. 
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So, (01)"0 e T(M). Also, (01)"0 is the only string that makes M move from 
qo to qa. Hence, TIM) = {(01)"0 | n 2 0}. 


SELF-TEST 


Choose the correct answer to Questions 1-10: 
For the standard TM: 


1. 


i 


. IE lq. xp) = (p. yv. 


(a) L=T 
(b) Pek 
() lcr 


(d) È is a proper subset of T. 


. In a standard TM, 


(a) defined for all 


(b) defined for some. not necessarily for all (q,a) € QXT 


(c) defined for no 


(d) a set of triples with more than one element. 


ôlq. a) qe Q aeris 
(q.a) Ee QXT 


element (g. a) of OX T 


(d) gxywa... xy H pbxr ... x, 


} 


(a) A e Age) GX 
(b) xy eee Xp GXy 
(c) Xj o Anl Xn 
(d) Xl o My GX 


. For the TM given 


R). then 

[= PAAS eo An 
H PYNON3 6 os Xp 
| UND ee Xpy ph 
H= aa a Ky. pb 


in Example 9.6: 


(a) golbll => bq;libbl 
(b) golbll j— bqAlbbi 
(c) golbll H ILgpblli 


(d) golblt — gab 


11bb1 


. If 6(g. x) = (p. v. L), then 
(a) XX 6. MLGXp My he ANa oe AAPA VM ~My 
(D) Pg ed NG 4-6 yy iy bee a oe Nn 
(C) X a XXi Ry, FR Xp oe MaPN oa oe 
(d) NAS te REIGN ee Xa FR ho A PUN sce Ny 

. If O(g. x) = (p. y. R). then 
(a) XXa aa MG Gh;, -o Xy ER Xo 1 NaPA os Xp 
(b) agxa aaa Xa gA; e Ap FR XD DX o Xa 
(C) AX a MAGN; e o Xy FR X o MPR jay My 
(d) XXa aaa XXi e Xp E X o X YPX o X), 

. If d(g. x) = (p. y. L). then 
(a) XXa oaa Xp E pyxr... x, 
(b) Gata Xp = YPX yc Xn 
(C) GNyXa o Xp be pbx, ... x, 
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8. 


For the TM given in Example 9.4: 
(a) OIL is accepted by M 

(b) 001 is accepted by M 

(c) 00 is accepted by M 

(d) 0011 is accepted by M. 


9. For the TM given in Example 9.5: 


10. 


9.1 
9.2 


9.3 


9.4 


9.5 


9.6 


9.7 
9.8 


9.9 


9.10 
9.11 


(a) 1 is accepted by M 

(b) 11 is accepted by M 

(c) 111 is accepted by M 
(d) 11111 is accepted by M 


In a standard TM (Q, È. T. ô. go, b. F) the blank symbol b is 


(a) in2—T 
(b) inr- 
(cc) TAS 


(d) none of these 


EXERCISES 


Draw the transition diagram of the Turing machine given in Table 9.1. 


Represent the transition function of the Turing machine given in 
Example 9.2 as a set of quintuples. 


Construct the computation sequence for the input 1b11 for the Turing 
machine given in Example 9.5. 

Construct the computation sequence for strings 1213, 2133, 312 for the 
Turing machine given in Example 9.8. 

Explain how a Turing machine can be considered as a computer of integer 
functions (i.e. as one that can compute integer functions; we shall discuss 
more about this in Chapter 11). 

Design a Turing machine that converts a binary string into its equivalent 
unary string. 

Construct a Turing machine that enumerates {0"1"|n 2 1}. 

Construct a Turing machine that can accept the set of all even 
palindromes over {0, 1}. 

Construct a Turing machine that can accept the strings over {0, 1} 
containing even number of I's. 

Design a Turing machine to recognize the language {a”b"c"|n.m 2 1}. 
Design a Turing machine that can compute proper subtraction, i.e. 


m > n. where m and n are positive integers. m + nis defined as m -n 
ifm > n and Oif m <n. 


- Decidability and 
-Recursively Enumerable 
Languages 


In this chapter the formal definition of an algorithm is given. The problem of 
decidability of various class of languages is discussed. The theorem on halting 
problem of Turing machine is proved. 


10.1 THE DEFINITION OF AN ALGORITHM 


In Section 4.4, we gave the definition of an algorithm as a procedure (finite 
sequence of instructions which can be mechanically carried out) that terminates 
after a finite number of steps for any input. The earliest algorithm one can think 
of is the Euclidean algorithm, for computing the greatest common divisor of 
two natural numbers. In 1900, the mathematician David Hilbert, in his famous 
address at the International congress of mathematicians in Paris, averred that 
every definite mathematical problem must be susceptible for an exact settlement 
either in the form of an exact answer or by the proof of the impossibility of its 
solution. He identified 23 mathematical problems as a challenge for future 
mathematicians: only ten of the problems have been solved so far. 

Hilbert’s tenth problem was to devise ‘a process according to which it can 
be determined by a finite number of operations’, whether a polynomial over 
Z has an integral root. (He did not use the word ‘algorithm’ but he meant the 
same.) This was not answered until 1970. 

The formal definition of algorithm emerged after the works of Alan Turing 
and Alanzo Church in 1936. The Church-Turing thesis states that any 
algorithmic procedure that can be carried out by a human or a computer, can 
also be carried out by a Turing machine. Thus the Turing machine arose as 
an ideal theoretical model for an algorithm. The Turing machine provided a 
machinery to mathematicians for attacking the Hilberts’ tenth problem. The 
problem can be restated as follows: does there exist a TM that can accept a 
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polynomial over n variables if it has an integral root and reject the polynomial 
if it does not have one. 

In 1970, Yuri Matijasevic. after studying the work of Martin Davis, Hilary 
Putnam and Julia Robinson showed that no such algorithm (Turing machine) 
exists for testing whether a polynomial over n variables has integral roots. Now 
it is universally accepted by computer scientists that Turing machine is a 
mathematical modei of an algorithm. 


10.2 DECIDABILITY 


We are familiar with the recursive definition of a function or a set. We also 
have the definitions of recursively enumerable sets and recursive sets (refer to 
Section 4.4). The notion of a recursively enumerable set (or language) and a 
recursive set (or language) existed even before the dawn of computers. 

Now these terms are also defined using Turing machines. When a Turing 
machine reaches a final state. it “halts.” We can also say that a Turing machine 
M halts when M reaches a state g and a current symbol a to be scanned so 
that O(q. a) is undefined. There are TMs that never halt on some inputs in any 
one of these ways. So we make a distinction between the languages accepted 
by a TM that halts on all input strings and a TM that never halts on some input 
strings. 


Definition 10.1 A language L g &* is recursively enumerable if there exists 
a IM M. such that L = 7(M). 


Definition 10.2 A language L c £* is recursive if there exists some 
TM M that satisfies the following two conditions. 


ty 


O If w € L then M accepts w (that is. reaches an accepting state on 
processing w) and halts. 
(i) Ifw g L then M eventually halts. without reaching an accepting state. 


Note: Definition 10.2 formalizes the notion of an ‘algorithm’. An algorithm, 
in the usual sense, is a well-defined sequence of steps that always terminates 
and produces an answer. The Conditions (i) and (ii) of Definition 10.2 assure 
us that the TM always halts, accepting w under Condition (i) and not accepting 
under Condition (ii). So a TM, defining a recursive language (Definition 10.2) 
always halts eventually just as an algorithm eventually terminates. 

A problem with only two answers Yes/No can be considered as a language 
L. An instance of the problem with the answer “Yes* can be considered as an 
element of the corresponding language L; an instance with answer ‘No’ is 
considered as an element not in L. 


Definition 10.3 A problem with two answers (Yes/No) is decidable if the 
corresponding language is recursive. In this case, the language ZL is also called 
decidable. 


Chapter 10: Decidability and Recursively Enumerable Languages 311 


Definition 10.4 A problem/language is undecidable if it is not decidable. 


Note: A decidable problem is called a solvable problem and an undecidable 
problem an unsolvable problem by some authors. 


10.3 DECIDABLE LANGUAGES 


In this section we consider the decidability of regular and context-free 
languages. 

First of all, we consider the problem of testing whether a deterministic 
finite automaton accepts a given input String w. 


Definition 10.5 
Appa = {(B, w)|B accepts the input string w} 
Theorem 10.1 Appa is decidable. 


Proof To prove the theorem. we have to construct a TM that always halts 
and also accepts Appa. We describe the TM M using high level description 
(refer to Section 9.5). Note that a DFM B always ends in some state of B after 
n transitions for an input string of length n. 

We define a TM M as follows: 

1. Let B be a DFA and w an input string. (B, w) is an input for the Turing 
machine M. 
Simulate B and input w in the TM M. 
If the simulation ends in an accepting state of B. then M accepts w. 
If it ends in a nonaccepting state of B, then M rejects w. 


tne bo 


We can discuss a few implementation details regarding steps 1. 2 and 3 
above. The input (B. w) for M is represented by representing the five 
components Q, X. 6, gg, f by strings of E* and input string w e X*. M checks 
whether (B. w) is a valid input. If not, it rejectes (B, w) and halts. If (B, w) 
is a valid input. M writes the initial state gg and the leftmost input symbol of 
w. It updates the state using ô and then reads the next symbol in w. This 
explains step 2. 

If the simulation ends in an accepting state w, then M accepts (B, w) 
Otherwise, M rejects (B, w). This is the description of step 3. 

It is evident that M accepts (B, w) if and only if w is accepted by the 
DFA B. l 


Definition 10.6 
Acro = {(G, w) | the context-free grammar G accepts the input string w} 
Theorem 10.2 Acçpg is decidable. 


Proof We convert a CFG into Chomsky normal form. Then any derivation 
of w of length k requires 2k — 1 steps if the grammar is in CNF (refer 
to Example 6.18). So for checking whether the input string w of length k is 
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in L(G), it is enough to check derivations in 2k — 1 steps. We know that there 
are only finitely many derivations in 2k — 1 steps. Now we design a TM M 
that halts as follows. 


1. Let G be a CFG in Chomsky normal form and w an input string. 
(G, w) is an input for M. 

2. If k = O, list all the single-step derivations. If k # 0, list all the 
derivations with 2k — 1 steps. 

3. If any of the derivations in step 2 generates the given string w, M 
accepts (G, w). Otherwise M rejects. 


The implementation of steps 1-3 is similar to the steps in Theorem 10.1. 
(G, w) is represented by representing the four components Vy, È, P, S of G 
and input string w. The next step of the derivation is got by the production 
to be applied. 

M accepts (G, w) if and only if w is accepted by the CFG G. 

In Theorem 4.3, we proved that a context-sensitive language is recursive. 
The main idea of the proof of Theorem 4.3 was to construct a sequence 
{Wo Wi, ..., Wp} of subsets of (Vy U £)*, that terminates after a finite 
number of iterations. The given string w € L* is in L(G) if and only if w € 
W,. With this idea in mind we can prove the decidability of the context- 
sensitive language. l 


Definition 10.7 Acsg = {(G, w) | the context-sensitive grammar G accepts 
the input string w}. 


Theroem 10.3 Acsg is decidable. 


Proof The proof is a modification of the proof of Theorem 10.2. In 
Theorem 10.2, we considered derivations with 2k — 1 steps for testing whether 
an input string of length k was in L(G). In the case of context-sensitive 


grammar we construct W; = {œ € (Vy U D* |S 2 a in i or fewer steps and 


|| < n}. There exists a natural number k such that W, = Win, = Wa =... 
(refer to proof of Theorem 4.3). 

So w e L(G) if and only if w e W, The construction of W, is the key 
idea used in the construction of a TM accepting Acsg. Now we can design a 
Turing machine M as follows: 


1. Let G be a context-sensitive grammar and w an input string of length 
n. Then (G, w) is an input for TM. 

2. Construct Wy = {S}. Wi, = W; U {B e (Vy U &)* | there exists 
a; e W; such that œ = fp and | J| < n}. Continue until W, = W,,, 
for some k. (This is possible by Theorem 4.3.) 

3. If we W, we L(G) and M accepts (G, w), otherwise M rejects 
(G, w). I 


Note: If £a denotes the class of all decidable languages over X, then 


Ly S Lo S Lest S £a 
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10.4 UNDECIDABLE LANGUAGES 


In this section we prove the existence of languages that are not recursively 
enumerable and address the undecidability of recursively enumerabie 
languages. 


Theorem 10.4 There exists a language over E that is not recursively 
enumerable. 


Proof A language L is recursively enumerable if there exists a TM M such 
that L = T(M). As È is finite, £* is countable (that is, there exists a one-to- 
one correspondence between È* and N). 

As a Turing machine M is a 7-tuple (Q, E, T, 6 qo, b, F) and each 
member of the 7-tuple is a finite set, M can be encoded as a string. So the 
set J of all TMs is countable. 


Let £ be the set of all languages over £. Then a member of £ is a subset 
of £* (Note that L* is infinite even though = is finite). We show that Æ is 
uncountable (that is. an infinite set not in one-to correspondence with N). 

We prove this by contradiction. If z were countable then £ can be 


written as a sequence {L;, La Li, ...}. We write 2* as a sequence {w], Wa, 
w:....}. So L; can be represented as an infinite binary sequence x,1XjoXx;3. . . 
where 


f1 if w, € L; 


(0 otherwise 


Xij 


Using this representation we write L; as an infinite binary sequence. 


Li + X113 6 ee XV; RE 
L> : Xaaa PRAF Xaj Dia 
Li v XXX we Xij 


Fig. 10.41 Representation of x. 


We define a subset L of £* by the binary sequence viyav3 ... where y; = 
l- xy If x; = 0,4; = 1 and if x; = 1, y; = 0. Thus according to our assumption 
the subset L of &* represented by the infinite binary sequence y yo; ... 
should be L, for some natural number k. But L # L, since w, € L if and only 
if w, € Lẹ This contradicts our assumption that x is countable. Therefore £ 
is uncountable. As / is countable. Z should have some members not 
corresponding to any TM in /. This proves the existence of a language over 
x tnat is not recursively enumerable. I 


Definition 10.8 Ary = {(M, w)|The TM M accepts w}. 
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Theorem 19.5 Arẹ is undecidable. 


Proof We can prove that Ay, is recursively enumerable. Construct a TM U 
as follows: 

(M, w) is an input to U. Simulate M on w. If M enters an accepting state, 
U accepts (M, w). Hence Ary is recursively enumerable. We prove that Arm 
is undecidable by contradiction. We assume that Ary is decidable by a TM H 
that eventually halts on all inputs. Then 


accept if M accepts w 
RUW S reject if M does not accept w 
We construct a new TM D with H as subroutine. D calls H to determine 
what M does when it receives the input (M), the encoded description of M as 
a string. Based on the received information on (M, (M)), D rejects M if M 
accepts (M) and accepts M if M rejects (M). D is described as follows: 
1. (M) is an input to D, where (M) is the encoded string representing M. 
2. D calls H to run on (M, (M) 
3. D rejects (M) if H accepts (M, (M) and accepts (M) if H rejects 
(M, (M)). 
Now step 3 can be described as follows: 
(accept if M does not accept (M) 
DUMY =3 
[reject if M accepts (M) 
Let us look at the action of D on the input (D). According to the 
construction of D, 
(accept if D does not accept (D) 
D(D)) = 4 pod 
[reject if D accepts (D) 
This means D accepts <D} if D does not accept (D}, which is a 
contradiction. Hence ATM is undecidable. I 
The Turing machine U used in the proof of Theorem 10.5 is called the 
universal Turing machine. U is called universal since it is simulating any other 
Turing machine. 


10.5 HALTING PROBLEM OF TURING MACHINE 


In this section we introduce the reduction technique. This technique is used to 
prove the undecidability of halting problem of Turing machine. 

We say that problem A is reducible to problem B if a solution to problem 
B can be used to solve problem A. 

For example, if A is the problem of finding some root of xt- 3x7 + 2 = 0 
and B is the probiem of finding some root of a 2 O, then A is reducible 
to B. As x — 2 is a factor of xt — 3x° + 2, a root of x — 2 = 0 is also a root 
of x= 3 +2 = 0. 
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Note: If A is reducible to B and B is decidable then A is decidable. If A is 
reducible to B and A is undecidable, then B is undecidable. 


Theorem 10.6 HALT, = {(M, w)|The Turing machine M halts on input 
w} is undecidable. 


Proof We assume that HALT yy is decidable, and get a contradiction. Let M, 
be the TM such that 7(M,) = HALT; and let M, halt eventually on all 
(M, w). We construct a TM M, as follows: 


1. For M>, (M, w) is an input. 

2. The TM M, acts on (M, w). 

3. If M, rejects (M, w) then Ma rejects (M, w). 

4. If M, accepts (M, w), simulate the TM M on the input string w until 

M halts. l 

5. If M has accepted w, M, accepts (M, w); otherwise M, rejects (M, w). 

When M, accepts (M, w) (in step 4), the Turing machine M halts on w. 
In this case either an accepting state q or a state q’ such that d(g’, a) is 
undefined till some symbol a in w is reached. In the first case (the first 
alternative of step 5) Ma accepts (M. w). In the second case (the second 
alternative of step 5) Ma rejects (M, w). 

Tt follows from the definition of Ma that Ma halts eventually. 


Also, T(M-) = {(M, w)| The Turing machine accepts w} 
= Am 
This is a contradiction since Ary is undecidable. i 


10.6 THE POST CORRESPONDENCE PROBLEM 


The Post Correspondence Problem (PCP) was first introduced by Emil Post 
in 1946. Later, the problem was found to have many applications in the theory 
of formal languages. The problem over an alphabet È belongs to a class of 
yes/no problems and is stated as follows: Consider the two lists x = (x, ... Xp) 
y = (yj... ¥,) of nonempty strings over an alphabet È = {0, 1}. The PCP 
is to determine whether or not there exist i}. .... i where 1 < i; < n, such 
that 

Mile aie E Fipe Yig 
Note: The indices i;’s need not be distinct and m may be greater than n. 
Also, if there exists a solution to PCP, there exist infinitely many solutions. 


EXAMPLE 10.1 


Does the PCP with two lists x = (b, bab", ba) and v = (b°, ba, a) have a 
solution? , 
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Solution 


We have to determine whether or not there exists a sequence of substrings of 
x such that the string formed by this sequence and the string formed by the 
sequence of corresponding substrings of y are identical. The required sequence 
is given by ġ = 2, h = 1, i = 1, i = 3, ie. (2, 1, 1,3), and m = 4. The 


corresponding strings are 
i] oa - & AAA 
Xa *| y2 yi yı Y3 


Thus the PCP has a solution. 


EXAMPLE 10.2 


Prove that PCP with two lists x = (01, 1, 1), y= (017, 10, 15 has no solution. 


Solution 


For each substring x; € x and y; € y, we have |x;| < |y;| for all i. Hence 
the string generated by a sequence of substrings of x is shorter than the string 
generated by the sequence of corresponding substrings of y. Therefore, the PCP 
has no solution, 


Note: If the first substring used in PCP is always x, and y,, then the PCP 
is known as the Modified Post Correspondence Problem. 


EXAMPLE 10.3 


Explain how a Post Correspondence Problem can be treated as a game of 
dominoes. 
Solution 


The PCP may be thought of as a game of dominoes in the following way: Let 
each domino contain some x; in the upper-half, and the corresponding 
substring of y in the lower-half. A typical domino is shown as 


upper-half 


lower-half 


The PCP is equivalent to placing the dominoes one after another as a 
sequence (of course repetitions are allowed). To win the game, the same string 
should appear in the upper-half and in the lower-half. So winning the game 
is equivalent to a solution of the PCP. 
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We state the following theorem by Emil Post without proof. 
Theorem 10.7 The PCP over È for |Z| 2 2 is unsolvable. 


It is possible to reduce the PCP to many classes of two outputs 
(yes/no) problems in formal language theory. The following results can be 
proved by the reduction technique applied to PCP. 


1. If Lı and L, are any two context-free languages (type 2) over an 
alphabet È and |2| 2 2, there is no algorithm to determine whether or 
not 
(a) L) VL, = $, 

(b) Li A L, is a context-free language, 
(© Li g L, and 
(d) L = L 

2. If G is a context-sensitive grammar (type 1), there is no algorithm to 
determine whether or not 
(a) L(G) = 9, 

(b) L(G) is infinite, and 
(c) xọ € L(G) for a fixed string xp. 

3. If G is a type 0 grammar, there is no algorithm to determine whether 

or not any string x € &* is in L(G). 


10.7 SUPPLEMENTARY EXAMPLES 


EXAMPLE 10.4 


If L is a recursive language over È, show that L (ŽL is defined as £* — L) is 
also recursive. 


Solution 
As L is recursive, there is a Turing machine M that halts and T(M) = L. We 


have to construct a TM M,, such that T(M,) = L and M, eventually halts. 
M, is obtained by modifying M as follows: 


1. Accepting states of M are made nonaccepting states of M}. 

2. Let M, have a new state gs After reaching gg M, does not move in 
further transitions. 

3. If q is a nonaccepting state of M and d(q, x) is not defined, add a 
transition from q to qr for Mj. 


As M halts, M, also halts. (If M reaches an accepting state on w, then M; 
a>es not accept w and halts and conversely.) 
Also M, accepts w if and only if M does not accept w. So / is recursive. 
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EXAMPLE 10.5 


If L and L are both recursively enumerable, show that L and L are recursive. 


Solution 


Let M; and M, be two TMs such that L = 7(M,) and L = T(M,). We construct 
a new two-tape TM M that simulates M, on one tape and M, on the other. 

If the input string w of M is in L, then M, accepts w and we declare that 
M accepts w. If w e L, then M, accepts w and we declare that M halts without 
accepting. Thus in both cases, M eventually halts. By the construction of M 
it is clear that TUM) = T(M,) = L. Hence L is recursive. We can show that 
L is recursive, either by applying Example 10.4 or by interchanging the roles 
of M, and M, in defining acceptance by M. 


EXAMPLE 10.6 


Show that Arve is not recursively enumerable. 


Solution 


We have already seen that Ary is recursively enumerable (by Theorem 10.5). 
If Ary were also recursively enumerable, then Arm is recursive (by 
Example 10.5). This is a contradiction since Arm is not recursive by 
Theorem 10.5. Hence Ay is not recursively enumerable. 


EXAMPLE 10.7 


Show that the union of two recursively enumerable languages is recursively 
enumerable and the union of two recursive languages is recursive. 


Solution 


Let L; and La be two recursive languages and M,, M, be the corresponding 
TMs that halt. We design a TM M as a two-tape TM as follows: 


1. w is an input string to M. 
. M copies w on its second tape. 
. M simulates M, on the first tape. If w is accepted by M, then M 
accepts w. 
4. M simulates M. on the second tape. If w is accepted by Ma, then M 
accepts w. 


Wb 


M always halts for any input w. 

Thus L U La = T(M) and hence Ly U La is recursive. 

If L, and L, are recursively enumerable. then the same conclusion gives 
a proof for L; U La to be recursively enumerable. As M, and Ma need not 
halt, M need not halt. 
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1. 


SELF-TEST 


What is the difference between a recursive language and a recursively 


enumerable language? 


. The DFA M is given by 


M = (ao. q qo g}, {0, 1}. & qo {90}) 


where 6 is defined by the transition Table 10.1. 


TABLE 10.1 Transition Table for Self-Test 2 


State 0 1 


49 q2 qı 
qı q3 Jo 
Qe qo 93 
Q3 q qe 


Answer the following: 

(a) Is (M, 001101) in Appa? 

(b) Is (M, 01010101) in Apra? 

(c) Does M € Appa? 

(d) Find w such that (M, w) € Apfa- 


. What do you mean by saying that the halting problem of TM is 


undecidable? 


. Describe AprFa: Acro: Acsc: Arm: and HALT yyy. 


5. Give one language from each of Ža Lem Lea 


6. Give a language 


(a) which is in 7, but not in ty 
(b) which is in Zg but not in £ es 


(c) which is in Zp but not in £a. 


EXERCISES 
Describe the Euclid’s algorithm for finding the greatest common 
divisor of two natural numbers. 
Show that Axpr, = {(B, w)|B is an Nppa and B accepts w} is 
decidable. 
Show that Epp, = {M|M is a De, and T(M) = Ø} is decidable. 
Show that EQpr, = {(A, B)|A and B are DFAs and T(A) = 7(B)} is 
decidable 
Show that Ecrg is decidable (Eçpg is defined in a way similar to that 
of Eppa) 
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10.6 


10.7 
10.8 


10.9 
10.10 


10.11 
10.12 
10.13 


10.14 


10.15 


10.16 


Hints: 


10.17 
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Give an example of a language that is not recursive but recursively 
enumerable. 


Do there exist languages that are not recursively enumerable? 


Let L be a language over X. Show that only one of the following are 
possible for L and L. 

(a) Both L and L are recursive. 

(b) Neither L nor L is recursive. 

(c) L is recursively enumerable but L is not. 


(d) L is recursively enumerable but L is not. 
What is the difference between Army and HALT; ? 


Show that the set of all real numbers between 0 and 1 is uncountable. 
(A set S is uncountable if S is infinite and there is no one-to-one 
correspondence between S and the set of all natural numbers.) 


Why should one study undecidability? 
Prove that the recursiveness problem of type 0 grammar is unsolvable. 


Prove that there exists a Turing machine M for which the halting 
problem is unsolvable. 


Show that there exists a Turing machine M over {0, 1} and a state qm 
such that there is no algorithm to determine whether or not M will enter 
the state g,, when it begins with a given ID. 


Prove that the problem of determining whether or not a TM over {0,1} 
will ever print the symbol 1, with a given tape configuration, is 
unsolvable. 


(a) Show that {x|x is a set and x € x} is not a set. (Note that this 
seems to be well-defined. This is one version of Russell’s paradox.) 

(b) A village barber shaves those who do not shave themselves but no 
others. Can he achieve his goal? For example, who is to shave the 
barber? (This is a popular version of Russell’s paradox.) 


(a) Let S = {x|x be a set and x ¢ x}. If S were a set, then S € S or 
S e S. Tf S e Sby the ‘definition’ of S, then S e S. On the other 
hand, if S e S by the ‘definition’ of S, then S ¢ S. Thus we can 
neither assert that $ ¢ S nor S e S. (This is Russell’s paradox.) 
Therefore, S is not a set. 


(b) Let S = {x|x be a person and x does not shave himself}. Let b 
denote the barber. Examine whether b e S. (The argument is 
similar to that given for (a).) It will be instructive to read the proof 
of HP of Turing machines and this example, in order to grasp the 
similarity. 

Comment on the following: “We have developed an algorithm so 

complicated that no Turing machine can be constructed to execute the 

algorithm no matter how much (tape) space and time is allowed.” 
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10.18 


10.19 


10.20 


10.21 


10.22 
10.23 


10.24 


Prove that PCP is solvable if | Z| = 1. 


Let x = (4... Xp) and y = (yı ... y,) be two lists of nonempty strings 
over È and | È | 2 2. (i) Is PCP solvable for n = 1? (ii) Is PCP solvable 
for n = 2? 

Prove that the PCP. with {(01, 011), (1, 10), (1, 11)} has no solution. 
(Here, x, = ol, X = 1, X3 = 1, y = 011, y = 10, y3 = 11.) 

Show that the PCP with S = {(0, 10), (170, 0%), (0°1, 10)} has no 
solution. [Hint: No pair has common nonempty initial substring. ] 
Does the PCP with x = (b°, ab’) and y = (b°, bab’) have a solution? 


Find at least three solutions to PCP defined by the dominoes: 


1 10 10111 
eaaa 


(a) Can you simulate a Turing machine on a general-purpose 
computer? Explain. 

(b) Can you simulate a general-purpose computer on a Turing 
machine? Explain. 


_ Computability 


In this chapter we shall discuss the class of primitive recursive functions—a 
subclass of partial recursive functions. The Turing machine is viewed as a 
mathematical model of a partial recursive function. 


11.1. INTRODUCTION AND BASIC CONCEPTS 


In Chapters 5, 7 and 9, we considered automata as the accepting devices. In 
this chapter we will study automata as the computing machines. The problem 
of finding out whether a given problem is ‘solvable’ by automata reduces to 
the evaluation of functions on the set of natural numbers or a given alphabet 
by mechanical means. 

We start with the definition of partial and total functions. 

A partial function f from X to Y is a rule which assigns to every element 
of X at most one element of Y. 

A total function from X to Y is a rule which assigns to every element of 
X a unique element of Y. For example, if R denotes the set of all real numbers, 
the rule f from R to itself given by f(r) = +r is a partial function since f(r) 
is not defined as a real number when r is negative. But g(r) = 2r is a total 
function from R to itself. (Note that all the functions considered in the earlier 
chapters were total functions.) 

In this chapter we consider total functions from x to X, where 
X = {0, 1, 2, 3, ...} or X = {a. b}*. Throughout this chapter we denote 
(0, 1, 2, ...) by N and (a, b) by È. (Recall that X* is the set of all k-tuples 
of elements of X.) For example. fm, n) = m — n defines a partial function 
from N to itself as f(m, n) is not defined when m — n < 0; g(m, n = m+n 
defines a total function from N to itself. 
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Remark A partial or total function f from X* to X is also called a function 
of k variables and denoted by f(x,, Xa, ..., xp. For example. f(x), x2) = 
2x, + xX) is a function of two variables: f(1, 2) = 4, 1 and 2 are called 
arguments and 4 is called a value. g(w;. wi) = ww. is a function of two 
variables (ww € L*); glab, aa) = abaa, ab, aa are called arguments and 
abaa is a value. 


11.2 PRIMITIVE RECURSIVE FUNCTIONS 


In this section we construct primitive recursive functions over N and E. We 
define some initial functions and declare them as primitive recursive functions. 
By applying certain operations on the primitive recursive functions obtained so 
far. we get the class of primitive recursive functions. 


11.2.1 INITIAL FUNCTIONS 


The initial functions over N are given in Table 11.1. In particular, 


S(4) = 5. Z7) = 0 


a 


UNDA D = 4, UR, 4, D= UA DST 


TABLE 141.1 Initial Functions Over N 


Zero function Z defined by Z(x) = 0. 


Successor function S defined by S(x) = x + 1. 
Projection function U? defined by U(x, .... Xp) = 4) 


Note: As U}(x) = x for every x in N, U} is simply the identity function. So 
U;' is also termed a generalized identity function. 


The initial functions over È are given in Table 11.2. In particular, 
nil (abab) = A 
cons a(abab) = aabab 
cons b(abab) = babab 


Note: We note that cons a(x) and cons b(x) simply denote the concatenation 
of the ‘constant’ string a and x and the concatenation of the constant string 
b and x. 


TABLE 114.2 Initial Functions Over {a, b} 


nil @)= A 
cons a(x) = ar 
cons b(x) = bx 
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In the following definition, we introduce an operation on functions over X. 


Definition 11.1 If f. f... Jy are partial functions of n variables and g is 
a partial function of k variables, then the composition of g with fi, fo, =- -fy 
is a partial function of n variables defined by 

air, X eee Xn) AG. XQ try Xn) ENG FEJE XQ, or’ Xn)) 


If, for example, fi, f2 and f are partial functions of two variables and g 
is a partial function of three variables, then the composition of g with fi, fi, 


fz is given by g(fiQ1, X2), for, x2), Bær ¥2))- 


EXAMPLE 11.1 


Let f(x, y) =x + y, fa, y) = 2x, fax, y) = xy and gx, y, z3) =x +y +z be 
functions over N. Then 
g(fi(x. ¥), ha y) AG y) = ge + y, 2x, xy) 
=xty+2x+x 
Thus the composition of g with fi, fi, fa is given by a function A: 
Aw y) = x+y + 2x + xy 


Note: Definition 11.1 generalizes the composition of two functions. The 
concept is useful where a number of outputs become the inputs for a subsequent 
step of a program. 

The composition of g with fi... . fa is total when g, fi, fo, ... fa are total. 
The function given in Example 11.1 is total as fi. fa, f3 and g are total. 


EXAMPLE 11.2 


Let fi œ, y) =x- y, Hx, ¥) = y — x and g(x, y) = x + y be functions over 

N. The function fı is defined only when x 2 y and fo is defined only when 

y 2 x. So fı and f are defined only when x = y. Hence when x = y, 
si ¥), AG y)) = ge- x, x - x) = 90, 0) = 0 


Thus the composition of g with fı and fə is defined only for (x, x), where 
xeN. 


EXAMPLE 11.3 


Let A&i x2) = xx fay, x2) = A, fae, x) = xp and g(x), X2, x3) = X33 
be functions over =. Then 
Sfx. X2), fol, X2), fat, ¥2)) = gaa A, x) = Any = xy 


So the composition of g with fi; fA, f is given by a function h, where 
A, x2) = Xi 
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The next definition gives a mechanical process of computing a function. 


Definition 11.2 A function f(x) over N is defined by recursion if there exists 
a constant k (a natural number) and a function h(x, y) such that 


KO =k, fn +l = An, Kn) (11.1) 


By induction on n, we can define f(n) for all n. As f (0) = k, there is basis 
for induction. Once f(n) is known, f(n + 1) can be evaluated by using (11.1). 


EXAMPLE 11.4 


Define n! by recursion. 


Solution 
KO) = 1 and f(n + 1) = htm, f(n)), where A(x, y) = S(x) =y. 


The above definition can be generalized for f(x;, X2, <. Xm Xu) We 


fix n variables in f(x}, Xa, o.a Npap), SAY. Xj, %2,.-.. Xp We apply Definition 
11.2 to f(x). x2, ... X%, y) In place of k we get a function g(x), X} ... Xp) 
and in place of h(x, y), we obtain A(x, x, «66, Am V fOr o5 X» Y))- 


Definition 11.3 A function f of n + 1 variables is defined by recursion if 
there exists a function g of n variables, and a function A of n + 2 variables, 
and fis defined as follows: 


Fy. Xa es Xp, O) = OCH. Xo Hy) (11.2) 

fy oe. Ms y t D = Og, X 0 X y fp X e Mp YD (11.3) 
We may note that f can be evaluated for all arguments (4), x2, .-., XV) 

by induction on y for fixed x,, Xə, ..., x,. The process is repeated for every 


Nip Nan e Rhye 


Now we can define the primitive recursive functions over N. 


11.2.2 PRIMITIVE RECURSIVE FUNCTIONS OVER N 


Definition 11.4 A total function f over N is called primitive recursive 
(i) if it is any one of the three initial functions, or (ii) if it can be obtained 
by applying composition and recursion a finite number of times to the set of 
initial functions. 


EXAMPLE 11.5 


Show that the function f(x, y) = x + y is primitive recursive. 


Solution 


fi is a function of two variables. If we want fı to be defined by recursion, we 
need a function g of a single variable and a function A of three variables. 


fix O)=x+0=%x 
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By comparing f,(x, 0) with L.H.S. of a12, we see that g can be defined by 
g(x) = x = UK) 
Also. f@ y+ DextQ4D=@+ypyrl=f@vil 
By comparing fix, y + 1) with L.H.S. of (11.3), we have 
h(x y, AG. y) = AE y) + Ll = SG y) = SCUS@, y AG ») 


Define h(x, y, z) = S(U#(x, y, 2). As g = U}, it is an initial function. The 
function h is obtained from the initial functions U? and S by composition, and 
by recursion using g and h. Thus f; is obtained by applying composition and 
recursion a finite number of times to initial functions Uf, U? and S. So f; is 
primitive recursive. 


Note: A total function is primitive recursive if it can be obtained by applying 
composition and recursion a finite number of times to primitive recursive 
functions fi. fo, .... ff, This is clear as each f; is obtained by applying 
composition and recursion a finite number of times to initial functions. 


EXAMPLE 11.6 


The function f(x. y) = x * y is primitive recursive. 


Solution 


As multiplication of two natural numbers is simply repeated addition, fə has 
to be primitive recursive. We prove this as follows: 


fe 0=0, AG y+ )Dax*O+ Df y+% 


ie. pa, y + D = fifa, y), x). Comparing these with (11.2) and (11.3), we 
can write 


fax. 0) = Z(x) and At. y + 1) = AUK y fly y)), UP y, AC. y)))) 
By taking g = Z and h defined by 
A(x. y, =) = f\(US@, y. 2, UP, y, 2) 


we see that fa is defined by recursion. As g and h are primitive recursive, fo 
iS primitive recursive (by the above note). 


EXAMPLE 11.7 


Show that f(x, y) = x is a primitive recursive function. 


Solution 
We define 
{G,0)= 1 
fy + N= x = fy) 
= UR y, fœ y) US@, y FO y) 


Therefore, f(x. y) is primitive recursive. 
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EXAMPLE 11.8 


Show that the following functions are primitive recursive: 
(a) The predecessor function p(x) defined by 
pœ =x-1 ifs 40, pw =0 ifx=0. 
(b) The proper subtraction function + defined by 
x+y=x-y ifxey and »++y=s0 ifa<y, 
(c) The absolute value function | | given by 
|x| =x ifx20, |x[=—~ ifx<0. 


(d) min (x, y), i.e. minimum of x and y. 


Solution 

(a) pO) = 0 and py + D = UFO, pO) 

(b) x + O=xandx + G +1) = p(x + y) 

(Oey |e Say ye a) 

(d) min@, y) =x + (x + y) 
The first function is defined by recursion using an initial function. So it ts 
primitive recursive. 

The second function is defined by recursion using the primitive recursive 


function p and so it is primitive recursive. Similarly. the last two functions are 
primitive recursive. 


11.2.3 PRIMITIVE RECURSIVE FUNCTIONS OVER {a, b} 


For constructing the primitive recursive function over {a, b}, the process is 
similar to that of function over N except for some minor modifications. It 
should be noted that A plays the role of 0 in (11.2) and ax or bx plays the role 
of y + 1 in (11.3). Recall that È denotes {a, b}. 


Definition 11.5 A function f(x) over ÈX is defined by recursion if there exists 
a ‘constant’ string w € L* and functions h(x, vy) and f(x, y) such that 


f(A) = w (11.4) 
flax) = hix, f(x) (11.5) 
f(bx) = hx, f(x) 


(F- and ha may be functions in one variable.) 
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Definition 11.6 A function f(x], Xa, ....%,) over Z is defined by recursion 
if there exist functions g(x. ..., Xe), Mp e Xni) Moy, -- Xpt) 
such that 
F(A, X66. Xa) = E, (11.6) 
flax, Nay ces Xp) = yx, Xz vey Nags fe, Xh ee Xn) (11.7) 
FIOM, Xa, an Xp) = Io, Xo, oe Xe A, Kas. Xp) 


(h; and hy may be functions of m variables, where m < n + 1.) 
Now we can define the class of primitive recursive functions over È. 


Definition 11.7 A total function f is primitive recursive (i) if it is any one 
of the three initial functions (given in Table 11.2), or (ii) if it can be obtained 
by applying composition and recursion a finite number of times to the initial 
functions. 


In Example 11.9 we give some primitive recursive functions over È. 


Note: As in the case of functions over N, a total function over © is primitive 
recursive if it is obtained by applying composition and recursion a finite number 
of times to primitive recursive function fi, fA, -> fr 


EXAMPLE 11.9 
Show that the following functions are primitive recursive: 


(a) Constant functions a and b (i.e. a(x) = a. bx) = b) 
(b) Identity function 

(c) Concatenation 

(d) Transpose 

(e) Head function (i.e. head (ajaz ..., ap) = a)) 

(f) Tail function (i.e. tail (ajay... Ap) = a... ap) 

(g) The conditional function “if x, # A. then x, else x3.” 


Solution 
(a) As a(x) = cons a (nil (x)). the function a(x) is the composition of the 
initial function cons a with the initial function nil and is hence 
primitive recursive. 
(b) Let us denote the identity function by id. Then, 
id(A) = A 
id(ax) = cons a(x) 
id(bx) = cons b(x) 
So id is defined by recursion using cons a and cons b. Therefore, the 
identity function is primitive recursive. 
(c) The concatenation function can be defined by 
concat(x,. Xa) = xXpx 


concat(A, x5) = id(x) 
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concat(ax;, x2) = cons a (concat(x,, x)) 
concat(bx;, x2) = cons b (concat(x,, x2)) 


So concat is defined by recursion using id, cons a and cons b. 
Therefore, concat is primitive recursive. 
(d) The transpose function can be defined by trans(x) = x". Then 


trans(A) = A 
trans(ax) = concat(trans(x), a(x)) 
trans(bx) = concat(trans(x), b(x)) 


Therefore, trans(x) is primitive recursive. 
(e) The head function head(x) satisfies 


head(A) = A 
head(ax) = a(x) 
head(bx) = b(x) 


Therefore, head(x) is primitive recursive. 
(f) The tail function tail(x) satisfies 


tall(A) = A 
tail(ax) = id(x) 
tail(bx) = id(x) 


Therefore, tail(x) is primitive recursive. 
(g) The conditional function can be defined by 


cond(x, x2, x3) = “if x # A then x else x3” 
Then, 
cond(A, x3, x3) = id(x3) 
cond(ax, x2, x3) = id(x2) 
cond(bx}, x2, x3) = idx) 


Therefore, id(, x3, x3) is primitive recursive. 


11.3 RECURSIVE FUNCTIONS 


By introducing one more operation on functions, we define the class of 
recursive functions, which includes the class of primitive recursive functions. 


Definition 11.8 Let g(x}, Xa... Xp y) be a total function over N. g is a 
regular function if there exists some natural number yọ such that gxi, x... 
Xn: Yo) = O for all values x, Xa, .... x, in N. 
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For instance, g(x. y) = min(x, y) is a regular function since g(x, 0) = 0 
for all x in N. But f(x. y) = | x — y | is not regular since f(x, y) = 0 only when 
x = y, and so we cannot find a fixed y such that f(x. y) = 0 for all x in N. 


Definition 11.9 A function f(x. Xo, ..., Xp) over N is defined from a total 
function g(a. Xa ..., Xpy y) by minimization if 


(a) xq. Xa.. Xp) is the least value of all v’s such that gq, X2, ....%, y) = 0 
if it exists. The least value is denoted by b,(g(Qm, Xa -s Xm Y) = 0). 
(b) fq. 2... ..%,) is undefined if there is no y such that g(@y, X2... Xp y) =0. 


Note: In general. f is partial. But, if g is regular then f is total. 


Definition 11.10 A function is recursive if it can be obtained from the initial 
functions by a finite number of applications of composition, recursion and 
minimization over regular functions. 


Definition 11.11 A function is partial recursive if it can be obtained from 
the initial functions by a finite number of applications of composition, 
recursion and minimization. 


EXAMPLE 11.10 


fx) = x/2 is a partial recursive function over N. 


Solution 


Let g(x, vy) = |2v — x |. where 2y — x = 0 for some y only when x is even. 
Let fix) = u.()2y — x| = 0). Then f(x) is defined only for even values of x 
and is equal to 3/2. When x is odd. f(x) is not defined. f, is partial recursive. 
As f(x) = x/2 = fix). f is a partial recursive function. 


The following example gives a recursive function which is not primitive 
recursive. 


EXAMPLE 11.11 


The Ackermann’s function is defined by 


AO. y)=x+1 (11.8) 
A(x + 1, 0) = Ay, 1) (11.9) 
A(x + l, y+ = Ae. A(x + LW) (11.10) 


A(x, ¥) can be computed for every (x, y), and hence A(x, y) is total. 
The Ackermann’s function is not primitive recursive but recursive. 


Chapter 11: Computability a 331 


Compute AC, D. AQ. 1. At D, A. D). 


Solution 
Ad, D= AO + 1. 0+ 1) 


= A(0, AQ. 0) by (11.10) 
= A(0. A(0. 1) by (11.9) 
= AQ, 2) by (11.8) 
z3 by (11.8) 
AQ, D=4A0+1,1+D 
= A(0, ACL. 1) by (11.10) 
= A(O, 3) 
=4 by (11.8) 
AQ., D=AU +1. 0+ 1) 
= AC. AC. 0)) by (11.10) 
= A. ACL. 1) by (11.9) 
= A(1. 3) 
=A(0+1.2+12) 
= A(0. Ad. 2)) by (11.10) 
= A(O. 4) 
=5 
AQ. 2= AC 41,140 
= A(l, A(2. 1) by (11.10) 
= A(1, 5) 
AQ. 5)= AO + 144+ D 
= A(O, A(1. 4)) by (11.10) 
=1+A(l, 4 by (11.8) 


=1+A0+13+1 

= 1 + A(0. AC. 3)) 

= 1 +1+ AQ. 3) 
=1+1+1+40.2)=1+1+1+4 
=7 


As A(2, 2) = A(1, 5). we have A(2, 2) =7 


EE 
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So far we have dealt with recursive and partial recursive functions over 
N. We can define partial recursive functions over È using the primitive 
recursive predicates and the minimization process. As the process is similar, 
we will discuss it here. 

The concept of recursion occurs in some programming languages when a 
procedure has a call to the same procedure for a different parameter. Such a 
procedure is called a recursive procedure. Certain programming languages like 
C, C++ allow recursive procedures. 


11.4 PARTIAL RECURSIVE FUNCTIONS AND TURING 
MACHINES 


In this section we prove that partial recursive functions introduced in the earlier 
sections are Turing-computable. 


11.4.1 COMPUTABILITY 


In mid 1930s. mathematicians and logicians were trying to rigorously define 
computability and algorithms. In 1934 Kurt Gédel pointed out that primitive 
recursive functions can be computed by a finite procedure (i.e. an algorithm). 
He also hypothesized that any function computable by a finite procedure can 
be specified by a recursive function. Around 1936, Turing and Church 
independently designed a ‘computing machine’ (later termed Turing machine) 
which can carry out a finite procedure. 

For formalizing computability, Turing assumed that, while computing, a 
person writes symbols on a one-dimensional paper (instead of a two- 
dimensional paper as is usually done) which can be viewed as a tape divided 
into cells. He scans the cells one at a time and usually performs one of the three 
simple operations. namely (i) writing a new symbol in the cell he is scanning, 
(41) moving to the cell left of the present ceil, and (iii) moving to the cell right 
of the present cell. These observations led Turing to propose a computing 
machine. The Turing machine model we have introduced in Chapter 9 is based 
on these three simple operations but with slight variations. In order to introduce 
computability, we consider the Turing machine model due to Post. In the 
present model the transition function is represented by a set of quadruples (i.e. 
4-tuples), whereas the transition function of the model we have introduced in 
Chapter 9 can be represented by a set of quintuples (5-tuples). For example, 
0(q;. a) = (q; œ. P) is represented by the quintuple q,aaBq;. Using the model 
specifying the transition function in terms of quadruples. we define Turing- 
computable functions and prove that partially recursive functions are Turing- 
computable. 
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11.4.2 A TURING MODEL FOR COMPUTATION 


As in the model introduced in Chapter 9, Q, gg and T denote the set of states, 
the initial state, and the set of tape symbols, respectively. The blank symbol b 
is in Į. The only difference is in the transition function. In the present model 
the transition function represents only one of the following three basic 
operations: 


(i) Writing a new symbol in the cell scanned 

(ii) Moving to the left cell 

Gii) Moving to the right cell 
Each operation is followed by a change of state. Suppose the Turing machine 
M is in state q and scans a; If a; is written and M enters q’, then this basic 
operation is represented by the quadruple gajajq’. Similarly. the other two 
operations are represented by the quadruples ga;Lq’ and ga;Rq’. Thus the 
transition function can be specified by a set P of quadruples. As in Chapter 9, 
we can define instantaneous descriptions, i.e. IDs. 

Each quadruple induces a change of IDs. For example, ga;ajq’ induces 


aga;B — ag'a 
The quadruple qa;Lq induces 
Qaz.. Adai o Ay Lar... dio Aali ~~. Ay 
and ga;Rq’ induces 
Ay... Giddy... Ay, Fa... AG Ain, .-- G, 


When we require M to perform some computation, we ‘feed’ the input by 
initial tape expression denoted by X. So qọX is the initial ID for the given 
input. For computing with the given input X, the Turing machine processes 
X using appropriate quadruples in P. As a result. we have ggX = ID; -- ID» 
t—.... When an ID. say ID,. is reached. which cannot be changed using any 
quadruple in P, M halts. In this case, ID, is called a terminal ID. Actually, 
aq, OB is a terminal ID if there is no quadruple starting with g,a. The terminal 
ID is called the result of X and denoted by Res(X). The computed value 
corresponding to input X can be obtained by deleting the state appearing in it 
as also some more symbols from Res(X). 


11.4.3 TURING-COMPUTABLE FUNCTIONS 


Betore developing the concept of Turing-computable functions. let us recall 
Example 9.6. The TM developed in Example 9.6 concatenates two strings @ 
ard p. Initially, @ and J appear on the input tape separated by a blank b. 
Finally, the concatenated string of appears on the input tape. The same 


Suppose we want to construct a TM which can compute f(x}, .... Xm) over 
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N for given arguments dj, .... am. Initially, the input a), a2, ..., Ap appears 
on the input tape separated by markers xı, .... x,,. The computed value 
f(a... Am) Say, c appears on the input tape , once the computation is over. 


To locate c we need another marker, say v. The value c appears io the right 
of x,, and to the left of v. To make the construction simpler, we use the tally 
notation to represent the elements of N. In the tally notation, O is represented 
by a string of b's. A positive integer 7 is represented by a string consisting 
of n I's. So the initial tape expression takes the form 11x, 1x, ... 1~x,,by. 
As a result of computation, the initial ID golix, 12x. ... 1%vx,, by is changed 
to a terminal ID of the form 1x, 12x. ... 1“»x,,1°q’v for some g € Q. In 
fact, the position of q’ in a terminal ID is immaterial and it can appear 
anywhere in Res(X). The computed value is found between x,, and y. 
Sornetimes we may have to omit the leading b's. 


We say that a function f(y. .... - x,,) is Turing-computable for arguments 
ai, .... Ap it there exists a Turing machine for which 
qol“ 1x5 ues 1nx,, by = ID, 
where ID, is a terminal ID containing f(a,. .... An) to the left of y. 


Our ultimate aim is to prove that partial recursive functions are Turmg- 
computabie. For this purpose. first of all we prove that the three initial primitive 
recursive functions are Turing-computable. 


11.4.4 CONSTRUCTION OF THE TURING MACHINE THAT 
CAN COMPUTE THE ZERO FUNCTION Z 


The zero function Z is defined as Z(a,) = 0 for all a, 2 0. So the initial tape 
expression can be taken as X = 1“^x;by. As we require the computed value 
Z(a,). namely 0. to appear to the left of y, we require the machine to halt 
without changing the input. (Note that O is represented by b in the tally 
notation.) 

Thus we define a TM by taking Q = {qo, gi}. T = {b. 1, x. y}, 
X = l“ix,by. P consists of gobRqo. gol Rdo. qoxı¥141- qobRqo and gol Rqo are 
used to move to the right until x, is encountered. gox;xıqı enables the TM to 
enter the state qı. M enters q) without altering the tape symbol. In terms of 
change of IDs, we have 

golixyby = Wggxby FM qyxiby 


As there is no quadruple starting with g,. M halts and Res(X) = 1“iq,x,by. 
By deleting q, in Res(X), we get 1“1x,bv (which is the same as X) yielding 0 
(given by b). 
Note: We can also represent the quadruples in a tabular form which is 
similar to the transition table obtained in Chapter 9. In this case we have to 
specify (i) the new symbol written. or (ii) the movement to the lett (denoted 
by L), or (iii) the movement to the right (denoted by R). So we get 
Table 11.3. 
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TABLE 11.3 Representation of Quadruples 


State b 1 x4 y 


qo (R, do) (R. q0) ts Ge) 
91 


11.4.5. CONSTRUCTION OF THE TURING MACHINE FOR 
COMPUTING—THE SUCCESSOR FUNCTION 


The successor function S is defined by S(a,;) = a; + 1 for all a, 2 0. So the 
initia] tape expression can be taken as X = 1"ix,by (as in the case of the zero 
function). At the end of the computation. we require 1“*!to appear to the left 
of v. Hence we define a TM by taking 


Q = {go n Go}. F = {b, 1L xy, yh X = “ix by 
where P consists of 


O) qobRqo. dolby. qox Rdo 
Gi) qybRqy. glRq. akg. qlq> 
Gi) q21Rq>. q2byq3. 
(iv) g3bLq3. qailgs. qavbqs. qxXılqa 
(V) galls. qablqs. 
(vi) qs1Rqgo. 
(vii) qebRqe. qelRqe- qexiRqe. qexLay 
(vill) q7ilqz, qblas. 
(X) qggbLas. qgllag. ggvhgg. qaXıxXıqo. 
The corresponding operations can be explained as follows: 


G) If M starts from the initial ID, the head replaces the first 1 it 
encounters by 6. Afterwards the head moves to the right until it 
encounters v (as a result of gglbq;. gibRqy. qi LRqi. qyx;Rq)). 

Gi) v is replaced by 1 and M enters q». Once the end of the input tape is 
reached. y is added to the next cell. M enters g3 (qivlq2, g2r1Rq. 
qzbyq3). 

Gii) Then the head moves to the left and the state is not changed until x; 
is encountered (q¢3vLq3, g3avLq3. qabLqs). 

(iv) On encountering x;. the head moves to the left and M enters q4. Once 
again the head moves to the left till the left end of the input string is 
reached (qax,Lqa, qillqa) 

(v) The leftmost blank (written in point (i)) is replaced by 1 and M enters 
qs (qablqs). 

Thus at the end of operations (i)-(v). the input part remains unaffected but 

the first 1 is added to the left of y. 
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(vi) 


(vii) 


(viii) 


(1X) 


The 


Then the head scans the second 1 of the input string and moves right, 
and M enters go (qslRqo). 

Operations (i)-(vi) are repeated until ali the 1's of the input part 
(i.e. in 1^) are exhausted and 11... 1 (a; times) appear to the left 
of y. Now the present state is go, and the current symbol is .x;. 

M in state go scans xı, moves right. and enters go. It continues to move 
to the right until it encounters y (gox,Rqg. GePRI6. GolRdo. qexiRqe). 
On encountering v, the head moves to the left and M enters q7, after 
which the head moves to the left until it encounters b appearing to the 
left of 1% of the output part. This b is changed to 1, and M enters 
qs (qelq. qi1Lq7, 97b193) 

Once M is in qg, the head continues to move to the left and on scanning 
xı, M enters qo. As there is no quadruple starting with qo, M halts 
(qsbLag. GglLgg, q3¥1x1q9). 


machine halts, and the terminal ID is 1“igox,1*!y. For example, let 


us compute S(1). In this case the initial ID is golx, by. As a result of the 
computation, we have the following moves: 


golx;by |— qybxyby — baby 
L— bxiqby |— bxybqyy — bx,bqr1 
L— bx, blqob | bxiblgay | bx, bqaly 
H} bgaxjbly — qabxybly Fe qslxibly 
LY lag bly > Lixblgagy | ixibgzly 
— Ixiqrbly | Ixjggliv | lggxi lly 
| iggy lly 


Thus, M halts and S(1) = 2 (given by 11 to the left of y). 


11.4.6 CONSTRUCTION OF THE TURING MACHINE FOR 


COMPUTING THE PROJECTION U% 


Recall U; (a .... Am) = ap The initial tape expression can be taken as 


X = [lx 1x... xp by 


We define a Turing machine by taking Q = {qo, .... qg} 


T ={b, 1. xy, .... Xa A P consists of 
gozRqo for all ze F- {x,} 
GoXiLqy. qibbq,. qibqz 
goiRqr for alze T- {y} 
qalqa qalRqa. qabvqy 
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qazLga for alze T- {x} 
qaxiLqs.  qsiLqs, qsblqe, qolLqz. qrlbqz 
qazRqg for alze T —- {1} 

The operations of M are as follows: 


(i) M starts from the initial ID and the head moves to the right until it 
encounters x; (qozRqo). 
(ii) On seeing x, the head moves to the left (g¢9x;Lq)). 
(iii) The head replaces | (the rightmost 1 in 1%) by b (g,1bq). 
(iv) The head moves to the right until it encounters y and replaces y by 1 
(q2zRqx, z € I ~ {y} and qayliq). 
(v) On reaching the right end, the head scans b and replaces this b by 
y (q3byqa). 
(vi) The head moves to the left until it scans the symbol b. This b is 
replaced by 1 (qasLqy, z € F- {xj}, qavilas. gsblqe). 
(vii) The head moves to the left and one of the 1’s in 1% is replaced by 
b. M reaches q>(qglLqz. qzlbqz). 
As a result of (i)-(vii), one of the 1’s in 1 is replaced by b and 
1 is added to the left of v. Steps (iv)-(vii) are repeated for all 1’s 
in 1", 
(viii) On scanning x;.,. the head moves to the right and M enters 
qg (q7X;1RQg). 
As there are no quadruples starting with qg. the Turing machine M halts. 


When i # 1 and a; # 0. the terminal ID is I ixy ... xyggl x)... x, bitty. 
For example. let us compute Ui(1. 2. 1): 
qolxi lix ixsby © 1x llgoxalxzby 

— Ly lq)lxebaby t— Lx; lqobx21xaby 

Le Ix lbxslybqa  |— lxilbxlxsbqs1 

— Ixy, lbx-lysblqab l Ix, Lbxolxablqyy 

Ke Ix lbgyolasbly | Lx, lqsbx2lably 

t— Lxlgglxzixably j Ixyq7l1x2laably 

L— lx qoblxylxbly 


From the above derivation, we see that 

Iyjlqobxaleaby H- Lyiqoblxalxably 
Repeating the above steps, we get 

lyjq2blybyably Æ} lugglbobyeablly 


It should be noted that this construction is similar to that for the successor 
function. While computing U/", the head skips the portion of the input 
corresponding to a; j # i. For every 1 in 1, 1 is added to the left of v. 
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Thus we have shown that the three initial primitive recursive functions are 
Turing-computable. Next we construct Turing machines that can perform 
composition, recursion. and minimization. 


11.4.7 CONSTRUCTION OF THE TURING MACHINE THAT 
CAN PERFORM COMPOSITION 


Let ARI Xa. Amh oe os Felt... e Xp.) be Turing-computable functions. Let 
g(vy..... yp) be Turing-computable. Let A(x... Xp) = BGG. «os Ma oes 
AX, 6. AD. We construct a Turing machine that can compute h(a), .. .. am) 
for given arguments aj, .... ap This involves the following steps: 


Step 1 Construct Turing machines M;..... M; which can compute fy... .. fi. 
respectively. For the TMs M, .... Mp let T = (1, b, xy. Xa,- Xp y} and 
X = I"ix, ... 1% x, by. But the number of states for these TMs will vary. 
Let ny + 1, .... np + 1 be the number of states for M;..... Mp respectively. 
As usual, the initial state is gg and the states for M; are qo, .. ., np AS in the 
earlier constructions. the set P; of quadruples for M; is constructed in such a 
way that there is no quadruple starting with qr, 


Step 2 Let f(q. .... Am) = b; fori = 1, 2, .... k. At the end of step 1, 
we have M; s and the computed values b;'s. As g is Turing-computable, we 
can construct a TM M+, which can compute g(b;. .... by. For Mz). 


T= {1, b, Xp 2a kc X = Pixa... es 


m 


(We use different markers for M;,; so that the TM computing h to be 
constructed need not scan the inputs a;..... dm.) Let m4, + 1 be the number 
of states of M;.,. As in the earlier constructions, M,,, has no quadruples 
Starting with gsi. 


Step 3 At the end of step 2. we have TMs M,. .... Mi, Mj, which give 
bj. .... b, and g(b;. .... b) = c (say), respectively. So we are able to 
compute Alaj. .... am) using k + 1 Turing machines. Our objective is to 
construct a single TM M> which can compute h(a). .... am) We outline the 
construction of M without giving the complete details of the encoding 
mechanism. For M. let 


= - / Hå y 
Te AD N te Soe ee ae SA O N 
X= 1x 1x. ... mx by 


(i) In the beginning. M simulates M;. As a result, the value b, = 
F\(ay. .... Gy) is obtained as output. Thus we get the tape expression 
1“tx1@2x. 2. 1nx,,1?ly which is the same as that obtained by M, 
while halting. M does not halt but changes v to x’, and adds by to the 
right of x’;. The head moves to the left to reach the beginning of X. 
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Gi) The tape expression obtained at the end of (i) is 
1l x... 1m, 1x by 
The construction given in (i) is repeated, i.e. M simulates Ma. ....M,, 
changes v to xj, and adds by to the right of xj. After simulating Mg, 
the tape expression is 
X = 1x... a a a te o ce byv 
Then the head moves to the left until it is positioned at the cell having 
1 just to the right of x, 
iii) M simulates M,..;. Mp}; with initial tape expression X’ halts with the 
keels Mitt p p 
tape expression 1°Ix4... 1, 1°y. As a result, the corresponding tape 
expression for M is obtained as 
[ly Aya Cra [rig 1x eis Vex Ly 
(iv) The required value is obtained to the left of y, but 1°4x’,... 1x, also 
appears to the left of c. M erases all these symbols and moves I'y just 


to the right of x,,. The head moves to the cell having x,, and M halts. 
The final tape expression is I“laj1x. ... 1x, 1%. 


11.4.8 CONSTRUCTION OF THE TURING MACHINE THAT 
CAN PERFORM RECURSION 


Let g(a, Hy). AQ. Va... +s Viper) be Turimg-computable. Let f(x, .. 
X21) be defined by recursion as follows: 
Fy. 0 Xp. OF = B(x, .-- Xp) 
Fasas Nae PY SA hi NS Fy ee tye) 
For the Turing machine M, computing f(a, .... am ©), (say k), X is 
taken as 
Tix... 1x, Xn bY 


As the construction is similar to the construction for computing 
composition, we outline below the steps of the construction. 


Step 1 Let M simulate the Turing machine M’ which computes g(a)... .. am) 
The computed value, namely g(a). .... am). is placed to the left of y. If 
= 0. then the computed value g(a). ..., Am) is flay. .... Gy, 0). The head 


is placed to the right of x,, and M halts. 


Step 2 If cis not equal to zero, 1° to the left of x+; is replaced by b“. The 
marker v is changed to x,,,, and by is added to the right of x,,... The head 
moves to the left of 1%. 


Step 3 A is computable. M is allowed to compute A for the arguments a). .. 


Gy. O. g(a ..+. Ap) Which appear to the left of xi... Xp Mais Xm+2 
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respectively. The computed value is f(aj..... ap 1). And f(a, .... am 2) 


<. f(y,» Gy, C) are computed successively by replacing the rightmost b 
and computing h for the respective arguments. 


The computation stops with a terminal ID. namely 


DAS Ale... gia ly, k = flay. +s Gy ©) 


11.4.9 CONSTRUCTION OF THE TURING MACHINE THAT 
CAN PERFORM MINIMIZATION 


When f(x, ..-. Xp) is defined from g(x. ..., Xm y) by minimization, 
f(xy. .... Xm) is the least of all &’s such that g(x,. .... Xm K) = 0. So the 
problem reduces to computing g(a). .. Am K) for given arguments 
dy. ..+; Ap and for values of k starting from 0. f(a, ..., am) is the first k 
for which g(a), .... am k) = 0. Hence as soon as the computed value of 
gld.. Am Y) iS zero, the required Turing machine M has to halt. Of 
course, when no such y exists. M never halts, and f(a;..... Am) is not defined. 

Thus the construction of M is in such a way that it simulates the TM that 
computes g(a)... .. Gy). K) for successive values of k. Once the computed value 
glai a Gy. K) = O for the first time, M erases by and changes x,,,, to y. The 
head moves to the left of x,, and M halts. 


As partial recursive functions are obtained from the initial functions by a 
finite number of applications of composition. recursion and minimization 
(Definition 11.11) by the various constructions we have made in this section. 
the partial recursive functions become Turing-computable. 

Using Godel numbering which converts operations of Turing machines 
into numeric quantities. it can be proved that Turing-computable functions are 
partial recursive. (For proof. refer Mendelson (1964).) 


11.5 SUPPLEMENTARY EXAMPLES 


EXAMPLE 11.13 


Show that the function f(x), Xə} .... Xp) = 4 is primitive recursive. 
Solution 
4= S*(0) 
= S*(Z(x,)) 
SZ Oa. xa a HQ) 
Le. 
PSRs ar o SLO ig Rey ie a 


As f is the composition of initial functions, f is primitive recursive. 
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EXAMPLE 11.14 


If f(x;. x») is primitive recursive, show that g(x). xX, Xa, x4) = f(x. x4) is 
primitive recursive. 


Solution 
B(X1, Xa, X3, X4) 
= f(x}. x4) 
= f(U f&n xa Xa. Va). UFO. xa x3 x4) 


Uř and U} are initial functions and hence primitive recursive. f is primitive 
recursive. As the function g is obtained by applying composition to primitive 
recursive functions, g is primitive recursive (by the Note appearing at the end 
of Example 11.5). 


EXAMPLE 11.15 


If f(x. yv) is primitive recursive, show that g(x, y) = f(4. y) is primitive 
recursive. 
Solution 
Let h(x. y) = 4. h is primitive recursive by Example 11.13. 
gt, y) 
= f(4. y) 
= f(A(x. Y): Us(x. ¥)) 


ere r PT et ee Z : 
As f and g are primitive recursive and U/ is an initial function, g is 
primitive recursive. 


EXAMPLE 11.16 


Show that fix, y) = xy? + 70° + 45 is primitive recursive. 


Solution 
As fix. y) = x + y is primitive recursive (Example 9.5), it is enough to prove 


that each summand of fix. y) is primitive recursive. 
But, 


xyt = Ura, y) e UF, y) UF y) e Uy) «UG, y) e UY y) 


As multiplication is primitive recursive. g(x, y) = x" is primitive recursive. 
As h(x. y) = xy" is primitive recursive, 7xv" = xy” +--+ + x)" is primitive 
recursive. Similarly, 4° is primitive recursive. 
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SELF-TEST 
Choose the correct answer to Questions 1-10. 


1. S(Z(6)) is equal to 
(a) UPC. 2. 3) 
(b) UFC, 2. 3) 
(c) USC, 2, 3) 
(d) none of these. 
2. Cons a(y) is equal to 
(a) A 
(b) ya 
(c) ay 
(d) a 
3. min(x, y) is equal to 
(a) x +œ +y) 
(b) y +(y +x) 
(c) x-y 
(d) y- x 
4. A(1, 2) is equal to 
(a) 3 
(b) 4 
(c) 5 
(d) 6 
5. f(x) = x/3 over N is 
(a) total 
(b) partial 
(c) not partial 
(d) total but not partial. 


6. Wa (3) is equal to 
(a) 0 
(b) 3 
(c) 4 
(d) none of these. 


7. sgn(x) takes the value 1 if 
(a) x <0 
(b) x <0 
(c) x > 0 
(d x =0 

8. Ya + We = Wap if 
(a) AUB= 
(b) AU B 
(c) ANB 
(d) ANB 


nou ou 
ery 
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9. U+(S(4), S(5), S(6), Z(7)) is 
(a) 6 
(b) 5 
(c) 4 
(d) O 
10. If g(x, y) = min(x, y) and A(x, y) = |x — y|. then: 
(a) Both functions are regular functions. 
(b) The first function is regular and the second is not regular. 
(c) Neither of the functions is regular. 
(d) The second function is not regular. 


State whether the Statements 11-15 are true or false. 
11. f(x, v) = x + y is primitive recursive. 
12.3 + 4=0. 
13. The transpose function is not primitive recursive. 
14. The Ackermann’s function is recursive but not primitive recursive. 


15. AQ, 2) = 7. 


EXERCISES 


11.1 Test which of the following functions are total. If a function is not 
total, specify the arguments for which the function is defined. 
(a) f(x) = x/3 over N 
(b) f(x) = (x - 1) over N 
(c) fx) = x — 4 over N 
(d f(x) =x + 1 over N 
(e) f(x) = x over N 


11.2 Show that the following functions are primitive recursive: 
J 1 ifx=0 
A E E Tee 
(b) fl) = x 


(c) f(x, y) = maximum of x and y 
x/2 when x is even 
(d) fœ) = ! 
(x—1)/2 when x is odd 
(e) The sign function defined by 
sgn(0) = 0. sgn(x) = 1 if x > 0. 
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` 1 ifx>y 
(ft) La. y) = : 
0 ifx<y 
oe ) fl ifx=y 
o x, y) = 
j in ifx#yv 

11.3 Compute A(3, 2). AQ, 3), AG, 3). 

11.4 Show that the following functions are primitive recursive: 
(a) g(x. y) = the quotient obtained when x is divided by y 
(b) r(x. y) = the remainder obtained when x is divided by y 

2x if x is a perfect square 
(e) fix) = 
2x41 otherwise 

11.5 Show that f(x) = integral part of Vx is partial recursive. 

11.6 Show that the Fibonacci numbers are generated by a primitive recursive 
function. 

11.7 Let f(0) = 1, fQ) = 2. fQ) = 3 and fx + 3) = ft) + flv + LP + 
fix + 2Y. Show that f(x) is primitive recursive. 

11.8 The characteristic function y, of a given set A is defined as 

la) J 0 ifagA 
AY i 
Ma [1 ifaeA 
If A, B are subsets of N and 74. Xg are recursive, show that 71°, Yave- 
Xanp are also recursive. 

11.9 Show that the characteristic function of the set of all even numbers is 
recursive. Prove that the characteristic function of the set of all odd 
integers is recursive. 

11.10 Show that the function f(x. y) = x — y is partial recursive. 

11.11 Show that a constant function over N, i.e. An) = k for all n in N where 
k is a fixed number. is primitive recursive. 

11.12 Show that the characteristic function of a finite subset of N is primitive 
recursive, 

11.13 Show that the addition function f(x, y) is Turing-computable. 
(Represent x and y in tally notation and use concatenation.) 

11.14 Show that the Turing machine M in the Post notation (i.e. the transition 


function specified by quadruples) can be simulated by a Turing 
machine M (as defined in Chapter 9). 

[Hint: The transition given by a quadruple can be simulated by two 
quintuples of M’ by adding new states to M^] 
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11.15 


11.16 
11.17 


11.18 
11.19 


11.20 


Compute Z(4) using the Turing machine constructed tor computing the 
zero function. 


Compute $(3) using the Turing machine which computes S. 


Compute Uj(2. 1, 1), USM. 2. 1). USC. 2. 1) using the Turing 
machines which can compute the projection functions. 


Construct a Turing machine which can compute f(x) = x + 2. 
Construct a Turing machine which can compute f(x), x.) = x; + 2 for 
the arguments 1, 2 (i.e. x, = l, x = 2). 

Construct a Turing machine which can compute f(x). x2) = x, + x) for 
the arguments 2, 3 (i.e. x, = 2, x2 = 3). 


7 7 Complexity 


j 


When a problem/language is decidable, it simply means that the problem is 
computationally solvable in principle. It may not be solvable in practice in the 
sense that it may require enormous amount of computation time and memory. 
In this chapter we discuss the computational complexity of a problem. The 
proofs of decidability/undecidability are quite rigorous, since they depend 
solely on the definition of a Turing machine and rigorous mathematical 
techniques. But the proof and the discussion in complexity theory rests on the, 
assumption that P # NP. The computer scientists and mathematicians strongly 
believe that P # NP. but this is still open. 

This problem is one of the challenging problems of the 21st century. This 
problem carries a prize money of $1M. P stands for the class of problems that 
can be solved by a deterministic algorithm (i.e. by a Turing machine that 
halts) in polynomial time: NP stands for the class of problems that can be 
solved by a nondeterministic algorithm (that is, by a nondeterministic TM) in 
polynomial time; P stands for polynomial and NP for nondeterminisitc 
polynomial. Another important class is the class of NP-complete problems 
which is a subclass of NP. 

In this chapter these concepts are formalized and Cook’s theorem on the 
NP-completeness of SAT problem is proved. 


12.1 GROWTH RATE OF FUNCTIONS 


When we have two algorithms for the same problem, we may require a 
comparison between the running time of these two algorithms. With this in 
mind. we study the growth rate of functions defined on the set of natural 
numbers. 
In this section. N denotes the set of natural numbers. 
346 
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Definition 12.1 Let f g : N —> R* (Rt being the set of all positive real 
numbers). We say that f(n) = O(g()) if there exist positive integers C and 
No such that 

Jm) S Cg(n) for all n 2 No. 


In this case we say fis of the order of g (or f is ‘big oh’ of g) 


Note: f(m) = O(g(n)) is not an equation. It expresses a relation between two 
functions f and g. 


EXAMPLE 12.1 


Let f(n) = 4n? + 5n? + 7n + 3. Prove that f(n) = O(n’). 


Solution 


In order to prove that f(n) = O(n’), take C = 5 and Ny = 10. Then 

fa) = 4n? + 5n? + 7n +3 S 5r for n = 10 
When a = 10. 5w? + 7n + 3 = 573 < 10°. For n > 10, Sx? + In +3 <r. 
Then, fOD = OGP). 
Theorem 12.1 If p) = apf + qn! + +++ + an + ag is a polynomial 
of degree k over Z and q > 0. then p(n) = O(n). 


F E l , 
Proof p(n) = a + qn + + an + ag AS a, is an integer and 
positive. a, 2 1. 

AS Aij. Qo. «+ Aye Ag and k are fixed integers, choose No such that for 


all n 2 Na each of the numbers 


ay a_a a aol . 1 ee 
la l | cal lal [aol is less than — C*) 
n n7 n n k 
Hence. 
{ ] 
| a l_a a 
Aei p eaa fe Og 
A n7 n | 
‘ n a a a i 
As a, 2 l. PO) 5g, aoe ae + >0 for all n = No 
n n n` n 
Also, 
aAa ; 
pla) _ KER 4, % \ 
k k] k-i k J 
n Lon n n 
Sa, +1 by (*) 
So, 
pays Cn, where C=a,+1 
Hence. 


p(n) = On"). I 
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Corollary The order of a polynomial is determined by its degree. 


Definition 12.2 An exponential function is a function q : N — N defined by 
qi) = a” for some fixed a > 1. 


When n increases, each of n, n°. 2" increases. But a comparison of these 
functions for specific values of n will indicate the vast difference between the 
growth rate of these functions. 


TABLE 12.4 Growth Rate of Polynomial and Exponential Functions 


n fin) = r g(n) =n + 3n +9 qn) = 2° 
1 1 13 2 

5 25 49 32 

10 100 139 1024 
50 2500 2659 (1.13)10'% 
100 10000 10309 (1.27)10°° 
1000 4000000 1003009 (4.07)10%°" 


From Table 12.1. it is easy to see that the function g(r) grows at a very fast 
rate when compared to f(n) or g(). In particular the exponential function 
grows at a very fast rate when compared to any polynomial of large degree. 
We prove a precise statement comparing the growth rate of polynomials and 
exponential function. 


Definition 12.3 We say g # O()/), if for any constant C and Np, there exists 
n 2 No such that gn) > Cf). 


Definition 12.4 If fand g are two functions and f = O(g), but g = OCF), 
we say that the growth rate of g is greater than that of f. (In this case 
gm f(n) becomes unbounded as n increases to °°.) 


Theorem 12.2 The growth rate of any exponential function is greater than 
that of any polynomial. 


Proof Let pin) = an? + apn! +... + ayn + ag and q(n) = a” for some 
a>. 

As the growth rate of any polynomial is determined by its term with the 
highest power, it is enough to prove that në = O(a") and a’ # O(n). By 


L’Hospital’s rule, 108” tends to 0 as n > œ, (Here log n = log,n.) If 
n 
l k logn 7 
aye le>” 7] 
then. 
l eal 
j ‘3 g g k % 
(<(n)y)" =| e^ no, ek Oen elogn nk 
[logn \ 


Lon 


As n gets large, k J tends to 0 and hence <z(m) tends to 0. 
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So we can choose Np such that <(n) < a for all n = No. Hence në = 
s(n)" < a’, proving n* = O(a’), 
To prove a’ # O(n‘), it is enough to show that a’/n* is unbounded for 
large n. But we have proved that n* < a" for large n and any positive integer 
n 


k+! 


k and hence for k + 1. So n™™ < a’ or 


T 
nt 


Rn n 
Multiplying by n, n( a ) 2 n, which means n is unbounded for large 
n n 

values of n. l 

Note: The function n'°8” lies between any polynomial function and a” for 
any constant a As log n = k for a given constant k and large values of n, 
n32” > n* for large values of n. Hence n°2” dominates any polynomial. But 


; 1 Ž 
nS" = (elog ny8" = e(logn)”, Let us calculate p eNi By L'Hospital s 
X> CX 
logx) Ix n 2] EA 
rule, lim Gens. = lim(2log x) =% = lim 08 * = lim =0. 
Xr CX XOK Cc xn CX xoe CX 


> ( 2 
So (log nY grows more slowly than cn. Hence nS” = e081 grows more 


slowly than 2“. The same holds good when logarithm is taken over base 2 
since log.n and logan differ by a constant factor. 

Hence there exist functions lying between polynomials and exponential 
functions. 


12.2 THE CLASSES P AND NP 


In this section we introduce the classes P and NP of languages. 


Definition 12.5 A Turing machine M is said to be of time complexity T(n) 
if the following holds: Given an input w of length n, M halts after making at 
most T(n) moves. 

Note: In this case. M eventually halts. Recall that the standard TM is called 
a deterministic TM. 


Definition 12.6 A language L is in class P if there exists some polynomial 
T(n) such that L = T(M) for some deterministic TM M of time complexity 
T(n). 


EXAMPLE 12.2 


Construct the time complexity T(n) for the Turing machine M given in 
Example 9.7. 
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Solution 

In Example 9.7, the step (1) consists of going through the input string (071° 
forward and backward and replacing the leftmost 0 by x and the leftmost 1 
by v. So we require at most 2n moves to match a 0 with a 1. Step (11) is 
repetition of step (i) n times. Hence the number of moves for accepting a”b” 
is at most (2n)(n). For strings not of the form a"b", TM halts with less than 
2n7 steps. Hence TIM) = Or). 


We can also define the complexity of algorithms. In the case of 
algorithms. T01) denotes the running time for solving a problem with an input 
of size n, using this algorithm. 

In Example 12.2. we use the notation < which is used in expressing 
algorithm. For example. a <— b means replacing a by b. 

fa denotes the smallest integer greater than or equal to a. This is called 
the ceiling function. 


EXAMPLE 12.3 


Find the running time for the Euclidean algorithm for evaluating ged(a, b) 
where a and b are positive integers expressed in binary representation. 


Solution 
The Euclidean algorithm has the following steps: 


1. The input is (a, b) 
Repeat until b = 0 
Assign a © a mod b 
Exchange a and b 
Output a. 


de fw bo 


Nn 


Step 3 replaces a by a mod b. If a/2 2 b, then amodb < b < a/2. If 
al2 < b, then a < 2b. Write a = b + r tor some r < b. Then amodb = 
r< b < al2. Hence a mod b < a/2. So a is reduced by at least half in size on 
the application of step 3. Hence one iteration of step 3 and step 4 reduces a 
and b by at least half in size. So the maximum number of times the steps 3 
and 4 are executed is min{[logsai, [log.b'}. If n denotes the maximum of the 
number of digits of a and b. that is max {/log.a!. [logsb|} then the number of 
iterations of steps 3 and 4 is O(n). We have to perform step 2 at most 
min{/logsal. [log-b7} times or n times. Hence T(n) = nO(n) = O(n"). 


Note: The Euclidean algorithm is a polynomial algorithm. 


Definition 12.7 A language L is in class NP if there is a nondeterministic 
TM M and a polynomial time complexity T(n) such that L = TUM) and M 
executes at most T(n) moves for every input w of length n. 


emiatti aalik he AF Saini SOUSA eno Rl ttc nts vs unsaid 
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We have seen that a deterministic TM M, simulating a nondeterministic 
TM M exists (refer to Theorem 9.3). If T(z) is the complexity of M, then the 
complexity of the equivalent deterministic TM M, is 2°70, This can be 
justified as follows. The processing of an input string w of length n by M is 
equivalent to a ‘tree’ of computations by M,. Let k be the maximum of the 
number of choices forced by the nondeterministic transition function. (It is 
max|6(q, x))|, the maximum taken over all states q and all tape symbol X.) 
Every branch of the computation tree has a length T(r) or less. Hence the total 
number of leaves is atmost k7(n). Hence the complexity of M, is at most 
DA Tin 

It is not known whether the complexity of M; is less than 22%, Once 
again an answer to this question will prove or disprove P # NP. But there do 
exist algorithms where T(n) lies between a polynomial and an exponential 
function (refer to Section 12.1). 


12.3 POLYNOMIAL TIME REDUCTION AND 
NP-COMPLETENESS 


If P; and P+ are two problems and Pa €e P, then we can decide whether 
P, e P by relating the two problems P, and P>. If there is an algorithm for 
obtaining an instance of P» given any instance of P}. then we can decide about 
the problem P,. Intuitively if this algorithm is a polynomial one, then the 
problem P; can be decided in polynomial time. 


Definition 12.8 Let P, and P- be two problems. A reduction from P}, to P» 
is an algorithm which converts an instance of P, to an instance of P». If the 
time taken by the algorithm is a polynomial p(n), n being the length of the 
input of P}. then the reduction is called a polynomial reduction P} to Pa. 


Theorem 12.3 If there is a polynomial time reduction from P, to Pa and if 
Pa is in P then P} is in P. 


Proof Let m denote the size of the input of P,. As there is a polynomial- 
time reduction of P, to P». the corresponding instance of Pa can be got in 
polynomial-time. Let it be O(m’), So the size of the resulting input of Pa is 
atmost cm’ for some constant c. As Pa is in P, the time taken for deciding the 
membership in P- is O(n"). n being the size of the input of P>. So the total 
time taken for deciding the membership of m-size input of Pı is the sum of 
the time taken for conversion into an instance of P- and the time for decision 
of the corresponding input in P». This is Ofm” + (cn’)*], which is the same 
as O(m). So P isin P. I 


Definition 12.9 Let L be a language or problem in NP. Then L is NP- 
complete if 
l. Lis in NP 
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2. For every language L’ in NP there exists a polynomial-time reduction 
of L’ to L. 


Note: . The class of NP-complete languages is a subclass of NP. 
The next theorem can be used to enlarge the class of NP-complete 
problems provided we have some known NP-complete problems. 


Theorem 12.4 If P, is NP-complete, and there is a polynomial-time 
reduction of P; to Pa, then P, is NP-complete. 


Proof If Lis any language in NP, we show that there is a polynomial-time 
reduction of L to Pa. As P; is NP-complete, there is a polynomial-time 
reduction of L to P;. So the time taken for converting an n-size input string 
win L to a string x in P, is at most p;() for some polynomial pı. As there 
is a polynomial-time reduction of P, to Pa, there exists a polynomial pə such 
that the input x to P, is transferred into input y to P, in at most p(m) time. 
So the time taken for transforming w to y is at most p(n) + p2(p)(7)). As 
p\(n) + p(p,(n)) is a polynomial. we get a polynomial-time reduction of 
L to Pa. Hence P, is NP-complete. I 


Theorem 12.5 If some NP-complete problem is in P, then P = NP. 


Proof Let P be an NP-complete problem and P e P. Let L be any 
NP-complete problem. By definition, there is a polynomial-time reduction of 
L to P. As P is in P, L is also in P by Theorem 12.3. Hence NP = P. 


12.4 IMPORTANCE OF NP-COMPLETE PROBLEMS 


In Section 12.3, we proved theorems regarding the properties of NP-complete 
problems. At the beginning of this chapter we noted that the computer 
scientists and mathematicians strongly believe that P # NP. At the same time, 
no problem in NP is proved to be in P. The entire complexity theory rests 
on the strong belief that P + NP. 

Theorem 12.4 enables us to extend the class of NP-complete problems, 
while Theorem 12.5 asserts that the existence of one NP-complete problem 
admitting a polynomial-time algorithm will prove P = NP. More than 2500 
NP-complete problems in various fields have been found so far. 

We will prove the existence of an NP-complete problem in Section 12.5. 
We will give a list of NP-complete problems in Section 12.6. Thousands of 
NP-complete problems in various branches such as Operations Research, 
Logic. Graph Theory, Combinatorics. etc. have been constructed so far. A 
polynomial-time algorithm for any one of there problems will yield a proof 
of P = NP. But such multitude of NP-complete problems only strengthens the 
belief of the computer scientists that P # NP. We will discuss more about this 
in Section 12.7. 
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12.5 SAT IS NP-COMPLETE 


In this section, we prove that the satisfiability problem for boolean expressions 
(whether a boolean expression is satisfiable) is NP-complete. This is the first 
problem to be proved NP-complete. Cook proved this theorem in 1971. 


12.5.1 BOOLEAN EXPRESSIONS 


In Section 1.1.2, we defined a well-formed formula involving propositional 
variables. A boolean expression is a well-formed formula involving boolean 
variables x, y, z replacing propositions P, Q, R and connectives v, A and —. 
The truth value of a boolean expression in x, y, z is determined from the truth 
values of x, y, z and the truth tables for v, a and ~. For example, ~ x A ~ 
(v [v z) is a boolean expression. The expression ~ x A ~ (y v z) is true when 
x is false, y is false and z is false. 


Definition 12.10 (a) A truth assignment ¢ for a boolean expression E is the 
assignment of truth values T or F to each of the variables in Æ. For example, 
t = (F, F, F) is a truth assignment for (x, y, z) where x, y, z are the variables 
in a boolean expression E(x, y 5) = 3 x A (YY 2). 

The value E(r) of the boolean expression E given a truth assignment ż is 
the truth value of the expression of E, if the truth values give by ¢ are assigned 
to the respective variables. 

If ¢ = (F, F, F) then the truth values of — x and — (y v z) are T and T. 
Hence the value of E= ~x A 7 (v v z) is T. So EQ) = T. 


Definition 12.11 A truth assignment ż satisfies a boolean expression E if the 
truth value of E(f) is T. In other words, the truth assignment ¢ makes the 
expression £ true. 


Definition 12.12 A boolean expression Æ is satisfiable if there exists at least 
one truth assignment ¢ that satisfies Æ (that is E(t) = T). For example, F = 
ax A- (y v 5) is satisfiable since EC) = T when t = (F, F, F). 


12.5.2 CODING A BOOLEAN EXPRESSION 


The symbols in a boolean expression are the variables x, v, z, etc. the 

connectives v. A, ~. and parantheses ( and ). Thus a boolean expression in 

three variables will have eight distinct symbols. The variables are written as 

Xj. X3, X3, etc. Also we use x, only after using +), Xa ..., Xp] for variables. 
We encode a boolean expression as follows: 


1. The variables x,. x2, x3, ... are written as xl, x10, xil, ... ete. (The 
binary representation of the subscript is written after x.) 

2. The connectives v. A, ~, (, and ) are retained in the encoded 
expression. 
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For example, —.. A — (vy v z) is encoded as — xla ~= (x10 v x11), (where 
x, y, Z are represented by +), Xa, X3). 
Note: Any boolean expression is encoded as a string over È = {x, 0, 1, v, 
A, a. € (, J} 


Consider a boolean expression having m occurrences of variables, 
connectives and parantheses. The variable x,, can be represented using 
1 + logam symbols (x together with the digits in the binary representation of 
m). The other occurrences require less symbols. So any occurrence of a 
variable. connective or a parenthesis requires at most 1 + log. m symbols over 
x. So the length of the encoded expression is at most O(m log m). 

As our interest is only in deciding whether a problem can be solved in 
polynomial-time, we need not distinguish between the length of the coded 
expression and the number of occurrences of variables etc. in a boolean 
expression. 


12.5.3 COOK’S THEOREM 


In this section we define the SAT problem and prove the Cook’s theorem that 
SAT is NP-complete. 


Definition 12.13 The satisfiability problem (SAT) is the problem: 
Given a boolean expression. is it satisfiable? 


Note: The SAT problem can also be formulated as a language. We can 
define SAT as the set of all coded boolean expressions that are satisfiable. So 
the problem is to decide whether a given coded boolean expression is in SAT. 


Theorem 12.6 (Cook's theorem) SAT is NP-complete. 
Proof PART E SAT e NP. 


If the encoded expression E is of length n, then the number of variables is 
{n/2;. Hence, for guessing a truth assignment t we can use multitape TM for 
E. The time taken by a multitape NTM M is O(n). Then M evaluates the 
value of E for a truth assignment t. This is done in O() time. An equivalent 
single-tape TM takes O(n*) time. Once an accepting truth assignment is found, 
M accepts E and M and halts. Thus we have found a polynomial time 
NTM for SAT. Hence SAT e NP. 


PART II: POLYNOMIAL-TIME REDUCTION OF ANY LIN NP TO SAT. 


1. Construction of NTM for L 
Let L be any language in NP. Then there exists a single-tape NTM M and a 
polynomial p(n) such that the time taken by M for an input of length n is at 
most p(n) along any branch. We can further assume that this M never writes 
a blank on any move and never moves its head to the left of its initial tape 
position (refer to Example 12.6). 
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If M accepts an input w and |w| = n, then there exists a sequence of moves 
ot M such that 


OQ is the initial ID of M with input w. 

Oy = 04 Pao ss f= Oy k s pa). 

0, is an ID with an accepting state. 

Each ©; is a string of nonblanks, its leftmost symbol being the 
leftmost symbol of w (the only exception occurs when the processing 
of w is complete, in which case the ID is qb). 


(RO S 


pege 


2. Representation of Sequence of Moves of M 


As the maximum number of steps on w is p(n) we need not bother about the 
contents beyond p(n) cells. We can write 0; as a sequence of p(n) + 1 symbols 
(one symbol for the state and the remaining symbols for the tape symbols). 
So a; = XX + Xo pa 

By assuming OQ © T =Ø, we can locate the state in œ; and hence the 
position of the tape head. The length of some ID may be less than p(7). In 
this case we pad the ID on the right with blank symbols. so that all IDs are 
of the same length p(n) + 1. Also the acceptance may happen earlier. If Op 
is an accepting ID in the course of processing w, then we write O|— ... H} 


Or — Oy ves = Oy, = Gi piny 


Thus all IDs have p(n) + 1 symbols and any computation has p(n) moves. 


TABLE 12.2 Array of IDs 


ID 0 1 ees j-1 j ff Perr, p(n) 
Os Xoo Xo: Xoin 
a X40 Xü X1 pin) 
a; Yio Xi ae Xj Xi San 
Chie Nieto Xie Xing per Xie Xi je Xis ptm) 
Opin) ee Xani) 


So we can represent any computation as an (p(n) +1) x (p(n) + 1) array 
as in Tabie 12.2. 


3. Representation of IDs in Terms of Boolean Variables 


We define a boolean variable v; corresponding to (i, j)th entry in the ith ID. 
The variable 1, represents the proposition that x; = A. where A is a state or 
tape symbol and 0 < i, j < p(n). l 

We simulate the sequence of IDs leading to the acceptance of an input 
string w by a boolean expression. This is done in such a way that M accepts 
w if an only if the simulated boolean expression Ey, is satisfiable. 
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4. Polynomial Reduction of M to SAT 


In order to check that the reduction of M to SAT is correct, we have to ensure 
the correctness of 

(a) the initial ID. 

(b) the accepting ID. and 

(c) the intermediate moves between successive IDs. 


(a) Simulation of initial ID 


Xoo must start with the initial state qq of M followed by the symbols of 
w = ad»... a, of length n and ending with b’s (blank symbol). The 
corresponding boolean expression S is defined as 


S= Yo0g, A ¥o1a, A Yor A +++ A Yona, A YOntle Aves A Yoopn,b 


Thus given an encoding of M and w, we can write S in a tape of a multiple 
TM M,. This takes O(p(t)) time. 


(b) Simulation of accepting ID 
My», is the accepting ID. If pi, p2..... py are the accepting states of M, then 


Œn contains one of p;'s. 1 <i < kin any place j. If Œn contains an accepting 
state p; in jth position. then x,,,,,; is the accepting state p, The corresponding 
boolean expression covering all the cases (0 < j < p(n), 1 < i < k) is given 


by 
F= Fy Vv Fi MWe oe ald V Foi) 
where 


F; = Vamip, Y pti ps Y eco MV Mptay je py 


Each F; has k variables and hence has constant number of symbols 
depending on M but not on n. The number of F;’s in F is p(n). Thus given 
an encoding of M and w, F can be written in O(p(n)) time on the multiple 
TM M. 


(c) Simulation of intermediate moves 

We have to simulate valid moves œ; — Oj), i = 0, 1, 2, ... p(n). 
Corresponding to each move. we have to define a boolean variable N,;. Hence 
the entire sequence of IDs leading to acceptance of w is 


N= No A Ny Nee IN Noin 


First of all note that the symbol X;;,; can be determined from X; j1. Xj 
X; jı by the move (if there is one changing oj to a different œ). For every 
position (i, J). we have two cases: 

Case 1 The state of œ; is at position j. 

Case 2 The state of œ; is not in anv of the (j-— l)th, jth and (j+ Dth 


positions. 
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Case 1 is taken care of by a variable A; and Case 2 by a variable B, 

The variable N; will be designed in such a way that it gurantees that ID 
@;.,; is one of the IDs that follows the ID œ. 

Xi4i,; can be determined from 


(i) the three symbols Xii Xj, Xjj.; above it 
(ii) the move chosen by the nondeterministic TM M when one of the three 


symbols (in (1)) is a state. 


If the state of œ; is not Xj, X; j-1 or Xi jap then Xni; = Xj This is taken 
care of by the variable Bj. 

If Xy is the state of oj, then X; ,,, is being scanned by the state X;. The 
move corresponding to the state-tape symbol pair (X; Xj, j1) will determine 
the sequence Xin, j-i Xiai.j Xij This is taken care of by the variable Aj. 

We write N; = a; (Aj v By), where A is taken over all j's, 0 <j < pln). 


(i) Formulation of B; When the state of œ; is none of X; j- Xip Xi jae 
then the transition corresponding to oj; |— Cn will not affect X; j+ In this 
case Xai; = Xj 

Denote the ‘tape symbols by Z;, Z» ..., Z, Then X; ji Xj and X; jn 
are the only tape symbols. So we write Bj as 


Bj = Were eV Meg Yoco Vien eA 
Oiz YOM eM Maz) ^ 
Wij Zp Wi NE Be Y MLZ) ^ 
Griz A Sage) Y Oig A Yeliz Yoc yY Cig 2 ^ Yeliz) 
This first line of By says that X;;-ı is one of the tape symbols 
Zis Zo, ..., Z,» The second and third lines are regarding X; ; and X; ;,;. The 


fourth line says that X; and X;;,; are the same and the common value is any 
one of Zp 2. ..., Z,. 

Recall that the head of M never moves to the left of O-cell and does not 
have to move to the right of the p()-cell. So Bj, will not have the first line 
and B; pin will not have the third line. 


(ii) Formulation of Aj;; This step corresponds to the correctness of 
the 2x3 array (see Table 12.3). 


TABLE 12.3 Valid Computation 


| Xj i Xi j+ 
| H j 
| i 


| Xm ja i Xia. j | Xid jea] 
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The expression B; takes care of the case when the state of œ; is not at the 
position X; 1s X;,; or X; ja The Ay corresponds to the case when the state 
of o; is at the position X; In this case we have to assign boolean variables 
to six. positions given in Table 12.3 so that the transition corresponding to 
a; |— O is described by the variables in the box correctly. 

We say that that an assignment of symbols to the six variables in the box 
is valid if 

1. X; is a state but X; 1 and X; ;,; are tape symbols. 
Exactly one of Xia, ji Xi Xak is a state. 
There is a move which explains how (X; z1 Xij Xij) changes to 
(Xiii Ximi, p Xij) M GH Qn 

There are only a finite number of valid assignments and A; is obtained 
by applying OR (that is v) to these valid assignments. A valid assignment 
corresponds to one of the following four cases: 


Case A (p, C, L) e ôq, A) 

Case B (p. C, R) e ôq, A) 

Case C 0; = Gx, (when o; and Œp; contain an accepting state) 

Case D j= 0 and j = pín) 
Case A Let D be some tape symbol of M. Then X; j-:XjXj,j41 = DqA and 
Xizi. Hi Xie, | Ximi j = PDC. This can be expressed by the boolean variable. 


w bo 


i+]. 
Yije D A ijy ^ Vija ^ Yis. j-p A^ YiLjD ^ Viel jee 

Case B As in case A, let D be any tape symbol. In this case X; jaXjXij+ 

= DqA and Xai jaXii, Xij = DCp. The corresponding boolean 

expression is 

Viji D A Vijg A Vija A Yihji D A Yim jpe A Yi+l, j+ p 


Case C In this case X; X;Xi jar = Xii jX Xij 
In this case the same tape symbol say D appears in X; jı and Xai. j-1; some 
other tape symbol say D’ in X; p1 and Xj.1,j41. X;,; and Xj4;,; contain the 
same state. One typical boolean expression is 

YLL Ze A Viha A Migetz A Met jpeg A Yita ^ Viet jel. Z, 
Case D When j = 0. we have only XX; and Xj. 9 Xii. 1 This is a special 
case of Case B. j = p(n) corresponds to a special case of Case A. 


So. A; is defined as the OR of all valid terms obtained in Case A to 
Case D. 


Gi) Deniton N and N Wede Nand by 
Ni = (Ap Vv Bo) A (An y Ba) A... A (Ai pon Y Bip) 


N= No AN ANA. A Noma 
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(iv) Time taken for writing N The time taken to write B; is a constant 
depending on the number |I| of tape symbols. (Actually the number of 
variables in B; is 5|T'|). The time taken to write A; depends only on the 
number of moves of M. As N; is obtained by applying OR to A; ^ Bi 
O0<i<pmn)-1. 0<j<pin)- |, the time taken to write on N; is O(p(n)). 
As N is obtained by applying ^ to No, Ny... -. Noun1- the time taken to write 
N is p(nO(p@)) = O(p"(n)). 


5. Completion of Proof 
Let Epy = SAN A F. 

We have seen that the time taken to write S$ and F are O(p(n)) and the 
time taken for N is O(p7(n)). Hence the time taken to write Ey, ,, is O). 

Also M accepts w if and only if Ew is satisfiable. 

Hence the deterministic multitape TM M, can convert w to a boolean 
expression Ey, in O(p7(n)) time. An equivalent single tape TM takes 
O(p"(n)) time. This proves the Part II of the Cook’s theorem, thus completing 
the proof of this theorem. I 


12.6 OTHER NP-COMPLETE PROBLEMS 


In the last section. we proved the NP-completeness of SAT. Actually it is 

difficult to prove the NP-completeness of any problem. But after getting one 

NP-complete problem such as SAT. we can prove the NP-completeness of 

problem P’ by obtaining a polynomial reduction of SAT to P’. The 

polynomial reduction of SAT to P’ is relatively easy. In this section we give 

a list of NP-complete problems without proving their VP-completeness. Many 

of the NP-complete problems are of practical interest. 

1. CSAT—Given a boolean expression in CNF (conjunctive normal 
form—Definition 1.10). is it satisfiable? 

We can prove that CSAT is NP-complete by proving that CSAT is 
in NP and getting a polynomial reduction from SAT to CSAT. 

. Hamiltonian circuit problem——-Does G have a Hamiltonian circuit (ie. 
a circuit passing through each edge of G exactly once)? 

. Travelling salesman problem (TSP)—-Given n cities, the distance 
between them and a number D, does there exist a tour programme for 
a salesman to visit all the cities exactly once so that the distance 
travelled is at most D? 

4. Vertex cover problem—-Given a graph G and a natural number k, does 
there exist a vertex cover for G with k vertices? (A subsets C of 
vertices of G is a vertex cover for G if each edge of G has an odd 
vertex in C.) 


bo 


ta 
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5. Knapsack problem—Given a set A = {a}, a, ..., a,} of nonnegative 
integers. and an integer K, does there exist a subset B of A such that 
Lb, -K 
bB 7 K 


This list of NP-complete problems can be expanded by having a 
polynomial reduction of known NP-complete problems to the problems which 
are in NP and which are suspected to be NP-complete. 


12.7 USE OF NP-COMPLETENESS 


One practical use in discovering that problem is NP-complete is that it 
prevents us from wasting our time and energy over finding polynomial or easy 
algorithms for that problem. 

Also we may not need the full generality of an NP-complete problem. 
Particular cases may be useful and they may admit polynomial algorithms. 
Also there may exist polynomial algorithms for getting an approximate 
optimal solution to a given NP-complete problem. 

For example. the travelling salesman problem satisfying the triangular 
inequality for distances between cities (i.e. dj S dix + dy for all i, j, k) has 
approximate polynomial algorithm such that the ratio of the error to the 
optimal values of total distance travelled is less than or equal to 1/2. 


12.8 QUANTUM COMPUTATION 


In the earlier sections we discussed the complexity of algorithm and the dead 
end was the open problem P = NP. Also the class of NP-complete problems 
provided us with a class of problems. If we get a polynomial algorithm for 
solving one NP-complete problem we can get a polynomial algorithm for any 
other NP-complete problem. 

In 1982. Richard Feynmann, a Nobel laurate in physics suggested that 
scientists should start thinking of building computers based on the principles 
of quantum mechanics. The subject of physics studies elementary objects and 
simple systems and the study becomes more intersting when things are larger 
and more complicated. Quantum computation and information based on the 
principles of Quantum Mechanics will provide tools to fill up the gulf between 
the small and the relatively complex systems in physics. In this section we 
provide a brief survey of quantum computation and information and its impact 
on complexity theory. 

Quantum mechanics arose in the early 1920s, when classical physics could 
not explain everything even after adding ad hoc hypotheses. The rules of 
quantum mechanics were simple but looked counterintuitive, and even Albert 
Einstein reconciled himself with quantum mechanics only with a pinch of salt. 


Quantum Mechanics is real black magic calculus. 
—A. Einstein 
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12.8.1 QUANTUM COMPUTERS 


We know that a bit (a O or a 1) is the fundamental concept of classical 
computation and information. Also a classical computer is built from an 
electronic circuit containing wires and logical gates. Let us study quantum bits 
and quantum circuits which are analogous to bits and (classical) circuits. 

A quantum bit, or simply qubit can be described mathematically as 

|w) = a0) + p10) 

The qubit can be explained as follows. A classical bit has two states, a O and 
a 1. Two possible states for a qubit are the states |0} and |1). (The notation 
|.) is due to Dirac.) Unlike a classical bit, a qubit can be in infinite number 
of states other than |0} and |1). It can be in a state |y) = a0) + 8/0), where 
œ and ß are complex numbers such that ||? + |B)’ = 1. The 0 and 1 are called 
the computational basis states and |y) is called a superposition. We can call 
lw) = a|0) + B|0) a quantum state. 

In the classical case. we can observe it as a 0 or a 1. But it is not possible 
to determine the quantum state on observation. When we measure/observe a 
qubit, we get either the state |0) with probability |æ} or the state |1) with 
probability |BI°. 

This is difficult to visualize. using our ‘classical thinking’ but this is the 
source of power of the quantum computation. 

Multiple qubits can be defined in a similar way. For example. a two-qubit 
system has four computational basis states, |00}, |01), [10) and |11) and 
quantum states |Y) = Op9|00) + O%}O1) + @%o[10) + Oo [11) with Jogo” + lo 
+ Jono + [onf = 1. 

Now we define the qubit gates. The classical NOT gate interchanges 0 
and 1. In the case of the qubit the NOT gate, @|0) + Bli), is changed to 
a1) + BIO). 

The action of the qubit NOT gate is linear on two-dimensional complex 
vector spaces. So the qubit NOT gate can be described by 


Piol 


0 1l 
The matrix p 1 is a unitary matrix. (A matrix A is unitary if A adjA = Z.) 


We have seen earlier that {NOR} is functionally complete (refer to 
Exercises of Chapter 1). The qubit gate corresponding to NOR is the 
ccntrolled-NOT or CNOT gate. It can be described by 


|A, B) > |A. B® A) 
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where ® denotes addition modulo 2. The action on computational basis is 
|00} — 100). |OL) — 101). [10) — |11). [11) — |10). It can be described by 
the following 4 x 4 unitary matrix: 


0 
1 
0 


pa D © 


FS SON D 


0 0 
Now, we are in a position to define a quantum computer: 


A quantum computer is a system built from quantum circuits, containing 
wires and elementary quantum gates, to carry out manipulation of quantum 
information. 


12.8.2 CHURCH-TURING THESIS 


Since 1970s many techniques for controlling the single quantum systems have 
been developed but with only modest success. But an experimental prototype 
for performing quantum cryptography. even at the initial level may be useful 
for some real-world applications. 

Recall the Church—Turing thesis which asserts that any algorithm that can 
be performed on any computing machine can be performed on a Turing 
machine as well. 

Miniaturization of chips has increased the power of the computer. The 
growth of computer power is now described by Moore's law. which states that 
the computer power will double for constant cost once in every two years. 
Now it is felt that a limit to this doubling power will be reached in two or 
three decades. since the quantum effects will begin to interfere in the 
functioning of electronic devices as they are made smaller and smaller. So 
efforts are on to provide a theory of quantum computation which will 
compensate for the possible failure of the Moore’s law. 

As an algorithm requiring polynomial time was considered as an efficient 
algorithm. a strengthened version of the Church—Turing thesis was enunciated. 

Any algorithmic process can be simulated efficiently by a Turing machine. 
But a challenge to the strong Church—Turing thesis arose from analog 
computation. Certain types of analog computers solved some problems 
efficiently whereas these problems had no efficient solution on a Turing 
machine. But when the presence of noise was taken into account, the power 
of the analog computers disappeared. 

In mid-1970s. Robert Solovay and Volker Strassen gave a randomized 
algorithm for testing the primality of a number. (A deterministic polynomial 
algorithm was given by Manindra Agrawal. Neeraj Kayal and Nitein Saxena 


of HT Kanpur in 2003.) This led to the modification of the Church thesis. 
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Strong Church-Turing Thesis 


Any algorithmic process can be simulated efficiently using a nondeterministic 
Turing machine. 

In 1985, David Deutsch tried to build computing devices using quantum 
mechanics. 


Computers are physical objects, and computations are physical processes. 
What computers can or cannot compute is determined by the law of 
physics alone, and not by pure mathematics 

—David Deutsch 


But it is not known whether Deutsch’s notion of universal quantum 
computer will efficiently simulate any physical process. In 1994, Peter Shor 
proved that finding the prime factors of a composite number and the discrete 
logarithm problem (i.e. finding the positive value of s such that b = a* for the 
given positive integers a and b) could be solved efficiently by a quantum 
computer. This may be a pointer to proving that quantum computers are more 
efficient than Turing machines (and classical computers). 


12.8.3 POWER OF QUANTUM COMPUTATION 


In classical complexity theory, the classes P and NP play a major role, but 
there are other classes of interest. Some of them are given below: 


L—tThe class of all decision problems which may be decided by a TM 
running in logarithmic space. 


PSPACE — The class of decision problems which may be decided on a Turing 
machine using a polynomial number of working bits, with no limitation on the 
amount of time that may be used by the machine. 


EXP — The class of all decision problems which may be decided by a TM in 
exponential time, that is, o(2”"), k being a constant. 


The hierarchy of these classes is given by 
L c P ca NP c PSPACE c EXP 


The inclusions are strongly believed to be strict but none of them has been 
proved so far in classical complexity theory. 
We also have two more classes. 


BPP—The class of problems that can be solved using the randomized 
algorithm in polynomial time, if a bounded probability of error (say 1/10) is 
allowed in the solution of the problem. 


BOP—The class of all computational problems which can be solved 
efticiently (in polynomial time) on a quantum computer where a bounded 
probability of error is allowed. It is easy to see that BPP c BQP. The class 
BQP lies somewhere between P and PSPACE., but where exactly it lies with 
respect to P, NP and PSPACE is not known. 
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It is easy to give non-constructive proofs that many problems are in EXP, 
but it seems very hard to prove that a particular class of problems is in EXP 
(the possibility of a polynomial algorithm of these problems cannot be ruled 
out). 

As far as quantum computation is concerned. two important classes are 
considered. One is BQP. which is analogous to BPP. The other is NPI 
(NP intermediate) defined by 


NPI — The class of problems which are neither in P nor NP-complete 


Once again. no problem is shown to be in NPI. In that case P # NP is 
established. 

Two problems are likely to be in NPE, one being the factoring problem 
(i.e. given a composite number 7 to find its prime factors) and the other being 
the graph isomorphism problems (i.e. to find whether the given undirected 
graphs with the same set of vertices are isomorphic). 

A quantum algorithm for factoring has been discovered. Peter Shor 
announced a quantum order-finding algorithm and proved that factoring could 
be reduced to order-finding. This has motivated a search for a fast quantum 
algorithm for other problems suspected to be in NPI. 

Grover developed an algorithm called the quantum search algorithm. A 
loose formulation of this means that a quantum computer can search a 
particular item in a list of N items in OWN ) time and no further improvement 
is possible. If it were O(log N). then a quantum computer can solve an NP- 
complete problem in an efficient way. Based on this, some researchers feel that 
the class BQP cannot contain the class of NP-complete problems. 

If it is possible to find some structure in the class of NP-complete 
problems then a more efficient algorithm may become possible. This may 
result in finding efficient algorithms for NP-complete problems. If it is 
possible to prove that quantum computers are strictly more powerful than 
classical computers. then it will follow that P is properly contained in 
PSPACE. Once again. there is no proof so far for P c PSPACE. 


12.8.4 CONCLUSION 


Deutsch proposed the first blueprint of a quantum computer. As a single qubit 
can store two states 0 and 1 in quantum superposition, adding more qubits to 
the memory register will increase the storage capacity exponentially. When 
this happens. exponential complexity will reduce to polynomial complexity. 
Peter Shor’s algorithm led to the hope that quantum computer may work 
efficiently on problems of exponential complexity. 

But problems arise at the implementation stage. When more interacting 
qubits are involved in a circuit, the surrounding environment is affected by 
those interactions. It is difficult to prevent them. Also quantum computation 
will spread outside the computational unit and will irreversibly dissipate useful 
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information to the environment. This process is called decoherence. The 
problem is to make qubits interact with themselves but not with the 
environment. Some physicists are pessimistic and conclude that the efforts 
cannot go beyond a few simple experiments involving only a few qubits. 

But some researchers are optimistic and believe that efforts to control 
decoherence will bear fruit in a few years rather than decades. 

It remains a fact that optimism, however overstretched, makes things 
happen. The proof of Fermat's last theorem and the four colour problem are 
examples of these. Thomas Watson, the Chairman of IBM. predicted in 1943, 
“I think there is a world market for maybe five computers”. But the growth 
of computers has very much surpassed his prediction. 

Charles Babbage (1791-1871) conceived of most of the essential elements 
of a modem computer in his analytical engine. But there was not sufficient 
technology available to implement his ideas. In 1930s, Alan Turing and 
John von Neumann thought of a theoretical model. These developments in 
‘Software’ were matched by ‘Hardware’ support. resulting in the first 
computer in the early 1950s. Then. the microprocessors in 1970s led to the 
design of smaller computers with more capacity and memory. 

But computer scientists realized that hardware development will improve 
the power of a computer only by a multiplicative constant factor. The study 
of P and NP led to developing approximate polynomial algorithms to 
NP-complete problems. Once again the importance of software arose. Now the 
quantum computers may provide the impetus to the development of computers 
from the hardware side. 

The problem of developing quantum computers seems to be very hard but 
the history of sciences indicates that quantum computers may rule the universe 
in a few decades. 


12.9 SUPPLEMENTARY EXAMPLES 


EXAMPLE 12.4 


Suppose that there is an NP-complete problem P that has a deterministic 
solution taking O(7'°2") time (here log n denotes log» n). What can you say 
about the running time of any other NP-complete problem Q? 


Solution 


As Q € NP, there exists a polynomial p(m) such that the time for reduction 
of Q to P is atmost p(n). So the running time for Q is O(p(n) + p(n)". 
As p(n)?" dominates p(n), we can omit p(n) in p(n) + p(n) e r™, If the 
degree of p(n) is k, then p(n) = O(n‘), So we can replace p(n) by n. So 
PPE = O(n 2") = O(n !2"), Hence the running time of Q is O'S" 
for some constant c. 
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EXAMPLE 12.5 


Show that P is closed under (a) union, (b) concatenation, and (c) comple- 
mentation. 


Solution 


Let L; and L, be two languages in P. Let w be an input of length n. 


(a) To test whether w € L, U Ly, we test whether w € L,. This takes 
polynomial time p(n). If w € Lj, test another w e La. This takes 
polynomial time q(n). The total time taken for testing whether 
w€ Li U Ly is p(n) + qn), which is also a polynomial in n. Hence 
L,U Li € P. 

(b) Let w = xixa... Xp For each k, 1 < k < n- 1, test whether x,x1.... Xg 
€ Ly and Xyp -o X, € La. If this happens, w € LLa. If the test 
fails for all k, w € LiL». The time taken for this test for a particular 
kis p(n) + q(n), where p(n) and g(n) are polynomials in n. Hence the 
total time for testing for all k’s is at most n times the polynomial 
pat) + gn). As n(pn) + gin) is a polynomial, LiL e P. 

(c) Let M be the polynomial time TM for L,;. We construct a new TM 
M, as follows: 

1. Each accepting state of M is a nonaccepting state of M, from 
which there are no further moves. So if M accepts w, M, on 
reading w will hal without accepting. 

. Let qp be a new state. which is the accepting state of M,. If 
6(q, a) is not defined in M, define ôy (q, a) = (gp a, R). So, 
w ¢ L if and only if M accepts w and halts. Also M, is a 
polynomial-time TM. Hence L, e P. 


EXAMPLE 12.6 


Show that every language accepted by a standard TM M is also accepted by 
a TM M, with the following conditions: 


WwW 


1. M,’s head never moves to the left of its initial position. 
2. M, will never write a blank. 


Solution 


It is easy to implement Condition 2 on the new machine. For the new TM, 
create a new blank b’. If the blank is written by M, the new Turing machine 
writes b’. The move of this new TM on seeing b’ is the same as the move of 
M for b. The new TM satisfies the Condition 2. Denote the modified TM by 
M itself. Define the modified M by 

M = (Q, Z T, 6 qz b, F) 
Define a new TM M, as 


M; = (QO). 2 x {b} Ti ô, do; [b, b], F) 
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where 


Qi = {qo qi} V (Q x {U. L} 
N=@xlv {kr be T} 


qo and q; are used to initiate the initial move of M. The two-way infinite tape 
of M is divided into two tracks as in Table 12.4. Here * is the marker for the 
leftmost cell of the lower track. The state |q, UJ denotes that M, simulates M 
on the upper track. [q, L] dentoes that M, simulates M on the lower track. If 
M moves to the left of the cell with *, Mı moves to the right of the lower 


track. 
TABLE 12.4 Folded Two-way Tape 
| | 
Xo | Xı | X2 l 
| | 
j | xX | Xe | Xs | | 


We can define F; of M, by 


F, = Fx {U, L} 


We can describe 6 as follows: 


l. 


ô(qo la, b]) = (qi [a =]. R) 
O(q;. [X, bD = Ugo. Ul, [X. b} L) 


By Rule 1, M, marks the leftmost cell in the lower track with * and 
initiates the initial move of M. 

If d(g, X) = (p, Y, D) and Z e T. then: 

Gi) ôg UL [X Z) = (p, U} [¥, Z], D) and 

(ii) O({g L, [Z X) = (p, 4, [Z Y, D) 

where D =Lif D=Rand D =Rif D=L. 

By Rule 2. M, simulates the moves of M on the appropriate track. In 
(1) the action is on the upper track and Z on the lower track is not 
changed. In (it) the action is on the lower track and hence the 
movement is in the opposite direction D ; the symbol in the upper 
track is not changed. 


. If &(g. X) = (p. Y. R) then 


Oi([g. L]. [X. +D = ôg, Ul. [X. D = (fp. UL [Y, +], R) 


When M, see » in the lower track, M moves right and simulates M 
on the upper track. 


. If &(g. X) = (p. Y. L), then 


&(lg L), [X D) = ål; U, [X +) = (ip. L]. OY. +]. R) 


When M, sees » in the lower track and M’s movement is to the left 
of the cell of the two-way tape corresponding to the » cell in the 
lower track. the M's movement is to X_; and the M;’s movement is 
also to X_, but towards the right. As the tape of M is folded on the 
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cell with +. the movement of M to the left of the + cell is equivalent 
to the movement of M, to the right. 

M reaches g in F if and only if M, reaches [q. L] or [g, R]. Hence 
TM) = KM,). 


EXAMPLE 12.7 


We can define the 2SAT problem as the satisfiability problem for boolean 
expressions written as A of clauses having two or fewer variables. Show that 
2SAT is in P. 


Solution 


Let the boolean expression E be an instance of the 2SAT problem having n 
variables. 


Step 1 Let £E have clauses consisting of a single variable (x; or x). If (x) 
appears as a clause in Æ, then x; has to be assigned the truth value T in order 
to make E satisfiable. Assign the truth value T to x; Once x; has the truth value 
T, then (x; v x;) has the truth value T irrespective of the truth value of x; (Note 
that x; can also be xp) So (x; v x) or (x; V ¥;) can be deleted from E. If 
E contains (x; v x;) as a clause, then x; should be assigned the truth value T 
in order to make E satisfiable. Hence we replace (x; v x) by xj in E so that 
x; should be assigned the truth value T is order to make E satisfiable. Hence 
we replace (x; v x) by x; in E so that x; can be assigned the truth value T 
later. If we repeat this process of eliminating clauses with a single variable (or 
its negation). we end up in two cases. 


Case 1 We end up with (x) a (xp. In this case E is not satisfiable for any 
assignment of truth values. We stop. 


Case 2 In this case all clauses of E have two variables. (A typical clause is 
xX; Vo xX; OF X; V Xi) 


Step 2 We have the apply step 2 only in Case 2 of step 1. We have already 
assigned truth values for variables not appearing in the reduced expression E. 
Choose one of the remaining variables appearing in E. If we have chosen x, 
assign the truth value T to x, Delete x; v x; or x; v x, from E. If x, v x 
appears in E, delete x; to get (x;). Repeat step 1 for clauses consisting of a 
single variable. If Case 1 occurs. assign the truth value F for x; and proceed 
with E that we had before applying step 1. 

Proceeding with these iterations, we end up either in unsatisfiability of E 
or satisfiability of £E. 

Step 2 consists of repetition of step 1 at most n times and step 1 requires 
O(n) basic steps. 
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Let n be the number of clauses in E. Step 1 consists of deleting (x; v x;) 
from Æ or deleting x; from (x; v xj). This is done at most n times for each 
clause. In step 2. step 1 is applied at most two times, one for x; and the second 
for x; As the number of variables appearing in E is less than or equal to n, 
we delete (x; v x) or delete x; from (x; v x) at most O(n) times while 
applying steps 1 and 2 repeatedly. Hence 2SAT is in P. 


SELF-TEST 


Choose the correct answer to Questions 1-7: 


1. If f0) = 2n? + 3 and g(n) = 1000074? + 1000, then: 
(a) the growth rate of g is greater than that of f. 
(b) the growth rate of fis greater than that of g. 
(c) the growth rate of f is equal to that of g. 

(d) none of these. 


2. If fi) = n° + 4n + 7 and g(n) = 1000n7 + 10000. then f(n) + g0) is 
(a) O(n) 
(b) Oln) 
(c) OO) 
(d) O(n) 


3. If f(n) = O(n) and gin) = O(), then f(n)g(n) is 
(a) max{k, 1} 
b) k+l 
(c) kl 
(d) none of these. 
4. The ged of (1024. 28) is 
(a) 2 
(b) 4 
(c) 7 
(d) 14 


. 110.77 + 19.97 is equal to 
(a) 19 
(b) 20 
(c) 18 
(d) none of these. 


a 


6. log.1024 is equal to 
(a) 8 
(b) 9 
(c) 10 
(d) none of these. 
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7. 


The truth value of fx. v, D3 = GV ay) A (Ax Vy) Acis Tifx yz 
have the truth values 

(a) T. T, T 

(b) F, F. F 

(c) T, F, F 

(d F, T. F 


State whether the following Statements 8-15 are true or false. 


8. 


If the truth values of x, y. z are T. F, F respectively. then the truth value 
of fix. vy. s) = x A AQ yv is T. 


. The complexity of a k-tape TM and an equivalent standard TM are the 


same. 


. If the time complexity of a standard TM is polynomial, then the time 


complexity of an equivalent k-tape TM is exponential. 


. If the time complexity of a standard TM is polynomial. then the time 


complexity of an equivalent NTM is exponential. 


TOSS) BV PVD) ALEK Saas satisfiable. 
» f(x v2) = VV) A (Ax A 71) is satisfiable. 
. If f and g are satisfiable expressions, then f v g is satisfiable. 


. If fand g are satisfiable expressions. then f A g is satisfiable. 


EXERCISES 


If fax) = O(n’) and gin) = O(n’), then show that fiz) + g(r) = O(n’) 
where t = max{k, /} and f(@m)g(n) = own"), 


Evaluate the growth rates of (i) fim) = Y7, Gi) g(n) = 10n? + 7n log n + 
log n. Git) h(n) = m logn + 2nlogn + 7n + 3 and compare them. 


Use the O-notation to estimate (i) the sum of squares of first n natural _ 
numbers. (ii) the sum of cubes of first n natural numbers, (iii) the sum 

of the first n terms of a geometric progression whose first term is a and 

the common ratio is r, and (iv) the sum of the first n terms of the 

arithmetic progression whose first term is a and the common difference 

is d. 


Show that f(n) = 377 logan + 4n logan + 5 logy logan + logn + 100 
dominates n? but is dominated by n°. 


5 Find the gcd (294. 15) using the Euclid’s algorithm. 


Show that there are five truth assignments for (P, Q, R) satisfying 
Pv (APATRQ AR). 
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12.7 Find whether (P a Q a R) A AQ is satisfiable. 


12.8 Is fx y w) = &V¥V oD A (XV V2) satisfiable? 


12.9 The set of all languages whose complements are in NP is called 
CO-NP. Prove that NP = CO-NP if and only if there is some 
NP-complete problem whose complement is in NP. 


12.10 Prove that a boolean expression E is a tautology if and only if — E is 
unsatisfiable (refer to Chapter 1 for the definition of tautology). 


| Answers to Self-Tests 


Chapter 1 
1. (d) 2. (a) 3. (c) 4. (œ) 
5. (b) 6. F 7T FET FFT T 8 T 

Chapter 2 
1. (b) 2. (c) 3. (a) 4. (b) 
5. (c) 6. (b) 7. (œ) 8. (d) 
9. (d) 10. (d) 

Chapter 3 
1. (d) 2. (a) 3. (d) 4. (a) 
5. (d) 6. T 7. E 8. T 
9, T 10. F il. T 12. T 
13. £F 14. T 15. F 

Chapter 4 
1. (b) 2. (d) 3. (c) 4. (a) 
5. (b) 6. (a) 7. (d) 8. (a) 
9. (a) 10. (b) Il. (c) 12. (b) 
13. F 14. T 15. F 16. T 
17. F 18. T 19. F 20. F 

Chapter 5 
1. (a) 2. (d) 3. (a) 4. (d) 
5. (a) 6. (d) 7. (b) 8. (b) 
9, (d) 10. (a) ll. F 12. F 
13. F 14. T 15. F 16. T 
17. F 
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Chapter 6 
J. (a) A (b) Yes (c) Yes 
(e) Lables for nodes 1-14 are A, b, A, A, A, b, a, a, A, A, b, A, 
a, da. 
2. (a) F b) T (c) T (d) F 
(e) T 
3. (a) T b T (c) T (d) F 
(e) F © T (e) F (hy 7 
Chapter 7 
1. (a) 2. (b) 3. (® 4. (a) 
5. (c) 6. (a) 7. input string to S 
8. looking ahead by one symbol 
9. (qs A. œ) for some gp e F and & € T* 
10. (q, a, A) for some state q. 
Chapter 8 
1. (c) 2. (a) 3. (a) 4. (œ) 
5. (b) 
Chapter 9 
1. (d) 2. (b) 3. (a) 4. (d) 
5. (a) 6. (c) 7. (b) 8. (d) 
9. (b) 10. (b) 
Chapter 11 
1. (a) 2. (œ) 3. (a) 4. (b) 
5. (b) 6. (a) 7. (c) 8. (d) 
9. (a) 10. (b) 11. T 12. T 
13. F 14. T 15. T 
Chapter 12 
1. (b) 2 (c) 3. (b) 4. (b) 


5. (a) 6. (c) 7. (a) 8. T 


Solutions (or Hints) to 
Chapter-end Exercises 


Chapter 1 
1.1 All the sentences except (g) are propositions. 
1.2 Let L, E, and G denote a < b, a = b and a > b respectively. Then 
the sentence can be written as 
(EAR Gan DVIGA Esna DLAs EASO). 


1.3 (i) David gets a first class or he does not get a first class. Using the 
truth table given in Table Al.1,V is associative since the columns 
corresponding to (PV Q) V R and PV (Q V R) coincide. 


TABLE A1.1 Truth Table for Exercise 1.3 


D 
| 
au 


PV @Q Q7 (PV Q)VR PY 


=~ 


nanan oO 
<I 
a 


nnns] V 
nny nnyo 
TNA DATA 
TAAAAA TT 
AMA TAANAAT 
aA TDA TTY 


The commutative and distributive properties of Exclusive OR can be 
proved similarly. 


1.4 Using v and ~, all other connectives can be described. P ~ Q and 
P = Q can be expressed as — (~ P v — Q) and — P v Q respectively. 
15 =~P=PTP 
PraQz=(PTOT PTA) 
Pv Q=(PÎ P)? (QTQ) 
Verify these three equations using the truth tables. 
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16 =~P=PJlP 
PvQz=(Pl1QOLPLO 
PaQg=(PLPYLOLOA 

1.7 (a) The truth table is given in Table A1.2. 


TABLE A1.2 Truth Table for Exercise 1.7(a) 


P QA R PvQ PvR RvQ PvR»RvVQ PvyQ@>((PVR) => (Rv Q)) 
T T T T T T T T 
T T F T T T T T 
T F T T T T T T 
TF F T T F F F 
Po. ih EE T T T T T 
FT F T F T T T 
EE oT F T T T T 
FOF F F F F T T 
1.8 (a) ~P (AP A Q) == (a P) Vv (AP A Q) by I 
=Pv(AP AQ) by J; 
=(Pv AP)A (PV Q) by 4 
=Ta(PvQ) by Ig 
=PvQ by Io 
=P => (AP => (AP A Q)) = a(n P) v (P Vv Q) by I> 
=Pv(PvQ) by h 
=PvQ by J; and A 


1.9 We prove /; and lę using the truth table. 
TABLE A1.3 Truth Table for Exercise 1.9 


P,Q -P =Q Pv(PaQ) A(P AQ) -Pvg 


L i e a a VU 
nanjo 
nnn 
unn 
i Sa oe SAR 
a~447 


ee a 
nna 


P v (P a Q) = P since the columns corresponding to P and 
P v (P a Q) are identical; ~ (P A Q) = ~P v ~Q is true since the 
columns corresponding to 4(P ^a Q) and =P v ~Q are identical. 


1.11 We construct the truth table for (P > ~ P) > ~P. 


TABLE A14.4 Truth Table for Exercise 1.11 


P aP P= AP (P = =P) => AP 
T: F F T 
F T T T 


As the column corresponding to (P => =P) > ~P has T for all 
combinations, (P = =P) > —P is a tautology. 
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1.12 


1.13 


1.14 


PraAPD>ADEZPAAPVAOQF=(PATP)V(PAAQE 
Fv (PAAQ=PARAQ0 


So (Pa (P >~ 0) v (QS AQ = (PAADVAAVAD= 
(PA AQ) v AQ = ag. Hence 


(P a (P =~) v (0 =~) = AQ (490 => 739) =73(79) 
VaAaQ=QviAQ@=T 

a=(QA5RA 7S) v (Ra S) 

= (Qnn Rany RASA Ov (RAS A AQ) 
(QATRAASV(QARASVAQCARAS) 


Let the literals be P, Q, R. Then 
œ= 110 v 100 v 010 v 000 

=(PAQaAAR)V (PaaAQ@ a -R)) v (010 v 000) 
Panay (APAQAAR)V (AP ATAQAHAR)) 
(P A = R) v (aP A = R) 
=R 
(a) The given premises are: (i) P = Q, Gli) R = ~Q. To derive 
P =~ R, we assume (iii) P as an additional premise and deduce ~ R. 
1. P Premise (iii) 


momo N 


2 Ps Q Premise (1) 

3. Q RI; 

4. =(AQ) L 

5.R => -0 Premise (ii) 
6. AR RI; 

7.P> AR Lines 1 and 6 


Hence the argument is valid. 

(b) Valid 

(c) Let the given premises be (i) P, (ii) Q, (iii) ~Q = R, 
(iv) Q = AR. Then 

1. Q Premise (ii) 

2. ~R Premise (iv) 

Hence the given argument is valid. 

(d) Let the given premises be (i) $, (ii) P, GD P > QAR, 
(iv) OQ v S = T. Then 


1. P Premise (ii) 
2 OAR Premise (iti) 
3. Q RI, 
4,.0vS8S RI; 
5. 7 Premise (iv) 


Hence the argument is valid. Note that in (c) and (d) the conclusions 
are obtained without using some of the given premises. 
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1.16 


1.17 


1.18 
1.19 


1.20 
1.21 


1.22 


We name the propositions in the following way: 
R denotes ‘Ram is clever’. 

P denotes ‘Prem is well-behaved’. 

J denotes ‘Joe is good’. 

S denotes ‘Sam is bad’. 

L denotes “Lal is educated’. 

The given premises are (i) R = P, (ii) J > S A aP, Gi) L = 

J v R. We have to derive L a =P = S. Assume (iv) L A ~P as an 
additional premise. 


1.LA—-4P Premise (iv) 

2. L RI, 

3. =P RI; 

4. JvR Premise (iii) 

5. R =P Premise (i) 

6. AR Line 3, Premise (i) and RI; 
Taed Lines 5 and 4 and Ri, 

8. S A =P Premise (ii) 

9. 5 RI, 


Hence, LA AP > S. 


The candidate should be a graduate and know Visual Basic, JAVA and 
C++. 

{5, 6, 7, ...}. 

Let the universe of discourse be the set of all complex numbers. Let 
P(x) denote ‘x is a root of £ + at + b = 0’. Let a and b be nonzero 
real numbers and b ¥ 1. Let P(x) denote ‘x is a root of Ê + at + b 
= 0’. Let Q(x) denote ‘x is a root of br + at + 1 = 0’. If x is a root 
of f + at + b = 0 then Ix is a root of br + at + l= 0. But x is a 
root of t? + at + b = 0 as well as that of bP + at + 1 = 0 only when 
x = +1. This is not possible since b # 1. So, 3x (P@œ@ > Q(x) © 
(Ax P(x) => Ax Q(x)) is not valid. 

Similar to Example 1.22. 


Let the universe of discourse be the set of all persons. Let P(x) denote 
‘x is a philosopher’. Let Q(x) denote ‘x is not money-minded’. Let 
R(x) denote ‘x is not clever’. Then the given sentence is 

(Vx (P@) = Q(x))) A x= OG) A RQ) = (Ax Pe) A RO) 
1. ~o A Re) Rha 


2. = Q(c) RI, 
3.4 P(c) RI; 
4. R(c) Line I and RI; 


5. ~Q) A R(c) Lines 2 and 4 
Hence the given sentence is true. 
Similar to Exercise 1.21. 
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Chapter 2 


2.1 


2.2 


2.3 


2.4 


2.5 


2.6 


2.7 


2.8 


2.9 


2.11 


(a) The set of all strings in {a, b, c}*. 

(b) Ao B = {b}. Hence (A A B)* = {b"|n 2 0}. 

(c) The set of all strings in {a, b, c}* which are in {a, b}* or in 
{b, c}*. 

(d) A* A B* = {b"|n 2 0}. 

(e) A -B = {a}. Hence (A — B)* = {a'|n = 0}. 

(f) (B - A)* = {|n 2 0}. 


(a) Yes 

(b) Yes 

(c) Yes. The identity element is A. 

(d) o is not commutative since x o y # y o x when x = ab and 
y = ba; in this case x o y = abba and y o x = baab. 

(a) o is commutative and associative. (b) Ø is the identity element 

with respect to o. (c) A U B =A U C does not imply that B = C. 

For example, take A = {a, b}, B = {b, c} and C = {c}. Then A U 

B=AU C= {a, b, c}. Obviously, B # C. 

(a) True. 1 is the identity element. 

(b) False. 0 does not have an inverse. 

(c) True. O is the identity element. 

(d) True. ø is the identity element. The inverse of A is A°. 

(c) Obviously, mRm. If mRn, then m — n = 3a. So, n — m = 3(-a). 
Hence nRm. If mRn and nRp, then m -n = 3a and n — p = 3b. 
m -p = 3(a + b), ie. mRp. 

(a) R is not reflexive. 

(b) R is neither reflexive nor transitive. 

(c) R is not symmetric since 2R4, whereas 4R’2. 

(d) R is not reflexive since 1R’] (1 + 1 ¥ 10). 

An equivalence class is the set of all strings of the same length. There 

is an equivalence class corresponding to each non-negative number. 

For a non-negative number n, the corresponding equivalence class is 

the set of all strings of length n. 

R is not an equivalence relation since it is not symmetric, for example, 

abRaba, whereas abaR’ab. 


R = {(1, 2), (2, 3), (1, 4), (4, 2), G, 9} 

R- = {(1, 3), (2, 4, (1, 2). (4, 3), G, D} 

R? = {(1, 4), (2, 2), (1, 3), (4, 4), (3. 3)} 

Rt = {(1, 2), (2, 3), (1, 4), @ 2), 3, O} =R 
Hence 

Ré=RURUR 

R* = Rt o {(, 2} 


Rt = R* = R, Since R? = R (an equivalence relation is transitive). 
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2.12 


2.14 
2.15 


2.16 


2.17 


Suppose f(x) = f(y). Then ax = ay. So, x = y. Therefore, f is one-one. 


fis not onto as any string with b as the first symbol cannot be written 


as f(x) for any x € {a, b}*. 
(a) Tree given in Fig. 2.9. 
(a) Yes. 
(b) 4. 5. 6 and & 
(c) 1, 2, 3 and 7 
(d) 3 (The longest path is 1 > 3 > 7 > 8) 
(e) 4-5-6-8 
(f) 2 
(g) 6 and 7 
Form a graph G whose vertices are persons. There is an edge 
connecting A and B if A knows B. Apply Theorem 2.3 to graph G. 
Proof is by induction on |X]. When |X| = 1. X is a singleton. Then 
2* = {øØ. X}. There is basis for induction. Assume \2*| = 2*| when 
X has n — 1 ‘elements. Let Y = {ai an .... Qn} 
Y=X vu {a}, where X = {a,. ao, .... Ami} Then X has n - 1 
elements. As X has n — 1 elements. |2*| = 2"! by induction hypothesis. 
Take any subset Y, of Y. Either Y, is a subset of X or Yı — {an} 
is a subset of X. So each subset of Y gives rise to two subsets of X. 
Thus. |2] = 2|2*|. But |2*| = 2”. Hence |2"| = 2'", By induction the 
result is true for all sets X. 
id + Dd + 2) 
6 


induction. Assume the result for n — 1. Then 


(a) When n = 1. F = = 1. Thus there is basis for 


> koe > ko tn 
kel k=} 
(n = Dn- 1+ Dna -1 


= A +n [by induction hypothesis] 


=n ent on simplification. 
Thus the result is true for n. 
(c) When n = 2, 10°" — 1 = 9999 which is divisible by 11. Thus 
there is basis for induction. Assume 10°") — 1 is divisible by 11. 
Then, 10°" — 1 = 10710777} — 1 = 1010- P — 1] + 10° - 1. As 
107"! — | and 10° - 1 are divisible by 11, 10°" — 1 is divisible by 
11. Thus the result is true for n. 
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2.19 


2.20 


2.21 


2.22 


2.23 


(b) 2° > 2 [Basis for induction]. Assume 2”~! >n — 1 for n > 2. 
Then, 2" = 2.277! > 2m — 1), ie. 2° >n +n -— 2 >n (since 
n > 2). The result is true for n. By the principle of induction, the 
result is true for all n > 1. 


(a) When n = 1, Fa + 1) = FG) = F(1) + F(2) = F(0) + F(2). So, 


I 
FQn + 1) = 2 Fk). 
k=0 


Thus there is basis for induction. Assume 
n-l 
FQn - 1)= >) FQK) [by induction hypothesis] 
k=0 
Fn + 1) = F(2n — 1) + F(2Qn) [by definition] 
By induction hypothesis, 


n=l 


F(2n + 1) => F(2k) + F(2n) = D F(2k) 


k=0 k=0 
So the result is true for n. 


In a simple graph, any edge connects two distinct nodes. The 
number of ways of choosing two nodes out of n given nodes is 


"Cy = a. So the maximum number of edges in a simple graph 


nín-— l) 


1S a 


We prove by induction on |w|. When w = A, we have abA = Aab. 
Clearly, |A| = 0, which is even. Thus there is basis for induction. 
Assume the result for all w with |w| < n. Let w be of length n and 
abw = wab. As abw = wab, w = abw, for some w in {a, b}*. So 
ababw, = abw,ab and hence abw; = w,ab. By induction hypothesis, 
|wi} is even. As |w| = |w,] + 2, |w] is also even. Hence by the principle 
of induction, the result is true for all w. 

Let P(n) be the ‘open the nth envelope’. As the person opens the first 
envelope, P(1) is true. Assume P(n — 1) is true. Then the person 
follows the instruction contained therein. So the nth envelope is 
opened, i.e. P(n) is true. By induction, P(n) is true for all n. 


Cnapter 3 


3.1 
3.2 


101101 and 000000 are accepted by M. 11111 is not accepted by M. 
{Go. q1; q4}. Now, ôlqo, 010) = {qo. q3} and so 010 is not accepted 
by M. 
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3.3 Both the strings are not accepted by M. 

3.4 As d(q;, a) = (gq), a), R is reflexive. Obviously it is symmetric. 
If q,Rq2, then (qi. a) = d(q>, a). 
If goRq3 then lq, a) = lqz, a). Thus 6(g;, a) = lqz, a), implying 
that q,Rq3. So R is an equivalence relation. 

3.5 The state table of NDFA accepting {ab, ba} is defined by Table A3.1. 


TABLE A3.1 State Table for Exercise 3.5 


State/z a b 
Yo qı q2 
q 93 
qo 93 


The state table of the corresponding DFA is defined by Table A3.2. 


TABLE A3.2 State Table of DFA for Exercise 3.5 


Stafe/z a b 
[qo] iq] [q2] 
[g4] () [g3] 
[gz] [g3] 9 

9 9 
i) 6 ) 


3.6 The NDFA accepting the given set of strings is described by 
Fig. A3.1. The corresponding state table is defined by Table A3.3. 


Fig. A3.1 NDFA for Exercise 3.6. 


TABLE A3.3 State Table for Exercise 3.6 


State/Z a b 
qo qo: qı Qo 
qı Qo 
q2 03 
93 


The DFA accepting the given set is defined by Table A3.4. 
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TABLE A3.4 State Table of DFA for Exercise 3.6 


State/Z a b 
[go] igo q] [q] 
[go 94] [qo 4] [go Gel 
[go qa] [go 91. q3] [qo] 
[qo 91, 9s] [do q] [go q2] 


3.7 The state table for the required DFA is defined by Table A3.5. 


TABLE A3.5 State Table for Exercise 3.7 


State 0 1 2 
[qo] [91 qal [ga] [q2. Gs] 
[94] i) 9 ð 

[91, qal 9 [4] 9 

[q2, q3] 9 [g4] [q2 q3] 
( f 9 (o 


3.9 The state table for the required DFA is defined by Table A3.6. 


TABLE A3.6 State Table for Exercise 3.9 


State 0 1 
[q1] (92. 93] [9] 
[g2 Qs] [q q2] [q q2] 
(91; 2] [q 92, q3] [q4] 
[q G2, q3] [qi q2 q3] [91, qal 


3.10 The required transition system is given in Fig. A3.2. Let È denote 
{a, b, c, ..., z}. » denotes any symbol in ÈX — {c, r}. ** denotes any 
symbol in È — {c, a, r}. *** denotes any symbol in È. 


Fig. A3.2 Transition system for Exercise 3.10 


3.11 The corresponding Mealy machine is defined by Table A3.7. 
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TABLE A3.7 Mealy Machine of Exercise 3.11 


Present state Next state 
a=0 a= 
state output state output 
Go q 0 q2 1 
qı q3 1 q2 1 
qa q2 1 qı 0 
q do 1 qz 1 


3.12 qis associated with 1 and qə is associated with O and 1. Similarly, q3 
is associated with O and 1, whereas q4 is associated with 1. The state 
table with new states qi, G29, G21. G30. G31 and gy is defined by Table A3.8. 


TABLE A3.8 State Table for Exercise 3.12 


Present state Next state 
a=0 a=1 
State output State output 
qı qı 0 Geo 0 
q20 qa 1 q4 1 
ai q4 1 qa 1 
30 qa 1 q31 1 
q31 day 1 q31 1 
qa G30 0 qı 1 
The revised state table is defined by Table A3.9. 
TABLE A3.9 Revised State Table for Exercise 3.12 
Present state Next state 
a=0 a=1 output 
“> qo qı d20 0 
qı q G20 1 
G20 G4 Qa 0 
q21 qa Qa 1 
q30 qz q31 0 
31 Yat gz 1 
ga G30 qı 1 


3.13 The Mealy machine is described by Fig. 


qo 


0, Even 0, Odd 
1, Odd = 
ia) 
1, Even 


A3.3. 


Fig. A3.3 Mealy machine of Exercise 3.13. 
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3.14 7's are given below: 


3.16 


To = {dgs} {go qo q> q3 qa Ist} 

ilge}, {do qo 92 qz Ist. {aah} 

m = {{d6}. {qah {qo qo 93}. {92 ash} 

k {das} {4a} igoh dah {a3}. {42 ash} 

T, = {tdo}, tga}, {4o}, {qib {a3}. (a). lash} 

Here m = Q. The minimum state automaton is simply the given 
automaton. 


a 
Hol 


3 
Il 
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4.2 


(a) S S O'S1" > O'O"AL" 1", n 2 0, m21. 
A Š I s 1, £20. 
01” e L(G) when n > m 2 1. So L(G) = {01:n > m 2 1} 
(b) L(G) = {0"1"| m + n and at least one of m and n 2 1}. Clearly, 
0” e L(G) and 1" € L(G), where m, n 2 1. 
For m > n, S Š O'S1" = O"0A1" 5 0%00”"-!1” = 0”1”, Thus 
0”1” e UG). 
(c) L(G) = {0"1"0"|n = 1}. The proof is similar to that of 
Example 4.10. 
(d) L(G) = {O"L"0"1" |m, n 2 1}. 
For m, n = 1, 
S S OST = TOAL s OPA YT? = OPO L? 
So, 
{071"0"1" | m, n 2 1} c L(G). 
It is easy to prove the other inclusion. 
(e) L(G) = {x e {0, 1}*|x does not contain two consecutive 0's} 
(a) G = ({S, A, B}, {0. 1}, P, S), where P consists of S — OB | 1A, 
A => 0|0S| IAA, B > 1 |15] OBB. 
Prove by induction on |w], w e E*, that 
(i) SS wif and only if w consists of an equal number of 0’s and 1’s 
(ii) A = w if and only if w has one more O than it has i’s. 
Gii) B 5 w if and only if w has one more 1 than it has O's. 
A = 0, B = 1 and S does not derive any terminal string of length one. 
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Thus there is basis for induction. Assume (i), (ii) and (iii) are true 
for strings of length k — 1. Let w be a string in &* with |w| = k. 
Suppose S = w. The first step in this derivation is either $ = OB or 
S = 1A. In the first case w = Ow}, B > w; and |w,| = k — 1. By 
induction hypothesis, w has one more 1 than it has 0°s. Hence w has 
an equal number of 0’s and 1’s. To prove the converse part, assume 
w has an equal number of 0’s and 1’s and |w| = k. If w starts with 
0, then w = Ow, where |w,| = k — 1. w; has one more 1 than it has 
0’s. By induction hypothesis, B => w). Hence $ > 0B > Ow, = w. 
Thus (i) is proved for all strings w. The proofs for (ii) and (iii) are 
similar. 

(b) The required grammar G has the following productions: 
S — 0S1, S > 0A1, A > 1A0, A > 10. 


Obviously, L(G) c {0"1”0"1"|m, n 2 1}. For getting any terminal 

string, the first production is § —> OS1 or S —> OAI, the last 

production is A — 10. By applying $ —> 0S1 (n — 1) times, $ — 0A1 

(once), A — 1A0 (m — 1) times, and A — 10 (once) we get 0"1”0”1”. 

So, {071"0"1" | m, n 2 1} c L(G). 

(c) The required productions are S > OS11/ O11. 

(d) The required productions are § > 0A1|1B0, A > 0A1 |A, B > 
1B0| A. 

(e) Modify the constructions given in Example 4.7 to get the 
required grammar. 


4.3 For the derivation of 001100, 001010 or 01010, the first production 
cannot be § — 0S1. The other possible productions are $ — OA and 
S — 1B. In these cases the resulting terminal strings are 0” or 1”. So 
none of the given strings are in the language generated by the 
grammar given in Exercise 4.1(b). 


4.4 It is easy to see that any derivation should start with S$ => 0AB => 
OASA = OAOABA or S = 0AB = 0A01 = 0S0B1. If we apply 
S — OAB, we get A in the sentential. form. If we try to eliminate A 
using AO —> SOB or Al — SB1, we get S in the sentential form. So 
one of the two variables, namely A or S, can never be eliminated. 


4.5 The language generated by the given grammar is {01"'2"3| m, n 2 1}. 
This language can also be generated by a regular grammar (refer to 
Chapter 5). 


4.6 (a) False. Refer to Remark 2 on page 123. 
(b) True. If L = {wy, wo, ..., Wah, then G = ({S}, 2, P, $), where 
P consists of S > wilwa). [wr 
(c) True. By Theorem 4.5 it is enough to show that {w} is regular 
where w € X*. Let w = aja ... ap. Then the grammar whose 
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productions are § > a,A,, Aj > aÁ», ... Any > ap generate 


{w}. 


4.7 We prove (a) S = AAA, (b) AZASA, © a”AŽA4, (c) AZATAL = 


4.8 


4.9 


4.10 


qt, 


We first prove (a). S = A344 = A,A3A0Aq => Af™'A3A2'Ag > 
Aj’ 1A,A,At"'A, (We are applying A; — A,A3A2(n — 2) times and 
A3 — Aj;A> once.) Hence (a). To prove (b) start with Aj’Aj'Ay. Then 
Af 'AjA,As Ay => Al aAA AFA, = Af aA AAAA, = 
APAA AAJA > APAA AAAA SATAA ADA AS MAG => 
ATAA A A AFA, D atA] TATATATA. 

Proceeding in a similar way, we get AAJA, > a AŽA "A4. 
Hence (b). 

Finally, AJA ŤA; > AŞA} Aga Š AfA,d" = AS 'Asa™*! 5 Asa” 
= a™*!, (We apply A;A4 > Aga, Ardy > Asa, AAs > Asa and 
finally A; > a). 

Using (a), (b) and (c), we get S = a)”, 

The productions for (i) are S —> aS |B, aS — aa, B — a. For (ii) the 


productions are § > AS|a, A — a. For (iii) the productions are 
S -> asla. 


The required grammar G = ({S, S|. A, B}, 2, P, S), where È = 
{0, 1, 2, ..., 9} and P consists of 
S—0|2]4|6]8, 5 > AS, A >1ù|2|...]9 
Sı > 0/2|4]6|8, S > ABS, B —>1|2|...]9 


S — 0|2|4|6]|8 generate even integers with one digit. 

S — AS, and A-productions and S$;-productions generate all even 
numbers with two digits. The remaining productions can be used to 
generate all even integers with three digits. 


(a) G = ({S, A, B}, {0, 1}, P, S), where P consists of S —> 0S1 | 0A 
|1B|0]1, A > 0A] 0, B > 1B|1. Using S > OSI, S > O, 
S — 1, we can get Ol", where m and differ by 1. To get more 0’s 
(than 1’s) in the string we have to apply A —> 0A|0, S > OA 
repeatedly. To get more ls, apply S —> 1B, B — 1B | 1 repeatedly. 
(b) The required productions are § > aS), Sı —> bS,c, Sı > be, 
S > asc, Sa > asac, S2 >b, S > S3C, 53> aS3b, S3 — ab. The 
first three productions derive ab"c”. S — aSc and the S,-productions 
generate a”bc". The remaining productions generate a”b”c. 

(c) The required productions are $ —> OSI, S > OI, S — OAI, A > 
1A, A > 1. 

(d) The required productions are S => aSc, S > ac, S > be, S > 
bS,c, Sı > bS,c, Sı > bc. A typical string in the given language can 
be written in the form alb”c”c! where 1, m > 0. S > aSc, S 3 be 
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generate a'c! for 1 2 1. S > bS,c, Sı > bSic, Sı > be generate b"c” 
for m > 1. For getting a'b"'c"c', we have to apply S > aSc l times; 
S > bc, S > bS,c, Sı > bS;c and S; — be are to be applied. For 
m = 1, S > bc has to be applied. For m > 1, we have to apply 
S > bS,c, 8; > bS,c and S, > be repeatedly. The terminal c is added 
whenever the terminal a or b is added in the course of the derivation. 
This takes care of the condition 1 + m = n. 


(e) Let G be a context-free grammar whose productions are 
S — SOS1SOS, S —> SOSOS1S, S —> SISOSOS, S — A. It is easy to see 
that elements in L(G) are in L. Let w e L. We prove that w €e L(G) 
by induction on |w|. Note that every string in L is of length 3n, 
n 2 1. When |w| = 3, w has to be one of 010, 001 or 100. These 
strings can be derived by applying S —> SOSISOS, S — SOSOS1S and 
S — S1SOSOS and then S —> A. Thus there is basis for induction. 
Assume the result for all strings of length 3n — 3. Let w €e L and let 
|wi] = 3n, w should contain one of 010, 001 or 100 as a substring. Call 
the substring w;. Write w = wow,w3. Then }ww3| = 3n — 3 and by 
induction hypothesis S 5 w-w3. Note that all the productions (except 
S — A) yield a sentential form starting and ending with S and having 
the symbol S between every pair of terminals. Without loss of 
generality, we can assume that the last step in the derivation 
S Š ww, is of the form wiSw, = wow3. So, S = w2Sw3. But 
w; € Land so $ Š w;. Thus, $ 5 ww 3. In other words, w € L(G). 
By the principle of induction, L = L(G). 

411 The required productions are: 
(a) S — aS,, Si > aS, S > aSa, Sa > a 
(b) S ~ aS, S —> bS, S > a 
(c) S > asi, 8, > ası, 8S; > bS, $ > a, S b 
(d) S > aS,, S; > asi, Sı > bsa, Sa — bSa, S3 >> cS3, S3 > C 
(e) S => ai, Sı > bS, S > asa, S> > b. 

4.12 Š is not symmetric and so the relation is not an equivalence relation 
(Refer to Note (ii), page 109) 

4.13 It is clear that L(G,) = {a"b" | n 2 1}. In Gs, S => AC = ASB > 
A’ spi! Also, § = AB => ab. Hence § = ab" for all n 2 1. This 
means L{G2) = {a"b"|n 2 1} = MG). 

4.14 L(G) = Q, for we get a variable on the application of each production 
and so no terminal string results. 

4.15 The required productions are § ~ asi, $; > 0S, S2 — c, S > bS3, 
S3 = cS4, Sa > a S > cSs, Ss -> asg, S6 > b. 


4.16 The required productions are $ — Si, Sı — abS;, Sı ~ ab, S —> S», 
S> =>} baS>, S> — ba. 
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4.17 


Let the given grammar be G,. The production A — xB where 
X= aa... a, 18 replaced by A > aA), A; > aÁ», ..., Ay 
a,B. The production A > y, where y = bb, ... bm is replaced by 
A — b,B,, B, > boBo, .... By) > bp The grammar G» whose 
productions are the new productions is regular and equivalent to Gj. 


Chapter 5 


5.1 


5.2 


5.3 


§.5 


(a) O+1+2 

(b) 1(11)* 

(c) w in the given set has only one a which can occur anywhere in 
w. So w = xay, where x and y consist of some b’s (or none). 
Hence the given set is represented by b* ab*. 

(d) Here we have three cases: w contains no a, one a or two a’s. 
Arguing as in (c), the required regular expression is 


b* + b* ab* + b* ab* ab* 


(e) aa(aaa)* 

(f) (aa)* + (aaa)* + aaaaa 

(g) ala + b)* a 

(a) The strings of length at most 4 in (ab + a)* are A, a, ab, aa, 
aab, aba, abab, a’, aaba, aaab and a*. The strings in aa + b are 
aa and b. Concatenating (i) strings of length at most 3 from the 
first set and aa and (ii) strings of length 4 and b, we get the 
required strings. They are aa, aaa, abaa, aaad, aabaa, abaaa, 
a@, ababb, aabab, aaabb, and aaaab. 

(c) The strings in (ab + a) + (ab + ay are a, ab, aa, abab, aab and 
aha. The strings of length 5 or less in (ab + a)” are a’, abaa, 
aaab, ababa. The strings of length 5 or less in (ab + a) are a’, 
ab, aba’. In (ab + a)’, @ is the only string of length 5 or less. 
The strings in a* are in (ab + a)* as well. Hence the required 
Strings are A, a, ab, a’, abab, aab, aba, a’, abaa, aaab, ababa, 
a’, aaaab, abaaa, and a. 

(a) The set of all strings starting with a and ending in ab. 

(b) The strings are either strings of a’s followed by one b or strings 
of b’s followed by one a. 

(c) The set of all strings of the form vw where a’s occur in pairs in 
v and b’s occur in pairs in w. 

The transition system equivalent to (ab + a)*(aa + b) (5.2(a)) is 

given in Fig. A5.1. 
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Q (ab + a)*(aa + b) © 


Fig. A5.1 Transition system for Exercise 5.5. 


5.6 The transition system equivalent to a(a + b)*ab (5.3)(a)) is given in 
Fig. A5.2. 


(a) a(a + b)"ab 


Fig. A5.2 Transition ‚system for Exercise 5.6. 
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5.7 


5.8 


5.9 


5.10 


(a) 0; (b) (a + b)*; (c) the set of all strings over {a, b} containing 
two successive a’s or two successive b’s; (d) the set of all strings 
containing even number of a’s and even number of b’s. 


We get the following equations: 
qo = A 
di = dol + qıl + gal 
G2 = q0 + q20 + q30 
q3 = 421 
Therefore, 
q2 = 410 + q0 + q210 = qı0 + q2(0 + 10) 
Applying Theorem 5.1, we get 
q2 = qi0(0 + 10)* 
Now, 
qı = 1 + ql + q211 = 1 + qıl + qı0(0 + 10)*11 
= 1+ qa +00 + 10)* 11) 
By Theorem 5.1, we get 
qi = 11 + 0(0 + 10)*11)* 


g3 = ql = 1(1 + 0(0 + 10)11)* 0(0 + 10)*1 


As q3 is the only final state, the regular expression corresponding to 
the given diagram is 1(1 + 0(0 + 10)* 11)* 0 (0 + 10)* 1. 


The transition system corresponding to (ab + c*)*b is given in Fig. 
AS5.3. 


(a) The required regular expression 

(1 + 01)* + (1 + 01)* 000 + 01)* + (0 + 10)* + (0 + 10)* 1100 
+ 10)* (1 + 01)* represents the set of all strings containing no pair 
of 0’s. (1 + 01)* 00 (1 + 01)* represents the set of all strings 
containing exactly one pair of 0’s. The remaining two expressions 
correspond to a pair of l’s. 


(c) Let w be im the given set L. If w has n a’s then it is in a set 
represented by (b)*. If w has only one a then it is in a set represented 
by b*ab*. If w has more than one a, write w = w,aw>, where w does 
not contain any a. Then w; is in a set represented by (b + abb)*. So 
the given set is represented by the regular expression b* + (b + abb)* 
ab*. (Note that the regular set corresponding to b* is a subset of the 
set corresponding to (b + abb)* 

(d) (0 + 1)* 000 (0 + 1)* 

(e) 00(0 + 1)* 

(f) 100 + 1)* 00. 
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(ab +c’) 3 
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ab +c 


Fig. A5.3 Transition system for Exercise 5.9. 


5.12 The corresponding regular expression is (0 + 1)* (010 + 0010). We 
can construct the transition system with A-moves. Eliminating 
A-moves. we get the NDFA accepting the given set of strings. The 
NDFA is described by Fig. A5.4. 


Fig. A5.4 NDFA for Exercise 5.12. 


The equivalent DFA is defined by Table A5.1. 


3 
i 


ain SA adn ah eR 
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TABLE A5.1 State Table of DFA for Exercise 5.12 


State/z 0 1 
[qo] [9o 91. q3] [Go] 
Ido, 91. qal Ido. 94, G3. qal [9o q2] 
[qo 92] [go 91, 93, 9A [aol 
[go 91, 93, qal [go 91, Fa, Qa] [qo 92, qs] 
[go G1, 93, qd [qo 91, Qs, qal (qo: qa] 
[go 92, 9s] Ido. 94, 93, qd [90] 


Similar to Exercise 3.10. 


5.14 The state table for the NDFA accepting (a + b)* abb is defined by 


Table A5.2. 
TABLE A5.2 State Table for Exercise 5.14 
State/Z a b 
qo qo. Q qo 
(e) . q2 
qo qr 
qr 


The corresponding DFA is defined by Table A5.3. 


TABLE A5.3 State Table of DFA for Exercise 5.14 


State/= a b 
[go] [go Gi] [go] 
[qo q1] [go q4] [go qal 
[qo 92] [o 9] Ido. qA 
[qo. qA Igo, q4] [qo q] 


5.15 Let L be the set of all palindromes over {a, b}. Suppose it is accepted 


5.16 


by a finite automaton M = (Q, E, ô, q, F). {6(qgo, d| n 2 1} isa 
subset of Q and hence finite. So (qo, a") = S(go, a”) for some 
mand n, m < n. As a'b"a" e L, (qo, a'b*"a") e F. But Elgo, a”) 
= qo, a"). Hence Slqo, a"b"a") = Elqo, a’b*"a"), which means 
a”b™a” € L. This is a contradiction since a”"b""a" is not a palindrome 
(remember m < n). Hence L is not accepted by a finite automaton. 


The proof is by contradiction. Let L = {a"b"|n > 0}. {d(qgo, a”) | 
n > 0} is a subset of Q and hence finite. So d(go, a") = 6(qo, a”) 
for some m and n, m + n. So d(go, ab") = 6(d(go, al”), Bb”) = 
5(8(qo, a"), b) = 8(qo. ab"). As a"b" € L, b(qo, a'b”) is a final state 
and so is Ôlqo, ab"). This means ah" e L with m # n, which is a 
contradiction. Hence L is not regular 
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5.17 (a) Let L = {a'b™"]n > 0}. We prove L is not regular by 


5.19 


contradiction. If L is regular, we can apply the pumping lemma. Let 
n be the number of states. Let w = a”b™. By pumping lemma, 
w = xvz with |xy| <n, |y| > 0 and xz € L. As |xy| S n, xy = a” and 
y= a! where 0 < 1 < n. So xz = a 'b*”" e L, a contradiction since 
n — l #n. Thus L is not regular. 


(b) Let L = {a"b" |O < n < m}. We show that L is not regular. Let 
n be the number of states and w = ab", where m > n. As in (a), 
y =al, where 0 < 1 < n. By pumping lemma xz € L for k 2 0. So 
a™la*b” e L for all k 2 0. For sufficiently large k, n — 1 + Ik > m. 
This is a contradiction. Hence L is not regular. 


Let M = (Q, È, 6, qo, F) be a DFA accepting a nonempty language. 


Then there exists w = aja, ... a, accepted by M. If p < n, the result 
is true. Suppose p > n. Let 6(go, aja. ... a) = qi fori = 1.2,...,p. 
As p > n, the sequence of states {q1; q2; .--, Gp} must have a pair 


of repeated states. Take the first pair (g, q) (Note q; = q). Then 
ôlqo A142 «++ a) = dp OGp Ajai- a) = Gj and (Gj, agi -o 
ap) € F. So lgo, aiaa ... djaki -+- Gp) = O(Gj, 4142 .. +, Gy) E€ F. 
Thus we have found a string in £* whose length is less than p (and 
differs from |w| by k — j). Repeating the process, we get a string of 
length m, where m < n. 


5.20 Let M= (140: qis qf}, {a, b}, ô, qo» {qh), where qo and qı correspond 


5.21 


to S and A respectively. 
Then the NDFA accepting L(G) is defined by Table A5.4. 


Table A5.4 Table for Exercise 5.20 


State/x a b 
qo qo GN, qr 
qı Qi: Qr qo 


The transitions are: 


6(q:, a) = qa ôlqz; b) = q; 
lq, b) = qr, 5(q4, a) = qi 
5(q2, a) = q3 
5(q3, a) = qz 
6(q3, b) = q4 
6(q4, b) = q3 


Let A;. Ax, A3, A4 correspond to gq), q2, g3. qa. The induced 
productions are A, > aA4, A; > bA, A2 > aA3, A3 > aAz, A; > 
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bA4, Az — bA, (corresponding to the first six transitions) and A, > 
bA,, Ay > b, A4 > aA,, Ay — a (corresponding to the last two 
transitions). So G = ({Aj, Ax, A3, Ag}, {a, b}, P, AD, where P 
consists of the induced productions given above. 


The required productions are: 


S > AS IBS| cox IZS}, 
Sı > ASı|BSı| cos ZS 
S, > OSIJIS)| ... 19S; 
Sı > A[B| ... |Z and S, > Ol]... 19 


The given grammar is equivalent to G = ({S, A, B}, {a, b}, P, S), 
where P consists of S => aS|bS|aA, A —> bB, B > a(B —> aC and 
C > A is replaced by B — a). Let qo, qı and qz correspond to S, A 
and B. qp is the only final state. The transition system M accepting 
L(G) is given as 
M = ({4Go, qi: qs qr}. {a, b}, ô, do: {gp}) 

where qo, qı, and q correspond to S, A and B and qy is the (only) 
final state. S — aS, S — bS, S — aA and A — bB induce transitions 
from go to go with, labels b and a, from gy —> gq; with label a and 


from q; to qz with label b. B — a induces a transition from qz to qp 
with label a. M is defined by Fig. A5.5. 


Fig A5.5 Transition system for Exercise 5.24. 


The equivalent DFA is given in Table A5.5. 


TABLE A5.5 State Table of DFA for Exercise 5.24 


State/= a b 
[go] Ido, 91] [go] 
[go 91] [go q] [go Ga 
[90, q2] [qo q. qr [qo] 
[qo qi qr [go 91] [Go: q2] 
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Chapter 6 
6.1. The derivation tree is given in Fig. A6.1. 


S 


Oo 


Fig. A6.1 Derivation tree for Exercise 6.1. 


6.2. S — 0S0, S — 1S1 and S — A give the derivation $ Š wAw, where 
w e {0, 1}. A — 2B3 and B —> 2B3 give A 5 2”B3”. Finally, 
B > 3 gives B = 3. Hence S 4, wAw 3 w2""B3"w => w2"3" tlw, 
Thus, L(G) c {w2"3""w|w e {0, 1} and m > 1}. The reverse 
inclusion can be proved similarly. 


6.3 (a) X, X3, Xs; (b) X2, Xa; (©) As X; = S, XXa and X2X4X4X> are 
sentential forms. 


6.4 (i) S => SbS => abS = abSbS = ababS = ababSbS = abababS > 
abababa. 
Gi) S = SbS = SbSbS => SbSbSbS = SbSbSba => SbSbaba > 
Sbababa = abababa 
Gii) S = SbS = abS = abSbS = abSbSbS => ababSbS = abababS 
= abababa 


6.5 (a) S = aB = aaBB = aaaBBB = aaabBB = aaabbB => 
aaabbaBB = aaabbabB = aaabbabbS = aaabbabbbA = 
aaabbabbba 

(b) S = aB => aaBB = aaBbS => aaBbbA = aaBbba => aaaBBbba 
= aaabBbba = aaabbSbba = aaabbaBbba = aaabbabbba. 


6.6 abab has two different derivations S = abSb = abab (using 
S — abSb and S > a) S = aAb = abSb = abab (using S > aAb, 
A > bS and S > a). 


6.7 ab has two different derivations. 


S = ab (using S — ab) 
S = aB = ab (using S —> aB and B > b). 
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6.9 


6.10 


6.11 


Consider G = ({S, A, B}, {a, b}. P, S), where P consists of 
S > AB jab and B > b. 


Step 1 When we apply Theorem 6.4, we get 
W, = {S}, W: = {S} O {A, B, a, b} = Ws 
Hence G, = G. 


Step 2 When we apply Theorem 6.3, we obtain 

W, = {S, B}, W» = {S, B} O (1) = W, 

So, G, = ({S, B}, {a, b}. {S — ab, B —> b}, S). 

Obviously, G» is not a reduced grammar since B > b does not appear 
in the course of derivation of any terminal string. 


Step 1 Applying Theorem 6.3, we have 

W, = {B}, W» = {B} U {C, A}, W = {A, B. C} O {S} = Vy 
Hence G; = G. 

Step 2 Applying Theorem 6.4, we obtain 

W, = {S}, Wa = {S} O {A, a}, W3 = {S, A, a} O {B, b} 

W, = {S, A, B, a, b} OU Ø 

Hence, G» = ({S, A, B}, {a, b}, P. S). where P consists of $ > aAa, 
A — bBB and B > ab. 


The given grammar has no null productions. So we have to eliminate 
unit productions. This has already been done in Example 6.10. The 
resulting equivalent grammar is G = ({S, A. B, C, D, E}, {a, b}, P, 
S), where P consists of S > AB, A > a, B > b| a, C >a, D >a 
and E — a. Apply step 1 of Theorem 6.5. As every variable derives 
some terminal string, the resulting grammar is G itself. 

Now apply step 2 of Theorem 6.5. Then 
W, = {S}, W- = {S} U {A, B} = {S, A, B}, W3 = {S, A, B} U 
{a, b} = {S. A, B, a, b} and W, = W3. 
Hence the reduced grammar is G’ = ({S, A, B}, {a, b}, P4 S), where 
P’={S > AB, A => a, B > b, B > a}. 


We prove that by eliminating redundant symbols (using Theorem 6.3 
and Theorem 6.4) and then Unit productions, we may not get an 
equivalent grammar in the most simplified form. Consider the 
grammar G whose productions are $ => AB, A —> a, B > C, B > b, 
C> D,D > Ead E> a. 


Step 1 Using Theorem 6.3, we get 

W, = {A, B, E}, W = {A, B, E} U {5, D}, 

W, = {S, A, B, D, E} O {0} = Vy. 

Hence G, = G. l 

Step 2 Using Theorem 6.4, we obtain 

W, = {5}, W2 = {S} U {A, B}, W, = {S, A, B} U {a, c, b}, 
W, = {S, A. B, c. a, b} O {D}. 

W; = {S, A, B. C, D, a, b} U {E} = VOU È. 

Hence Ga = G; = G. 
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Step 3 We eliminate unit productions. We then have 

W(S) = {S} WA) = {A], WE) = {E} Wo(B) = {B}, 

W,(B) = {B} U {C}, W2{B) = {B. C} U {D}, 

W;(B) = {B, C, D, E} = WB), WC) = {C, D, E}, WD) = {D, E}. 
The productions in the new grammar G, are $ —> AB, A > a, 
B —> b, B —> a and E —> a. G, contains the redundant symbol E. So 
G; is not the equivalent grammar in the most simplified form. 


(a) As there are no null productions or unit productions, we can 
proceed to step 2. 

Step 2 Let G, = (V4, {0. 1}, Pi, S), where P; and Vy are 
constructed as follows: 

(i) A > 0, B > 1 are included in P}. 

(ii) S — 1A, B > 1S give rise to S > C\A, B > CS and G > 1. 
Gii) S > OB, A > OS give rise to S > CoB, A > CoS and Co —> O. 
(iv) A > 1AA, B —> OBB give rise to A > CAA and B > CoBB. 

Vy = {S, A, B. Co. Cy}. 


Step 3 G» = (Vy’, {0. 1}. Po, S), where Pa and Vx’, are constructed 

as follows: 

G) A > 0. B > 1, S > CA, B > CS. Ci > 1, S > CoB, 
A —> CoS. Co —> O are included in P». 

Gi) A — CAA and B —> CoBB are replaced by A > GD, D, > 
AA, B > CoD-. Da — BB. 

Thus, G- = ({S, A, B, Co, Ci, Di, D2}, {0, 1}, Po, S) is in CNF and 

equivalent to the given grammar where P» consists of S > C,A|C)B, 

A > 0/CS|C,D), Bo 1|C,S|CoD>2, C > 1, © > 0, D) > AA and 

D — BB. 


(b) Step 2 G, = (V’y, {a, b, c}, Pi, S), where P; and V’y are 
defined as follows: 

(i) S — a, S > b are included in P; 

(ii) S > cSS is replaced by S —> CSS, C > c, Vy = {S, C} 


Step 3 G = (Vx’, {a, b, c}, Pa, S). where Pa is defined as follows: 


Gi) S — a, S$ — b, C > c are included in Pa. 

(ii) S —> CSS is replaced by S$ — CD and D —> SS. 
Thus, the equivalent grammar in CNF is G2 = ({S, C, D}, {a, b, c}, 
Pa, S), where P consists of § > alb| CD, C > c, D > SS. 


Consider G = ({S}, {a. b, +, *}, P, S), where P consists of S > S + S, 
S—>S=S, Sa S—>hb. 
Step 2 G, = (Vx, {a, b, +, +}, Pi. S), where P, is constructed as 
follows: 
(i) S —> a, S — b are included in P}, 
(ii) S > § + S and § — S = S are replaced by S — SAS, S — SBS, 
A >+ BO * 
Va = {S, A, B} 


Solutions (or Hints) to Chapter-end Exercises A 399 


6.14 


Step 3 G, = (Vy, fa, b, +, «}. Ps, S), where Pa is constructed as 
follows: 


G) S — a, S — b, A > + and B —> =» are included in P>. 
ai) S$ — SAS and S —> SBS give rise to S$ > SA;, Ay —> AS, 
S — SB,, B, > BS. 
The required grammar in CNF is 
Gz = ({S, A, B, Aj, By}, {a, b, +, *}. Pz, S) 
where Pa consists of 
S — alb|SA,|SB;, A > +, B > *, A; > AS and B; > BS 


(a) Rename S as A4, By Remark following Theorem 6.9, it is enough 
to replace terminals by new variables to get an equivalent grammar 
G,. Now, G; is defined as 


G, = ({A1, Az, A3}, {0, 1}, Pi, Ar) 
where P; consists of 
A; > A,A;|A2A|A3|A2A3, A2 > O and A, > 1 
This completes step 1. 


Step 2 All productions of G, except A, — A,A; are in proper form. 
Applying Lemma 6.2 to A; — A,A;, we get a new variable Z; and 
new productions Ay reed A,A|A2Z, | AA3Z], Z, =. Aj, Zi —> AZ}. The 
new grammar is 

Gy = ({Aj, Az, A3, Zi}, fa, b}, Pa, Ar) 
where P consists of 

Aj - AsA\A3 |A2A3 |A,A\A2Z, |AxA3Z, 

Zi => A}Zi, Zi = Al; Ad — O and A3 => 1 


Step 3 As A;-productions and A -productions are in proper form we 
have to modify only the A;,-productions using Lemma 6.1. So the 
modified A;-productions are 


A; — 0A;A3]0A3/0A,A3Z,|0A3Z, 
Step 4 The productions Z, —> A; and Z) — A;Z, are modified using 
Lemma 6.1. They are: 
Z, — 0A,A3| 0A3| 0A;A3Z; | 0A3Z, 
Z, > OA,A3Z, | OA3Z, | 0A1A3Z,Z, | 0A3Z,Z, 
Thus the required equivalent grammar in GNF is 
G3 = ({A;. Ax, Az. Zi}, {0. 1}. P3, Ai), where P; consists of 
A; => 0A;A;| 0A3| 0AjA2Z, | 0A3Z; 
A. > 0, A; > 1 
Z, > 0AA; | 0A; | 0A;A3Z, | 0A3Z, 
Z, > 0A,A3Z, | 0A3Z; | 0A)A3Z)Z, | 0A3Z)Z; 
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(b) Step 1 Replace B — aSb by B > aSC and C —> b. Rename S, 
A, B and C by A, A>, Ax and Ay. The resulting grammar is 


Gi = (A. A>, Ax Ay}. {a. b}, P}, Aj) 
where P; consists of A; > A-A}, Ar — A3A3 
Ad 7 A3A\A3, A> => b, A3 - aA+Ag4, A3 — a and Ag — b. 


Steps 2, 3 and 4 Step 2 construction is not necessary for Gj. 
The only Ay-production, Ay — b, is in proper form. So we go to step 
4. The modified A>-productions are: 


Á> _ dArA4sA;| aA; aA,A4A\A3 | GA\A3 b. 


The modified A,-productions are: 
A, — aA2AsA3A3| aA3A3| aA244A 14343 | AA 14343 | bAa. 
Step 5 is not necessary since there is no new variable in the form in 
Zi. So an equivalent grammar in GNF is 
G = (QA. Ax, Az, A4}. fa, b}. Po, Ai) 

where P> consists of 

A, > @A,A4A2A3 | GA3A3 | aA2A4A A343 | GAjA3A3 | DAS 

A, —> aA,A4A3| dA; | GArA4A;A; | aA,A,| b 

Ax > aAxAy| a, Ay > b. 


6.15 The grammar given in Exercise 6.7 has the following productions: 


S > aB. S = ab, A— aAB. A — a, B — ABb and B —> b. Of these, 
S — aB, A > aAB, A > a and B —> b are in the required form. So 
we replace the terminals which appear in the second and subsequent 
places of the R.H.S. of S —> ab and B — ABb by a new variable C 
and add a production C > b. Renaming S, B, A and C as A), A2, A3 
and A4. the modified productions turn out to be Ay —> aÁ», Ay > aAg, 
A3 > aA2A>, A3 7 a A> => A3A>Ag4, Ad — b and Ag >b. 

This completes the first three steps: 


Step 4 A; —> A,A -A4 is replaced by A, > aA34A-A-A;4 | aA2A4. The 
other productions are in the proper form. The resulting grammar in 
GNF has the productions 
aAy, Á > aA3AA-A4|aA-A4|b, A3; > aAzAnla, Ag >b. 
The grammar in Exercise 6.10 has unit productions. Eliminating unit 
productions, we get an equivalent grammar G, where 

G = ({S. A, B. C. D, E}, {a. b}, P. S) 


where P consists of S > AB, A => a, B > alb,C 3% a,D-> a 
and E — a. Rename S. A, B. C, D and E as A}, Ax, A3, Ay, As and 
Ag. 


Ai - aA 
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Thus P consists of A, —> A-A}, Ar > a, A3 > a | b, Ay > a, As a 
and Ag > a. 

We have to modify only A; — AA; using Lemma 6.1. 

Thus an equivalent grammar in GNF has the following productions: 


A, > a3, Ar > a, Az > al b, Ay > a, As > a and Ag > a. 


(a) The given language is generated by a grammar whose productions 
are S — aSa|bSb|c. 


Step 2 (i) S > c is in P} 
(ii) S —> aSa and S$ — bSb give rise to 


S —> ASA, S — BSB, A > a, B > bin P} 


Thus G, = ({S, A, B}, {a, b, c}, Pi, S), where P, consists of 
S — ASA | BSB |c, A > a and B > b. 


Step 3 The equivalent grammar G, in CNF is defined by 
G» = ({S, A, B. A;, Bi}, {a, b, c}. Pa, S), where P, consists of 


> AÁ;, A; > SA, S > BB, B, > SB, A > a, B > b, S >c. 


(b) The grammar generating the given set is having the productions 
S + bA|aB, A — bAA|aS|a, B > aBB|bS|b. 


Step 2 The productions obtained in this step are: 
S > B,A, Bi > b, S —> A,B, A, > a, A > BAA, A > AS, 
A => a, B > ABB, B > BS, B > b. 


Step 3 The equivalent grammar in CNF is given by 
Gə = (V%. {a, b}, Pa, S), where P» consists of 


Gi) S —> BA, Bi > b, S > AB, Ai >a, A > AS, A >a, 
B > B.S, B >b 

(i) A > B,C,. Ci — AA, B > AC», Ca — BB (corresponding to 
A — BAA and B —> ABB). 

(a) The grammar generating the given language has the productions 

S > asa, § > bSb, S — c. The first two productions will be in GNF 

if the last symbols on R.HLS. are variables. Hence S — aSa, S —> bSb 

can be replaced by $ + aSA, A > a, S > bSB, B — b. Hence 

Œ = ({S, A, B}, {a, b}, P^, S), where P’ consists of $ > aSA|bSB, 

S —> c, A > a, B — b is in GNF and is generating the given 

language. 

(b) The given language is generated by 

G = ({S, A. B}, {a, b}, P, S), where P consists of 

S — bA|aB, A > bAA | aS| a. B > aBB|bS|b. This itself is in GNF. 

(c) The given language is generated by a grammar whose productions 

are S - aAb, S => aA, A > aA, A> a, S > a, S > bB, B > b 

and $ — b. Of these productions we have to modify only one 

production namely, S$ — aSb. This is done by replacing this 
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production by S > aSB,, B, > b. (Note: In this problem we can also 
replace $ — aSb by S > aSB alone. B — b is already in the grammar 
and there are no other B-productions.) 

(d) The given language is generated by a grammar whose productions 
are $ > asb, S —> cS. S — c. The equivalent grammar in GNF is 


G = ({S, B}, {a, b, c}, P, $), 
where P consists of S > aSB, B —> b, S > cS, S > c. 


6.18 (i) Let w e L(G) and |w| = k. In the Chomsky normal form, each 

production yields one terminal or two variables but nothing else. For 
getting the terminals in w, we have to apply production of the form 
A — a (k times). The corresponding string of variables, which is of 
length k, can be obtained by k — 1 steps. (Each production A > BC 
increases the number of variables by one.) So the total number of 
steps is 2k — 1. (The reader is advised to prove this result by induction 
on |w|.) 
(ii) When G is in GNF, the number of steps in the derivation of w 
is k(k = |w|). The number of terminals increases by 1 for each 
application of a production to a sentential form. Hence the number of 
steps in the derivation of w is k. 


6.19 Step 1 Let n be the natural number obtained by applying pumping 
lemma. 


Step 2 Let z = a”. Write z = uvwxy where 1 < |vx| < n. (This is 
possible since |vwx| < n by (ii) of pumping lemma.) Let |vx| = m, 

. ee ae pea 2 
m < n. By pumping lemma, w-wa-y is in L. As juv wx y| > n°, 

Pon 2 ee 3 2 

luv-wx-y| = k, where k > n + 1. But |wwx'y| =n + m<n + 
2n+1.So juw y] strictly lies between n? and (n + 1)° which means 
uvwx-y € L, a contradiction. Hence {a’": n 2 1} is not context-free. 


6.20 (a) Take z = a"b’c" in L(G). Write z = uvwxy, where 1 < |vx| < n. 

So vx cannot contain all the three symbols a, b and c. So uv*wx"y 
contain additional occurrences of two symbols (found in vx) and the 
number of occurrences of the third symbol remains the same. This 
means the number of occurrences of the three symbols in uv"wx"y are 
not the same and so uv-wa-y € L. This is a contradiction. Hence the 
language is not context-free. 
(b) As usual, n is the integer obtained from pumping lemma. 
Let z = a"b'c". Then z = uvwxy, where 1 < |vx| < n. So vx cannot 
contain all the three symbols a, b and c. If vx contains only a’s and 
b's then we can choose i such that uv'wx'y has more than 2n 
occurrences of a (or b) and exactly 2n occurrences of c. This means 
uv'wx'y ¢ L, a contradiction. In other cases too, we can get a 
contradiction by proper choice of i. Thus the given language is not 
context-free. 


| 
| 
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6.21 


6.22 


(a) Suppose G = (Vy, X, P, S) is right-linear. A production of the 
form A > ala ... 4,B, m 2 2 can be replaced by A > aA], 
Ay > aA... Ant 2 anB. A > biba ... bm m 2 2, can be 
replaced by A > b,B,, Bi > bBo, ..., Bm2 > By Bua, Bry > 
b,,. The required equivalent regular grammar G’ is defined by the new 
productions constructed above. 

If G = (Vy, Ł, P, S) is left-linear, then an equivalent right-linear 
grammar can be defined as G, = (Vy, È, Pi, S), where P, consists of 
Gi) S — w when S — w is in P and w e &*, 
(ii) S — wA when A —> w is in P and w e }*, 
Gi) A —> wB when B —> Aw is in P and w e &*, 
(iv) A => w when S —> Aw is in P and w e <*. 


Let w € L(G). If S => w then S — w is in P. Therefore, S — w is 
in P, (by (i)). 


Assume Ss => Aw) => Awww) Lice IRER Am 1AWmn-1 wee Wy => W mW ml 
... W, = w is a derivation in G. Then the productions applied in the 
derivation are $ — Aw, Ay > Aow3, .. Am1 > Wm The induced 


productions in G; are 
A, -> Wi, Az > WA), A3 > W3A>, Bag S > Wr Amat 


(by (ii), Gii) and (iv)'in the construction of P;). 
Taking the productions in the reverse order we get a derivation of G; 
as follows: 


S => WmAm-t SP B Wy Wind e w3A2 = Win oes wA; => Wm.. WI 


Thus L(G) c L(G’). The other inclusion can be proved in a similar 
way. So G is equivalent to a right-linear grammar G, which is 
equivalent to a regular grammar. 


(b) Let G = ({S, A}, {a, b, c}, P, $). where P consists of $S > 
Sc|Ac, A > aAb|ab. G is linear (by the presence of A > aAb). 


L(G) = {a"b"c"|m, n 2 1} 


Using pumping lemma we prove that L(G) is not regular. Let n be the 
number of states in a finite automaton accepting L(G). 

Let w = a’b"c". By pumping lemma w = xyz, where |xy| < n and 
|y| > 0. If y = a then xz = a" *b"c". This is not in L(G). By pumping 
lemma. xz € L(G) a contradiction. 

L = L(G), where G is a regular grammar. For every variable A in G. 
A Š a implies & = uB, where u e E* and B € V, Thus G is nonself- 
embedding. To prove the sufficiency part, assume that G is a nonself- 
embedding, context-free grammar. If G’ is reduced, in Greibach 
normal form and equivalent to G, then G’ is also nonself-embedding. 
(This can be proved.) Let |X| = n and m be the maximum of the 
lengths of right-hand sides of productions in G’. Let œ be any 
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sentential form. By considering leftmost derivations, we can show that 
the number of variables in œ is < mn. (Use the fact that G’is in GNF). 
Define: 

Gi = (Vx, ©, Pi, S) where 

w = {[llæ| < mn and ae Vý} 

Sı = [Sy] 

P, = {{AB] > bla P] |A > ba is in P, B e Vy and jaB| < mn} 
G; is regular. It can be verified that L(G,) = L(G’). 


Chapter 7 


71 


7.3 


7.4 


(qo, aacaa, Zo) | (qo: acaa, aZo) |— (qo, caa, aaZo) |— (qy, a, aaZo) 
L (ais a, aZo) | grr A, Zo) (Gp A, Zo 

(i) Yes, the final ID is (qp A, Zo). 

(ii) Yes, the final ID is (q1, A. aZp). 

(iii) No, the pda halts at (q,, ba, aZp). 

(iv) Yes, the final ID is (q,. A, abaZp) 

(v) Yes, the final ID is (go, A, babaZ). 


(i) (qi, A. aZo). 

(ii) Halts at (q;. b. A). 

(iii) (qo, A. @Zp). 

(iv) Does not move. 

(v) Does not move. 

(vi) Halts at (q;, ab, Zo). 

(a) Example 7.9. 

(b) The required pda A is defined as follows: 


A= ({40: qi: qah, {a, b}. {a, Zo}: ô, do» Zo: 9). ô is defined by 


5(qo. a, Zo) = {(qi; aZ}. (Gy, a, a) = {(qy. aa)} 
ôlq, b, a) = {q D} lq b. a) = {q A} 
6(q;. A, Zo = {q A}. 
(c) A = ({go. qı}. {a b, c}, {Zo Zi}. & Go. Zo, 9) 
6 is defined by 
6(go, a, Zo) = {(qo. Z1Zo)}. d(qo. a. Z) = {(Go. ZZD} 
6(go. b, Z) = (q A}, d(q1. b, Z) = {q ND} 
ôlqi ¢. Zo) = {(q1, Zo} d(q1, A, Zo) = {q AD} 
Note that, on reading a, we add Z; on reading b we remove Z; and 
the state is changed. If the input is completely read and the stack 
symbol is Zp, then it is removed by a A-move. 
(a) Example 7.9 gives a pda accepting {a"b"a" |m, n 2 1} by null 
store. Using Theorem 7.1, a pda B accepting the given language by 
final state is constructed. 


B = ({qo, qi» qos qr}. {a, b}, {a, Zo, Zoh ô, To Z'o, {a}) 


| 
| 
| 
i 
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75 


7.6 


ô is defined by 
6(q, A, Zo) = {Cgo ZoZo} 
6(qo, A, ZO) = {(qp D} = êlo A. Zo) 
lq A, ZO) = {gp NH} = ôl, A, Zo) 
5(go. a, Zo) = {(qo. aZo)}.  Ôlqo, a, a) = {(Go, aa)} | 
ô(qo, b, a) = {(q1, a)}, 6(41, b, a) = {qi a)} 
oq. a, a) = {(qp A)}, oq, A, Zo) = ACIE A)} 
(a) G = ({S, Si, S2}, {a, b}, P, S) generates the given language, 
where P consists of S > S|, S > Ss, Sı > aS,b, Sı > ab, 8S, > 
aS,bb, S, —> abb. The pda accepting L(G) by null store is 
A = ({q}. {a, b}, {S, Si, Sa, a, b}, 6, d, S, 0) 
where 6 is defined by the following rules: 
(q, A, S) = HCA S1), (q, S2)} 
ôlq, A. Sı) = {(q. aSı, b), (q, ab)} 
ôlq, A, S2) = {(q. aS>bb), (q, abb)} 
ôlq, a, a)= 5(q, b, b) = {(q, A)} 
G) G = ({S}, {a, b}, P, S), where P consists of S > aSb, S > as, 
S — a, generates 
{a"b"|n < m}. For S = d”Sb”., m 2 0. 
S = a", n 2 1, and hence S > a"a"b",m20,n2 1. 
So L(G) c {a"b"|n < m}. The other inclusion can be proved 
similarly. 
Gi) The pda A accepting L(G) by null store is given by 
A = ({q}, {a, b}, {S, a, b}, ô q, S, Ø) 
where ô is defined by the following rules: 
5(q, A, S) = {(q, aSb), (q, aS), (q, a)} | 
6(q, a, a) = ĉlq, b, b) = {(q, A)} 
(iii) Define B = (Q’, £, T^ ôs, go. Zo, F), where 
g = {do qo qr}, r= (S, a, b, Zo) 
F = {q}. (We apply Theorem 7.1 to (ii)). 
dg is given by 
5p(q'o. A. Zo) = {(q, ZZo)} 
On (4: A, S) = {(q, asb), (CA as), (q, a)} 
6n(q. a, a) = {(q. A)} = 63g, b, b) 
n(q. A, ZO = {(qp AD} 
(Note: 65,(q, a, S) = &(q, a, S) = Ó and 6;(q, b, S) = êlq, b, S) = Ø) 
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7.7 


7.8 


7.9 


7.10 


(i) Define G = ({S}, {a, b}, P, S), where P consists of | 
S —> SaSbSaS, S —> SaSaSbS, S —> SbSaSaS, S > A | 


(Refer to Exercise 4.10(e).) G is the required grammar. (ii) Apply 
Theorem 7.3. (iit) Apply Theorem 7.1 to the pda obtained in (ii). 


Let A = ({qo, qı}, {a, b}, {Zp. a, b}, ô, Go, Zo, Ø), where ô is given 
by 


(qo, a, Zo) = {(4o, aZo)}. ldo, b. Zo) = {(Go. bZo)} 

5(qo. a, b) = {(qo, ab)}.  &ldo, b. a) = {(qo; ba)} 

ôlqo. a, a) = {(qo, aa), (qi; A)} 

ôlqo, b, b) = {(qo; bb), (q, A} 

ôlqo, A, Zo) = {q A} 

bq). a. a) = {q D}, lq, b, b) = {q A} 

êlq, A, Zo = {q A)} 

A makes a guess whether it has reached the centre of the string. A 
reaches the centre only when the input symbol and the topmost 


symbol on PDS are the same. This explains the definition of 
(qo. a. a) and d(go. b, b). A accepts the given set by null store. 


Example 7.6 gives a pda A accepting the given set by empty store. 
The only problem is that it is not deterministic. We have d(q, a, Zo) 
= {(q. aZo)} and O(g. A, Zo) = {(g, A)}. So A is not deterministic 
(refer to Definition 7.5). But the construction can be modified as i 
follows: 


A, = ({q. n}, fa, b}. {Zo, a, b}, ô q, Zo 0) | 
where 6 is defined by the following rules: | 
6(q. a, Zo) = {(q; aZo)}.  ôlq, b. Zo) = {(q1. bZo)} 
5(qi, a, a) = {(qi, aaj}, (qi, b, b) = {(q, bb)} 

6(q1, a, b) = {(qi. A}. lq. b, a) = {q AD} 

lq. A. Zo) = {q A} 

A, is deterministic and accepts the given set by empty store. 


The S-productions are 
S > [qo Zo 9ol|[40, Zo q] 
lq b, a) = {q D} El, A Zo) = {q A} 
and 
5(qo. b. a) = {(q1. A) 


Now these induce [q;. a, qı] > b. [q1. Z. gi] > A and [qo, a, q;] 
— b, respectively. (qo. a, Zo) = {(qo, aZo)} induces 
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7.13 


7.15 


[qo Zo qo] > algo, a, Goll4o. Zo» qol 
[go Zo. go} > algo, a, qiliq; Zo, gol 
[qo 2, qı] > alqo, a, dollgo. Zo, 91] 
(qo. Zo 411 > algo, a. qillgi, Zo qıl 
Ô(qo, a, a) = {(go, aa)} induces 
[go a. go] > algo, a, qollgo, a. qol 
[go a. qo] > alqo, a, alla. a, qol 
(go, a, qı] > algo, a, gollgo, a. qi] 
[go a, qı] > algo, a, qiliq, a, ql 
Let M = (Q, È, 6, qo, F) be a DFA accepting a given regular set. 
Define a pda A by A = (Q, 2, {Zo}. Ô. go, Zo, F). ô is given by the 
following rule: 
6\(q, a, Zo) = {(qo. Z} if 6g, a) = 
It is easy to see that T(M) = T(A). Let w e T(M). Then d(qo, w) = 
eF. 
5(qo, w, Zo) = {(g, Zo)}. So w € (A), ie., TM) c TA). The 
proof that T(A) c T(M) is similar. 


If ô(q, a, z) contains (q’, ZZ . . - Z,), n 2 3, we introduce new states 
qis Ys ++ Gnz. We define new transitions involving new states as 
follows: 

(i) (qi, Z,1Z,) is included in &q, a, Z) 

(ii) XC A, Za) = {Gist Zrii Zy-i)$ for i = 1, 2, 15 AA 3 
(iii) CME A, Zə) = KCE ZZ} 

This construction is repeated for every transition given by (q', Y) € 
6(q, a, Z), |y| 2 3. Deleting such transitions and adding the new 
transitions induced by them we get a pda which never adds more than 
one symbol at a time. 


Chapter 8 


8.1 


8.2 


For a sentential form such as a”*!b", A — a is the production applied 


in the last step only when a is followed by ab. So A > a is a handle 
production if and only if the symbol to the right of a is scanned and 
found to be b. Similarly, A —> aAb is a handle production if and only 
if the symbol to the right of aAb is b. Also, S —> aAb is a handle 
production if and only if the symbol to the right of aAb is A. 
Therefore, the grammar is LR(1), but not LR(O). 


We can actually show that the given grammar is not LR(k) for any 
k 2 0. Suppose it is LR(k) for some k. Consider the rightmost 
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8.3 


8.4 


derivations of 017**'2 and 01°72 given by: 
s = o1tar2 = 0172 = ofw (A8.1) 
where œ = O14, B= a, w = 1'2. 
S = orale, => OP? 2 = apw (A8.2) 


where œ = 01**', B’ = a, w’ = 1**'2. As the strings formed by the 
first 2k + 1 symbols (note |æß| + k = 2k + 1) of aBw and o’BW’ are 
the same. @ = a’, ie. O1 = 01%, which is a contradiction. Thus the 
given grammar is not LR(k) for any k. 


The given grammar is ambiguous and hence is not LR(k) for any k. 
For example, there are two derivation trees for ab. 


As a"b"c" appears in both the sets, it admits two different derivation 
trees. So the set cannot be generated by an unambiguous grammar. 


Chapter 9 


9.2 


9.3 


9.4 


9.6 
9.8 


The set of quintuples representing the TM consists of g,blLq, 
q,00Rq). qxbbRq3. q:00Lqz. qzrl1Lqz, q30bRq4. 9q31bRqs. q4bORqs, 
qa00Rq4, qallRqy. gsb0Lqo. 

The computation for the first symbol 1 is qı11b11 |— 6q2611. 
Afterwards it halts. 


The computation sequence for the substring 12 of 1213 is 
qx1213 | bq2213 | bbq;13. 


As 6(q3, 1) is not defined, the TM halts. For 2133 and 312 the TM 
does not start. 


Modify the construction given in Example 9.7. 


We have the following steps for processing the even-length 
palindromes: 


(a) The Turing machine M scans the first symbol of the input tape 
(0 or 1), erases it and changes state (q; or q2). 

(b) M scans the remaining part without changing the tape symbol 
until it encounters b. 

(c) The R/W head moves to the left. If the rightmost symbol tallies 
with the leftmost symbol (which can be erased but remembered), 
the rightmost symbol is erased. Otherwise M halts. 

(d) The R/W head moves to the left until b is encountered. 


Steps (a). (b). (c), (d) are repeated after changing the states suitably. 
The transition table is defined by Table A9.1. 
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TABLE A9.7 Transition Table for Exercise 9.8 


Present state Input symbol 
0 1 b 
> Qo bRaq; bRq2 bRq7 
h ORqQ 1Rq; bLq3 
Q ORa; 1Raz bldg 
93 bLqs 
q4 bLqs 
q5 OLgs 1Lq5 DRQ 
% OLds 1Ld6 bRqo 


9.9 We have three states go, qi, qp where qo is the initial state used to 
remember that even number of |’s have been encountered so far. qı is 
used to remember that odd number of |’s have been encountered so far. 
qr is the final state. The transition table is defined by Table A9.2. 


TABLE A9.2 Transition Table for Exercise 9.9 


Present state 0 4 b 
> % ORQo 1Rq4 bRq; 
qı ORq: 1Rdo 


9.10 The construction given in Example 9.7 can be modified. As the number 
of occurrences of c is independent of that of a or b, after scanning the 
rightmost c, the R/W head can move to the left and erase c. 


9.11 Assume that the input tape has 010" where m — n is required. We 
have the following steps: 

(a) The leftmost 0 is replaced by b and the R/W head moves to the 
right. 

(b) The R/W head replaces the first O after 1 by 1 and moves to the 
left. On reaching the blank at the left end the cycle is repeated. 

(c) Once the 0’s to the left of 1’s are exhausted, M replaces all 0’s and 
ls by b’s. a + b is the number of 0’s left over in the input tape 
and equal to 0. 

(d) Once the 0’s to the right of l’s are exhausted, n 0’s have been 
changed to 1’s and n + 1 of m 0’s have been changed to b. M 
replaces 1’s (there are n + 1 1’s) by one 0 and n b’s. The number 
of 0’s remaining gives the values of a + b. The transition table is 
defined by Table A9.3. 
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TABLE A9.3 Transition Table for Exercise 9.11 


Present state input symbol 
0 1 b 

qo bRq; bRds 

qı ORq; 1Rq2 f 

q2 1Lqs 1Rq2 bLd, 
q3 OLqs 1Lq3 bRqo 
q4 OLq, bLqg4 ORG, 
q5 bRq5 bRqs5 DRGs 


Chapter 10 


10.2 


10.3 


10.4 


10.8 
10.9 


10.10 


10.11 


10.12 


1. (B, w) is an input to M. 

2. Convert B to an equivalent DFA A. 

3. Run the Turing machine M, for Apra on input (A, w) 
4. If M, accepts, M accepts; otherwise M rejects 


Construct a TM M as follows: 

1. (A) is an input to M. 

2. Mark the initial state of A (gg marked as gj, a new symbol). 

3. Repeat until no new states are marked: a new state is marked if 
there is a transition from a state already marked to the new state. 

4. If a final state is marked, M accepts (A); otherwise it rejects. 

Let L = (T(A;) — T{A2)) O (T(A2) — T(A,)). L is regular and L = T(A’). 

Apply Epra to (4°). 

Use Examples 10.4 and 10.5. 


Arm is regarding a given Turing machine accepting an input, that is, 
reaching an accepting state after scanning w and halting HALT; is 
regarding a given TM halting on an input (or M need not accept w in 
this case). 


Represent a number between 0 and 1 as 0 - aja)... where aj, do, ... 
are binary digits. Assume the set to be a sequence, apply 
diagonalization process and get a contradiction. 


When a problem is undecidable, we can modify or take a particular case 
of the problem and try for algorithms. Studying undecidable problems 
may kindle an imagination to get better ideas on computation. 


Suppose the problem is solvable. Then there is an algorithm to decide 
whether a given terminal string w is in L. Let M be a TM. Then there 
is a grammar G such that L(G) is the same as the set accepted by M. 
Then w e L(G) if and only if M halts on w. This means that the halting 
problem of TM is solvable, which is a contradiction. Hence the 
recursiveness of a type 0 grammar is unsolvable. 
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10.14 


10.17 


10.18 


10.20 


10.21 


10.22 
10.23 


Suppose there exists a Turing Machine M over {0, 1} and a state q, 
such that the problem of determining whether or not M will enter qn 
is unsolvable. Define a new Turing machine M’ which simulates M and 
has the additional transition given by d(q,,, A) = (qm 1, R). Then M 
enters qm When it starts with a given tape configuration if and only if 
M’ prints 1 when it starts with a given tape configuration. Hence the 
given problem is unsolvable. 


According to Church’s thesis we can construct a Turing Machine which 
can execute any given algorithm. Hence the given statement is false. 
(Of course, the Church’s thesis is not proved. But there is enough 
evidence to justify its acceptance.) 

Let X = {a}. Let x = (x), X3, ..., Xp) and y = (Yp yo, -- =- Yn) where 
apd fel) 2.46.0 and y= af = 1,2, ... n Then Gy)? 
Ax)” = ODEO ... O). Both are equal to a*, Hence PCP is 
solvable when |X| = 1. 

x; = 01, y; = 011, x. = 1, ya = 10, x; = 1, y = 1. Hence | x;| < |y;| 
for i= 1, 2, 3. So x)%;. ... Xin É YnYn +++ Yim for no choice of 7s. 
Note: |XX ee Xi,| < [YAV - Yj, |. Hence the PCP with the given 
lists has no solution. 

x, = 0, y; = 10, x = 110, ya = 000, x; = 001, y = 10. Here no pair 
(x), yi) (X2 y2) Or (x3, y3) has common nonempty initial substring. So 
XijXig +++ Xin # ViyVig ++ Yim for no choice of i; s. Hence the PCP with 
the given lists has solution. 

As x; = yı, the PCP with the given lists has a solution. 

In this problem, x, = 1, x = 10, x; = 1011, y, = I11, yə = O, 
y3 = 10. Then, x3x,x)42 = y3y1yıy2 = 101111110. Hence the PCP with 


the given lists has a solution. Repeating the sequence 3, 1, 1, 2, we can 
get more solutions. 


10.24 Both (a) and (b) are possible. One of them is possible by Church’s 
thesis. Find out which one? 

Chapter 11 

11.1 (a) The function is defined for all natural numbers divisible by 3. 


11.2 


(b) x = 2 

(c) x22 

(d) all natural numbers 

(e) all natural numbers 

(a) X00) = 1, ko + D + Xog) 

(b) fx + Ll) =x + 2x 41 

So, f(x + 1) = f(x) + S(S(Z@)) * UL) + SZE) 
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11.3 


Hence f is obtained by recursion and addition of primitive recursive 
functions 


(c) fx, yy=y+@- y) 
(d) Define parity function P,(y) by 


P{O) = P{2) =--- = 0, P(A) = P{3) =--- = 1 
P, is primitive recursive since PO) = 0, P(x + 1) = Xio (UF), 
P,(x)). Define f by K0) = 0, fœ + 1) = fœ) + Px). 
(e) sgn(0) = Z(0), sgn(x + I) = SUF Œœ, sgn (x) 
(£) L(x, y) = sgn& + y) 
(g) Ex y) = Xol + y) +O + x) 
All the functions (a)-(g) are obtained by applying composition and 


recursion to known primitive functions and hence primitive recursive 
functions. 


A(1, y) =A(1 +0, y- 1 + 1) = AQ, AC, y — 1)) using (11.10) of 
Example 11.11. Using (11.8), we get 


AG. y) = 1 AG y- BD: 


Repeating the argument, we have 

AQ, yy=y — 1+AC, 1)=y + 2 (By Example 11.12, AC, 1) = 3). 

This result is used in evaluating A(3, 1). 

A(2, 3) = Al + 1, 2 + 1) = AQ, AQ, 2)) = AC, 7) using 

Example 11.12. Using A(1, y) = y + 2, we get A(2, 3) =24+7=9. 

Then using (11.10), AG, 1) = A(2 + 1, 0 + 1) = AQ, AG, 9)) 

By Example 11.12, A(2, 1) = 5. Also, A(3, 0) = A(2, 1) by (11.9). 

Hence A(3, 1) = A(2, 5) = A(1 + 1, 4 + 1) = ACL, AQ, 4)). Since 

Ad, y) = y + 2, AG, 1) = 2 + AQ, 4). Applying (11.10), we have 

A(2, 4) = AC, AQ, 3)) = 2 + AQ, 3) = 24+9 = 11. 

Hence, A(3, 1) = 2 + 11 = 13. 

A(3, 2) = A(2, AG, 1)) = A(2, 13) = AC, AQ, 12)) = 2 + A(2, 12) 

=2+A(, AG, 11) = 2 + Ad, 13) =24+2 + 13 = 17. 

To evaluate A(3, 3), we prove A(2, y + 1) = 2y + A(2, 1). Now, 
A(2, y + 1) = AQ + 1, y+ 1) = AQ, AQ, y) = 2 + AQ, y). 

Repeating this argument, A(2, y + 1) = 2y + A(2, 1). Now, 

A(3, 3) = A(2 + 1, 2 + 1) = AQ, AG, 2)) = AQ, 17) = 2(16) + 

A(2, 1) = 32 + 5 = 37. 
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11.4 


11.8 


11.11 


11.12 


11.13 


11.14 


(b) It is clear that r(x, 0) = 0. Also, r(x, y) increases by 1 when y is 
increased by 1 and r(x, y) = 0 when y = x. Using these observations we 
see that r(x, y + 1) = S(r (x, y)) * sgn(&x + S(r (x, y))). Hence 
r(x, y) is 1 defined by 


r(x, 0) = 0 
r(x, y + 1) = Sr, y) * sgn(@x > S(rQ@, y))) 


f(x) is the smallest value of y for which (y + 1)? > x. Therefore, 
fx) = (Xo + 1)? + x), fis partial recursive since it is obtained 
from primitive recursive functions by application of minimization. 


The constant function f(x) = 1 is primitive recursive for f(0) = 1 and 
fe + 1) = UY, f). Now Yao Yang and Yaug are recursive for 
Hac = 1 > Yar Xang = Xa * Xe and Xaus = Xa + Xe > Xans 
(Addition and proper subtraction are primitive recursive functions and 
the given functions are obtained from recursive functions using 
composition.) 


Let E denote the set of all even numbers. 7-(0) = 0, yn + 1) = 
1 = sgn(U+(n, y,(n)). The sign function and proper subtraction 
function are primitive recursive. Thus E is obtained from primitive 
recursive functions using recursion. Hence yp is primitive recursive and 
hence recursive. To prove the other part use Exercise 11.8. 

Define f by A0) = k, fn + D = Us(n, An). Hence f is primitive 
recursive. 

Kapayenuty) = Atay + Magy Foes + Atak AS Xia 18 primitive 
recursive. (Refer to Exercise 11.2(a)) and the sum of primitive 
recursive functions is primitive recursive, Yq), a), ..., a} 18 primitive 
recursive. 


+» dp 


Represent x and y in tally notation. Using Example 9.6 we can compute 
concatenation of strings representing x and y which is precisely x + y 
in tally notation. 


Let M in the Post notation have {q), q2, ..-, Gn} and {a), ao, ..., Am} 
as Q and È respectively. Let QO’ = {q1, -< qm qn+b -+ Gan}; where 
qn+1 +++» Gan are new states. Let a quadruple of the form gja;Rq, induce 


the quintuple g,aja,Rq,. Let a quadruple of the form q,a;Lq, induce the 
quintuple q,ajajLq,. Finally, let q;ajazqı induce qjaja,Rqn+j;. We 
introduce quintuples qg,,;a,a,Lq; for i = 1, 2, ..., n and t = 1, 2, 3, 
.. m. The required TM has Q’ as the set of states and the set of 
quintuples represent 6. 
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11.15 gqolillyby > 11liqgoxiby - 111lq,xby. As b lies between x, and y, 
Z(4) = 0 (given by b). 

11.16 In Section 11.4.5 we obtained qglxjby > qs5lx,,bly. Similarly, 
qolilxjby [= qslllxjbly þ— laollx)bly. Proceeding further, 
lgollxbly |» lqsilxiblly | lqgolyblly H} 1l1gox, 111 1y (as in 
Section 11.4.5). Hence S(3) = 4. 

11.18 Represent the argument x in tally notation. Ax) = S(S(x)). Using the 
construction given in Section 11.4.7, we can construct a TM which 
gives the value S(S(x)). 


11.19 fix, x) = S(S(UP(), x2))). Use the construction in Section 11.4.7. 

11.20 Represent (x,, x2) by 1"b1*?. By taking the input as $1"b1°($ is 
representing the left-end) and suitably modifying the TM given in 
Example 9.6, we get the value of x, + x» to the right of $. 


Chapter 12 


12.1 Denote fn) = Z an and g(n) = È bjw, where a;, b; are positive 
o jo 


k 
integers. Assume k > l. Then Kn) + g(n) = a (a; + b)n', where b; =0 
for i > l. fin) + g(n) is a polynomial of degree k. Hence fin)g(n) = 
O(nk*'), 

12.2 As n” dominates n log n and n” log n dominates n°, the growth rate of 
h(n) > growth rate of g(n). Note fin) = gn) = O(n’). 


H n 


12.3 As 2 i = n(n + 1)⁄2, ze fH =n + Qn + 1V6 and A P = (n(n + 12), 


the ane for (i) fad. (ii) are O(n) and O(n’). aiD al- Pyl- r= 
Oir) = O). Gv) = [2a + (n-1)d] = O(n”). 


12.4 As login, log3n, logen, differ by a constant factor, fin) = O(n’ logn) 

12.5 gcd = 3. 

12.6 The principal disjunctive normal form of the boolean expression has 
5 terms (refer to Example 1.13). P A Q A R is one such term. So 


(T, T, T) satisfies the given expression. Similar assignments for the 
other four terms. 


12.7 No. 
12.8 (T, T, F, F) makes the given expression satisfiable. 
12.9 Only if: Take an NP-complete problem L. Then L is in CO-NP = NP. 
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if: Let P be NP-complete and P e NP. Let L be any language in NP. 
We get a polynomial reduction @ of L to P and hence a polynomial 
reduction y of L to P. We prove NP c CO-NP. Combine y and 
nondeterministic polynomial-time algorithms for P to get a 


nondeterministic polynomial-time algorithm for L. So L e NP or L 
e CO-NP. This proves NP c CO-NP. The other inclusion is similar. 


Mi, Steer 
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